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Sib, 

In permitting me to dedicate to you the following pages, you have 
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Your profound attainments as a Mathematician and Philosopher 
are so uniyersally acknowledged, and so highly appreciated, that 
any production, however humble, which is introduced to the world 
under the sanction of your good opinion, will be considered as 
entitled to some degree of attention. 
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advantages which I did not originally presume to anticipate, and, in 
laying it before you, allow me to assure you that 

I am, Sir, 

With the profoundest respect. 
Your most obliged and most obedient servant, 

THE AUTHOR. 
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PREFACE TO THE ENGLISH EDITION. 



The first edition of the present work was printed in octavo, and published 
at a price too high to warrant any very sanguine expectations as to the 
extent of its circulation. It gradually, however, found its way into the 
principal educational establishments of this kingdom — ^was adopted in the 
colleges of the United States* — in the AMcan Ck>llege at the Cape of Good 
Hope— «nd in New South Wales. This extensive patronage, unexpected 
alike by the publisher and myself, I attribute — ^not to any novelties con- 
tained in the book, but entirely to the efibrts I made to simplify as much as 
possible the more difficult parts of the subject, and thus to present to the 
young mathematical student a clear and perspicuous view of the fimda- 
mental principles of analytical calculation. Many complaints have, how- 
ever, reached me firom mathematical teachers, to the effect that the prac- 
tical examples were not found sufficient in number fully to illustrate the 
theory. My own experience has proved to me the justness of this complaint, 
and has, moreover, led me to detect several other blemishes in the work. 
In this new edition, it is hoped that these faults will be found in a great 
measure to have disappeared. The practical part has been considerably 
augmented throughout, the theory corrected and ipiproved, and several pew 
and interesting topics added. One subject, touched upon in the former 
edition, it has been thought advisable to exclude firom this, — ^the chapter on 
the Theory of the Higher Equations ; but the exclusion which has been 
thus made, as well as the additional matter which has been introduced, 
seemed equally necessary, to render the book better adapted to the wants 
of beginners, and more suitable for junior mathematical classes, in places 
of public education. Besides, in the progress of any science towards per- 
fection, some departments of it are always found to receive more from the 
contributions of time than others ; these departments gradually increase in 
magnitude and importance, till at length, detaching themselves from the 
main body, they become objects of individual importance and of distinct 
attention. Such has been the case with the Theory of Equations. That 
it is strictly a branch of pure Algebra there is no doubt ; but it has exer- 
cised the talents and received the contributions of so many great men, and 

* An American reprint, ably edited by Mr. Ward, of Ooiambia Ctfllefe, was paUisIied, in 
1838, at Philadelpliia. 
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has, consequently, at length acquired such extent and importance, as to 
have assumed the form of a distinct department of analysi& The discus- 
sion of this subject is therefore reserved for a separate volume, now at (Hress, 
which will form a supplement to the present treatise. 

The following brief enumeration of the principal topics discussed in thi» 
work is extracted, with slight modifications, firom the preface to the fi)nner 
edition. 

Chapter I. contains the Preliminary Rules of the science, in which the 
fundamental principles of operation arc explained and illustrated. 

Chap. IL is on Simple Equations, and commences with some propositions 
preparatory to entering upon the solution of an equation, which operation 
they are intended to render more easy and inviting. Then follow the 
several methods of solving simple equations involving one, two, and three 
or more unknown quantities ; each of these methods being illustrated sepa- 
rately, not only by algebraical examples, but also by practical questions ; 
a mode rather di^rent from that usually adopted, but which appears to be 
preferable, as it afibrds the student an early opportunity of applying the 
principles that he has acquired to useful and interesting inquiries, an exer- 
cise which is generally found to be peculiarly pleasing and encouraging. 

Chap. in. treats of Ratio, Proportion, and Progression, both arithmetical 
and geometrical ; and, although the general formulas are fewer in number 
than those given in most books on this subject, yet it is shown that they are 
amply sufficient for every variety of case, and that therefore it would be 
superfluous to extend their number. 

Chap. tV. k on Quadratics, and on Imaginary Quantities. This chapter 
is of a more difficult nature than either of the preceding, and proportionate 
pains have been taken to render the modes of operation clear and intelligi- 
ble ; the solutions to some of the more difficult examples, which are given 
at length, will be of service to the student in cases of a similar nature, and 
will manifest to him how much a little judgment and ingenuity on his part 
win add to the elegance of his operation. The article on Imaginary Quan- 
tities, with which this chapter concludes, will be found to contain some 
observations tending to remove the obscurity in which the subject is usually 
enveloped. 

Chap. V. contains the general investigation of the Bincnnial Theorem. 
The demonstration of this celebrated Theorem in a manner adapted to ele- 
mentary instruction, has always been considered as an object greatly to be 
desired, and many attempts have accordingly been made by different 
mathematicians for this purpose ; all, however, that have yet appeared have 
been objected to, either on account of unwarrantable assimdptiona at the 
outset, which have ccmsequently weakened the evidence, and rendered the 
demonstration incomplete, or because of a too tiresome and obscure method 
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of reasoning, which has been incomprehensible to a learner. The demcm- 
fitration given in this chapter is, I believe, different from any that has been 
previously offered, and appears to be more simple and satisfactory than any 
virhich I have had an opportunity of seeing. In the practical application of 
this theorem to the expansion of a binomial, it is always best to separate 
the case in which the exponent is integral, from that in which it is frao 
tionaly because, in the former instance, the process by the general for- 
mula is unnecessarily long and troublesome; a different method <^ pro- 
ceeding is therefore usually pointed out ; but it is rather singular that it has 
been applied only when the exponent is a positive integer : as, however, it 
is equally applicable when the exponent is a negative integer, it is here 
extended to that case. 

Chap. VI. explains the nature and construction of Logarithms, and 
shows their importance in their application to several usefiil inquiries 
relating to interest, annuities, &c. 

Chap. Vn. is devoted to Series ; and a new method for the summation 
of infinite series is given, which it is thought will be found to be more direct 
and easy than those generally used in elementary works. Several interest- 
ing subjects connected with series will be found in this chapter. 

Chap. YllL is on Indeterminate Equations of the first degree. In this 
chapter also some improvements will be fi)und. The rule given at page 
234 for solving an indeterminate equation involving two unknown quanti- 
ties, is more direct and concise than the usual method, and equally simple. 

Chap. IX. ccmtains the principles of the Diophantine Analysis, or of 
indeterminate equations above the first degree, and concludes with a col- 
lection of diophantine questions; several of which are solved, in order to 
exhibit to the student the artifices which are sometunes to be employed in 
this part of the subject This chapter has little claim to novelty, except 
as fiur as relates to the introducticHd of some new questions, and to the new 
solutions given to others. 

From the above outline an idea may be formed of the nature and preten^ 

sions of the work here submitted to the judgment of an impartial public; 

and if, upon examination, it shall be found that I have at all succeeded in 

my endeavours to lessen the labours of the student, it will afSird me the 

huriiest satisfiustion. 

J. R. YOUNG. 
Royal College, Belfast; 

Augutt 19th, 1834. 



ADVERTISEMENT. 



The American publishers of Professor Young's Elementary- 
Treatise on Algebra, with the desire of rendering the work as 
useful and correct as possible, have been induced to submit it to 
the perusal of a competent mathematician. At his suggestion, 
they have retained the Theory of Equations, which formed a 
part of the first London edition, and which they have judged 
to be a necessary supplement to the present volume. From the 
care taken by the reviser, and the number of corrections made, 
they are confident that exceedingly few, if any errors, could 
have escaped notice, and they accordingly ofifer the work thus 
improved to the attention of the public. 

Philadelfhia, AprUy 1838. 
(8) 
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ON 



ALGEBRA. 

CHAPTER L 

ON THE PRELIMINARY RULES OF THE SCIENCE. 

DefinUions. 

[Article 1.) Aloebsa is that branch of Mathematics, which 
teaches the method of performing calculations by means of letters 
and signs — ^the letters being employed to represent quarUitieSy and 
the signs to represent the operations performed on them. 

(2.) The sign + (pltui) denotes addition. 

— (ndnus) denotes subtraction. 

Thus, a + b signifies that the quantity represented by 5 is to be 
added to that represented by a; and a — 6 signifies that the quantity 
represented by 5 is to be subircLcted from that represented by a. If 
for instance, a represent IX), and h 2, then a+ & is 12, and a — h is 8. 

(3.) X {Into) denotes multiplication. 

-r {Divided by) signifies that the former of the two quanti- 
ties, between which it is placed, is to be divided by the latter. 

Thus, axb signifies that the quantity represented by, a is to be 

muUtplied by that represented by b ; and a-r-b signifies that a is 

to be divided by &. Multiplication is also denoted, sometimes by a 

dot placed between the quantities to be multiplied, a6 a.i, or without 

11 • 



12 DBFiniTions. 

any sign, as simply a b^ each of which is the same as a X &• Di- 
vision also is often denoted by placing the dividend over the divisor, 

(4.) = {Equal to) denotes an equality of the quantities between 
which it is placed. 

Thus, a + fr = 12 signifies that a plus b is equal to 12 ; and 
a-— 6 = 8, signifies that a minus h is equal to 8 ; also, a + e^-^d 
=r 6 -f e, denotes an equality between a + c — d and h -^ e. 

(5.) The power of any quantity is that quantity multiplied any 
number of times by itself. Thus, a X a is the second power of a, 
and is expressed in this manner, a' ; also, aX aX a is the third 
power of a, and is expressed thus, a'; likewise a* is the fourth 
power of a ; a? the fifth power of a, &c. 

(6.) The root of any quantity is a quantity which, if multiplied 
by itself a certain number of times, produces the original quantity ; 
and it is called the second root, third root, &c. according to the 
number of multiplications. Thus the second or square root of a is 
a quantity whose square or second power produces a; the third or 
cube root of a is a quantity whose cube or third power produces o; 
the fourth root of a is a quantity whose^ottriiljjoujcr produces a, &c. 

Roots are represented thus : Xfa^^a^^Ja^ &c. or a', a', a , &c. 
either of which forms respectively represents the square rooty cube 
rooty fourth root, &c In the case of the square root, however, the 
2 above the radical sign -J is usually omitted. Suppose a = 16, 

then -Ja or (t = 4, because 4X 4, or 4' = 16, also \Ja, or a*= 2, 
because 2X2X2X2, or 2*= 16. 
(7.) If unity be divided by any jpotoer or root of a quantity, as 

-J, -3, —^ &c., it is also expressed thus : a""', a"', a—*, &c. The 

small figures used to denote powers or roots are called indices or 
exponents. 

(8.) A simple quantity is that which consists of but one term, as 
a, aby 4^0, &c. 

(9.) A compound quantity consists of two or more simple quanti- 
ties, as a + &, 3ai— T- 2ad + 6, &c. If a compound quantity con- 
sist of two terms, it is called a binonddl; if of three terms, a tii' 
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nomidl ; if of four terms, a qmdrinomidl ; and if of more than 
fouiy a polynomial or muUinomiaL 

(10.) The coefficient of a qimntity is the numb^ prefixed to it to 
(knote how many times it is to be taken. Thus, 6x signifies five 
times the quantity x, and the number 5 is the coefficient of ;e. Also, 
in the expressicois, Sxy^ 4a(c, 7yzj &c., the coefficients are severally 
3, 4, and 7 ; when no number is prefixed, as is the case when the 
quantity is to be taken but once, we say that the coefficient is unity ; 
the quantities xy^ abc^ yz^ &c. are in fact the same as Ixy^ lahc^ lyty 
the 1 being understood although it does not appear. 

It is sometimes found convenient, when the codficients are large 
numbers, to represent them, as well as the quantities which they 
multiply, by letters; choosing always, agreeably to art. (1), the 
leading letters of the alphabet for this purpose ; and hence arises 
the verbal distinction between numeral coefficients and literal coeffi- 
cients. Thus, if we agree to represent the number 46852 by a, 
then 46852 x may be more briefly written a>Xj where x has the lite- 
ral coefficient a. 

(11.) Like terms axe those of which the literal parts, disregard- 
ing the coefficients, are the same; that is, however their coefficients 
may differ, the quantities to which they are prefixed are all alike. 
Thus the following terms with numeral coefficients are like tenns^ 
viz. 4aa;, Tax, 3aa;'£ur, &c. ; and so are these with literal coefficients : 
ax, hx^ cZf &c. 

(12.) Unlike terms axe those which consist of different letters^ as 
the terms 4a&, led, ef, &c. 

(13.) A vinctdum or bar , or a parenthesis ( ), is used to 

connect several quantities together : Thus, a-{-xX ft, or (a + a:) X 6, 
signifies that the compound quantity a + a: is to be multiplied by b , 

also, 2ac -\-Sb X 4Mx—2by signifies that 2ac + 3ft is to be multi- 
plied by 4ax— 2fty. The bar is also sometimes placed vertically, thus : 
ax 

— b is the same as (a— & + c) a?, or a — b + c . a?. 
+ c 

(14.) To avoid the too frequent repetition of the word therefore, 
or consequently, the sign .*. is sometimes used. 

Note. Quantities with the sign + are called positive or affrma- 

2 



14 ADDITION. 

tive quantities, or additive quantities ; and those with the sign — 
are called negative or subtrdctive quanties. A quantity to which no 
sign is prefixed is understood to be positive ; we need, therefore, 
prefix the positive sign only as a means of connecting the quantity 
to which it belongs to one which precedes. Thus, in the first exam- 
ple, below, the positive quantities 6clx and lax would be understood 
to be positive even if the + before them were omitted ; the insertion 
of this sign is therefore in these cases superfluous ; but in example 
4, the positive quantity 4a: requires the insertion of its sign to link 
it to the preceding quantity 6a, which is itself positive, but has no 
such need for the sign. 



ADDITION. 

CASE 1. 



(15.) When the quantities are like, but have unlike signs. 

Add the coefficients of all the positive quantities into one sum, 
and those of the negcOive quantities into another. 

Subtract the less sum from the greater. 

Prefix the sign of the greater sum to the remainder, and annex 
the common letters. 

The reason of this is evident : for the value of any number of 
quantities, taken collectively, of which some are to be added, and 
others to be subtracted, must be equal to the difference between all 
the additive quantities, and all the subtractive quantities. 

EXAMPLES. 

Add together the following quantities : 

Ex. 1. Ex. 2. Ex. 3. 

+ 6ax 7xy — Abx^ 

— 2aa? I6xy lObx^ 
+ lax — 8xy — Ibx^ 

— ax 2xy — Sbx^ 

Sum lOax Sum 11 xy Sum — Abx^ 





ADDITIOir. 


4. 


5. 


6a + 4a; 


2b + Sx 


Aa + 8x 


— 9b + 7x 


— 5a — 2x 


Ab + 2x 


7a — 3a: 


' Sb — Ax 


Sum 12a + 7a: 


Sum 13a: 


6. 


7. 


.4a* + 6hx 


7v/y — 4(a + 6) 


3a* + 5bx 


6v/y + 2(a + &) 


7a* — 46a: 


2v/y+ (a + 6) 


2a* + 2bx 


V2^ — 3(a + 6) 


8. 


9. 


a{a + b)+ Sy/oT- 


— X Ixiy — 2x^y+7 


— 4a(a + 6)-f- 7Va- 


-X a:4y+ 3ary*-f-2 


lla(a + &)— 6Va- 


— X dx^y — xyi — 6 


— 2a(a + &)— 2v/a- 


— a? 9a:*^ — Ax^/y — 3 


5a(a + ft) + 14v/a- 


— X — 2a:*y4-7a:>/y +1 


10. 


11. 


^(^ + y)i + Vxyz 


5a:^a-f-y — 2a:Vy+ V2 


— 7{x-\-y)^ + Wxyz 


Sx{a + yi+6xyi +2* 


Vx + y —S{xyz)i 


— Sx{a+y)^ — 4a:yi +3v/2 


-^(x + y)i + 7(xyz)i 


7a: 3^a + y + Sx^y + 2 v/2 


-^n{x + y)i+2^xyz 


2a:(a + y)* + 6a: Vy + 2* 


— 3^/a: + y+ (xyz)^ 


— 9a:^a + y — 8a:yi — 8 v/2 
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12. 



— S(ax + 6y + czy — -^x* + y* + « — ^ 
2 ^aar + by + cz + (a:* + j/*)* — 3 (a — 6) 
7 oo: + 6y + czi — v/ar^+y* +2 (a — 6) 

-5^(ax + by + cz) + {a^ -{- f)h — 2a—b 
(ax + by+ cz)* — >/a^ + y* — 3a — b 



CASE 2. 

(16.) W%6n both quantities and signs are unlike, or some like and 
others unlike. 

Find the value of the like quantities, as in the preceding case, and 
connect to this value, by their proper signs, the unlike quantities. 

Thus, in the first of the following examples, we find that there are 
four quantities like «*, viz. two in the Jirst column, and two in the 
second,'^ whose value, by the former case, is 2a:* ; also, there are 
three quantities like ax, one in each column, whose value is 3aa; ; 
there are, likewise, three quantities like ab, whose value is — 4tab ; 
and there axe four quantities like xy, whose value is Axy ; but, as z 
has no like, it is merely connected to the value of the like quantities 
by its sign — . 

1. 

x^ -|- ax — ab 
ab — >/x -f xy 
ax + on/ — Aab 
x^ -{- ^/x^x 
ajy 4- xy -}- ax 



Sum 2a:* 4- 3aa: — 4a6+ 4tXy — x 



* The student mast not forget that ar* and v/ar are like, each ezpressioii 
representing the square root of x, (Def. 6, page 12.) 
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2. 



2{C'{-d)3^+ Ay — 2^/y 
6x'y — 2ax-{- 12 

y + ^y — ^ax 
Sax—a^y + {c + d)a^ 
in^y^ 2y —14 

Sum 4 (c + (?)«*+ 7y — Vy + 6a^y — Aax — 2 

3. 4. 

^x-\'3ax—2^/b — x 2aJf + 12 —«^ 
iax — 2xy + S\/x a% + ary + 10 

4ajy 4- Sax + (6 — a:)* Sary* + 2a^y — ajy 

ia:* + 8ary — 26 5a?y + 11 +Xy/y 
7 — ^x-^-ax 17 — 2«'y — a:*y 



5. 



>/«" + y* — V^-y + 2ary 
(«» — y*)* + Va^ + y* — 3aJ2f 



SC^'+y')*— 5a:y +7(;^— y»)* 

— 7xy + 2 y/a^ + y^ — Sy/a^—f 



2Va:y — 3aya;+ «» —13 
oVa? + 12a^ — 17 + {xy'fi 
da^ — Vary + axi — 3 
"8(«y)*H- 9 — 2a>/a?+3a:« 
«*+ 3y* +4Va?y — aV* 



(17.) When the coefficients are literal instead of numeral^ they 
are to be collected in a similar way ; but here their several sums 
will have a compound form, as in the following examples : 
2* 
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ax + hy^ 

cdx + adi^ 

hx — c^ 



(a + cci + ft) a? + (6 + ad — c)^ 



2. 



ax -{- di^ 

by — dx 

— bf + my 



(a — d)x + (d — h)f-{- {b + m)y 



d. 



35* + adz 
ia!* — nz 
bsf + cez 
dsr^-'inz 



4. 

Vx + by 

ax — z 
amy -{-c-Jx 

dz-^y 





5. 6. 



a V^—U" '{■hy/x' + y' (a+b) y/x—{2 + m) y/y 

cy/a^ + f — dVui^ — y' 4y* + (a + c)ar* 

/(«" + f)^ — e{a^—f)^ Sn Vy — {2d—e)xh 

2 Vl?T? + 4a >/■?=? (m + n)y* + (ft + 2c) >/ar 

^^?Zr^_(a:a + y«)* — 2ii ^/a^ + 12a Vy 
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SUBTRACTION. 

(18.) Place the quantities to be subtracted underneath those they 
are to be taken from, as in arithmetic. Then conceive the signs of 
the quantities in the lower line to be changed from + to — , and 
from — to + , and collect the quantities together as if it were addition. 

For if a positive quantity, as i^, is to be taken from another quan- 
tity, as a, the difierence will be represented by o — 6, which is ob- 
viously the same as the addition of a and — h; but if 6 — c is to 
be subtracted from a, then, since b is greater than b — c by c, if ft 
be subtracted, too much will be taken away by e; consequently, e 
must be added to the remainder to make up the deficiency ; there- 
fore, the true remainder is equal to the addition of — b and c; that 
is, it is equal, as in the former instance, to the addition of the quan- 
tity to be subtracted with its sign changed. 

EXAMPLES. 

1. 2. 



From 6xy + 2ar* — 7a From V x + y + 2ax — 12 

Take Sxy— ar* + 2a Take4v/ a? + y— 2aa? + b 



Remainder2a:y + Sx^ — 9a Rem. — 3^ x + y + 5ax — 12 — 6 

8. 4. 

From3a(a— y) + 4%+ a* 6«» + (« + y)*— 10c 

Take 2a(a— y) — 7^ + 4<^ Sa^—y/x-^y + I 



From 6ahx + l2 — Sxy + Ixn 
Take — Safcc + xk — 7 + 6xy 
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6. 

From y/x'—f — 2{a + a?/ + 3 
Take— SVa + x + A {a^—f)*—l 



7. 
From 2x (x + y)i — Saxy + 2ahc 
Take — llaxy -f llahc — xi/x -f y 



Examples of quantities with literal coefficients. 

1. 

From a«* + mxy -^^ nx + b 
Take «aJ* — pxy + qx — c 

(o — s) a^ + (m + p) xy -{- (n — q)x + h + c 



2. 

From pxy + ^ar« — rs^ -{■ s 
Take mary — pqxz — nz^ + a 



3. 

From a(aj — y) + 6a:y + c(a + x)^ 
Take {x—yy — bxy + (a + c) (a + a?)' 



4. 

From (a + ft) (a? + y) — (c + d) (a? — y) + m 
Take (a — ft) (a? + y) + (c — d) {x — y) — n 
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6. 



From (a — h)xy — (p ■\- q) >/ x + y — ha^ 
Take {^V — H) (* + y)*— oary — (3 + h)a^ 



MULTIPLICATION. 

CASEl. 

(19.) When hoth muJUiplicand and mvltiplier are simple quanti' 
ties. 

To the product of the coefficients annex the product of the letters, 
and it will be the whole product. 

Thus, if it be required to multiply 6aa? by 4i, we have 24 for the 
product of the coefficients, and abx for the product of the letters ; 
consequently, 2^ahx is the whole product ; that is, QaxX 46=24a6aj. 

Note. — ^It must be particularly observed that quantities with like 
signs multiplied together, furnish a positive product whether the like 
signs be both + or both — ; and that quantities with unlike signs 
furnish a negati've product. This may be expressed in short by the 
precept that like signs^multiplied together produce plus, and unlike 
signs minus. The truth of this may be shown as follows : 

1. Suppose any positive quantity 6, is to be multiplied by any 
other positive quantity a ; then & is to be taken as many times as 
there are units in a, and, as the sum of any number of positive 
quantities must be positive, the sign of the product ah must be +. 

2. Suppose now that one factor h is negative, and the other a 
positive: then, as before, the product of — h by a will be as many 
times — 6 as there are units in a ; and, since the sum of any num- 
ber of negative quantities must be negative, the product in this case 
must be — ah. 

3. If this last case be admitted, it will immediately follow that the 
product of — h and — a must be + aft, for if this be denied, the pro- 
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duct must be — aft, so that — h multiplied by + o produces the 
same as — h multiplied by — a, which leads to the absurdity that 
-fa is the same thing as — a. 

Note. — 1£ powers of the same quantity axe to be multiplied to- 
gether, the operation is performed by simply adding the indices : 
thus, a^ X a^ = a^ for a* = aay and a' = aaa, therefore a' X a' = 
aa X aaa = aaaaa, or a*: also, a'^x a'* = a*"***, for a'^ = aX a 
X a ... . to m factors, and a" = aXaXa to n factors, and there- 
fore a*^ X a'*^^ {aaa .... to m factors) X {a4Ui .... to n factors), 
or (leaving out the sign X ) = axm .... to m + n factors = a*"**. 
From this it follows, that in the division of powers the indices are 
to be subtra^^ed.* 

EXAMPLES.f 

1. Multiply 6 ^/ax hy Ah. 

Here % ^ax X 4& = 2Ah^ax, 

2. Multiply Sa^y^ by 2aar. 

Sa^f/" X2ax = ^aa^f. 

3. Multiply I23cky by — 4a. 

4. Multiply — 4ar'y* by — 43^*3^. 
6. Multiply 6aa:y* by Sa^ha^. 

6. Multiply 13a'6'a:y* hj—8aba^f. 

7. Multiply ia:*^'** by 6xy«». 

8. Multiply— Qcary*^* by — ic«x*y«««. 

* This mode of proof does not apply when the quantities to be mnltlplied 
have fractional indices, although the rule still holds. Thus, let the pro- 

1 3 

duct of a^ and a^ be required, then the exponents i, J, in a common de- 

nominator, are •^, -j^ ; hence the proposed factors are the same as a^ and 

fli^; that is, the 5th power of the 10th root of a, and the 6th power of the 
same root; we have therefore, as above, 

t Although the product of the letters will be the same in value in what- 
ever order we arrange them, yet in these examples the student, conformably 
to the usual custom, is expected to arrange them according to their order 
in the alphabet 
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CASE n. 

(20.) When the multiplicand is a compound quantity ^ and the 
multiplier a simple quantity. 

Find the product of the multiplier and each term of the multipli- 
cand separately J beginning at the left hand ; connect these products 
by their proper signs, and the complete product will be exhibited. 

EXAMPLES. 

1. Multiply ax + h hy Aa^ 

ax +6 
4a:« 



4a±* + Aha^ 



2. Multiply 12xy — ax + 6 by Sxy. 

I2xy — ax-\- 6 
Sxy 



S6a^y^—Sa3c^y + lSxy 



3* Multiply 6ab + 3a — 2 by 5xy. 

4. Multiply Slx^ — 4y/x + a hy —2^b. 

5. Multiply I2x^y + 2x^ -f xy by Sax, 

6. Multiply Aahx + Scy — abc by 3ary*. 

7. Multiply Sa^i^ — 4a:y* + hx by — la^y. 

8. Multiply — 5aajy* + i«^ — Jay* by Saxy* 

9. Multiply J V 2 — f o«* — ixy* by — 6a*ai^. 

CASE m. 

(21.) When both multiplicand and multiplier are compound 
quantities. 

Multiply each term in the multiplier by all the terms in the mul- 
tiplicand. 

Connect the several products by their proper signs, as in the last 
case, and their sum will be the whole product. 
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t 

1. 


Multiply 
Multiply 

Multiply 


MtHiTIPLICATION. 
EXAHFLE8. 

a + b by a + ft. 

a +& 
a +b 


2. 


a*+ aft 

aft + 5^ 

o« + 2aft + ft* 

a + b by a — ft. 

a +ft 
a — ft 




a* -f aft 
— aft — ft« 




a» — ft« 


3. 


«+iy — 2 by ia? + 3y. 

a? +iy — 2 
ia: + 3y 

ia:* + Jary — ia? 

3a:y + |y»— 6y 




ia:^+3ja-y— ia:+|y» — 6y 



4. Find the four first terms in the product of 

a"*+a"'"*«+a"^V4-a"*~'ar*+&c. and a+x. 

a"* + a*""** + a"*^a:* + a'^^'ar' + &c. 
a +x 



a*"+*4- a^ic-f a^^'ar^-f a"*^a:'+&c. 
a'^x^ a"*-*a:*+ a"*-V-f &c. 

a*"+* -f 2a'"a?-f- 2a"*- V+ 2a"*-V-f &c. 

5. Multiply a^+s^y+xt^+y^ by x — y. 

Ans. ar* j^ 
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6. Multiply a"+6" by a — h. 

Ans. a*+>4.o6»— a*6— 6«+i. 

7. Multiply a+ar+aj*+aj*+af* by a — x. 

Ans. a'+(a— l)a:«+(a— l)a»+(a— l)a?*— ««. 

8. Multiply 0?*— a:»+a:»— a?+l by ««+ar— 1. 

Ans. aj«— a?*+«*— a«+2a:— 1. 

9. Multiply 3x*+(a?+y)*— 7 by ^si'Jr^'xTy' 

Ans. 6a:*+(5a:*— 7) V x-\-y—\^a^-\-x+y. 

10. Multiply aa?+&x*+ca^ by l+a?+a:*+ar». 



Ans. ax-\-a 
b 



6 



6 






x^+cx^. 



. DIVISION. 

CASE 1. 

(22.) When both dividend and divisor are simple quantities. 

To the quotient of the coefficients annex the quotient of the let' 
tersy* and it will be the whole quotient. 

Note. The rule for the signs must be observed here, as well as 
in multiplication. 

EXAMPLES. 

1. Divide 12aa: by 3a. 

I2ax 



da 
2. Divide 2Aa^y by Sxy. 

24a^ 
Sxy 



= 4ar. 



= 8ar. 



* The learner will readily discover the quotient of the Utters by asking 
himself, what letters must I join to those in the divisor to make those in the 
dividend? Thus in ex. 3, next page, the dividend contains two af's, two 
^'s, and two z's, while the diyisor contains but one x and one z ; so that 
to make up the letters in the dividend, I must join to those in the divisor 
one X, two y% and one z ; that is, the quotient of the letters will be xy^z. 
3 
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3. Divide — IBa^if^z* by — Axz. 

4. Divide 9oV by 3aa^. 

5. Divide 26aa^f^ by — 2xy. 

6. Divide — I5¥xf^ by — 6a?y". 

7. Divide 28cV by — 7c'z\ 

8. Divide — ISa'fc'yV by — aV«- 

CASE 2. 

23. When the dividend is a compound quantity, and the divisor 
a simple quantity. 

Find the quotient of the divisor and each tenn of the dividend 
separately y connect these quotients together by their proper signs, 
and the whole quotient will be exhibited. 

EXAMPLES. 

1. Divide 12a* a? + ^aa^ — 16a by 4a. 

12a'.+ 4aa^-16a^3^^^^,, 
4a 

2. Divide a"+»a; — a"+«x — a'^x — a'^^x by a^ 



aH^x — a'^x — a'^x-^a'*^ 



a" 



= oar — a^x — a'x — a*af 



3. Divide 24a»a?* + 6aV — 3a* a:* + 12aa? by — 3aar. 

4. Divide a«" + a«"+* + aaf"^^ + a«"+' -f &c. by x\ 

5. Divide 6 {x •^yy—S{x +y)«4-4a»(a? + y) by 2 (a? + y). 

6. Divide oa:^* + ^a:"* + » — cj:~-» + rfar^ by ar* 



•m— 6 



CASE 3. 

(24.) W%€n both dividend and divisor are compound quantities. 

Arrange both dividend and divisor according to the powers of some 
letter common to both ; that is, let the first term, in both dividend 
and divisor, be that which contains the highest power of the same 
letter, the second the next highest, and so on. 

Find how often the first term in the divisor is contained in that of 
the dividend, and it will give the first term in the quotient, by which 
all the terms in the divisor must be multiplied, and the product sub- 
tracted firom the dividend. 
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To the remainder annex as many of the other terms of the divi- 
dend as are found requisite, and proceed to find the next term in the 
quotient, as in common arithmetic. 

EXAMPLES. 

1. Dividea?*— aJ* + ar» — a:» + 2x — 1 bya:» + a?— 1. 
a«+a: — !)«•— aj^ + a:* — a:' + 2ar — l(aj* — a^ + a:" — ar+1 



x^ + a^ — 3^ 



ar* — ««+ ^x 

7^ + 7^ — 7? 






a:» + a? — 1 
a» + x — l 



2. Divide a** — a?** by a — x, 
a — x) a- — a?** (a*-> + oT^x + oT^a^ + oT^a^ + &c . 



a« — a^'^x 









ar-V — a* 
ar*a? — ar^xl^ 



a»-«a? — a?*" &c. 
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3. Divide 1 +ax + ha^ + coi^ + dat* + &c. by 1 — x. 



1 — x) I '\- ax + ba^ + ca^ + da^ (1 + 1 



1 


x+ba^ 






a 




1 


X — '. 


La:* 


a 


— ( 


z 


p» 


1 


x^ + ca 


a 




b 




1 


a^ — 1 


a? 


a 


— a 






b\ 


— ^ 




5* 


I 


ar' + rfj 


a 




b 




c 


' 


1 


«» — 1 


X^ 


a 


— a 




b 


— b 








c 


— c 





x+l 
a 
b 



a^ + l 

a 

b 
c 



a*+ &c 



4. Divide a^ + x^ hy a + x. 

Ans. o* — a*x + cfa? — aa? -f a?*. 

5. Divide a* — a^hya — x. 

Ans. a* + c?x + aV + oir' + ar*. 

6. Divide a:* + Ja:* + Ja: + 1 by ia: + i. 

Ans. 2a:* — ia: + 2. 

7. Divide 1 by 1 — x, 

Ans. l+a: + «* + a' + «* + «*+ &c. 

8. Divide a?* — y* by «* + a:*y 4- arj/* + j^. 

Ans. X — jf. 

9. Divide jf"*+*+3^a;*" — 3^*"a: — 3;*"+* by y*"+a;"'. 

Ans. y — x. 

10. Divide a — Jaf+ca:* — cZ«^+&c. by 1-f a:. 

Ans. a — ala:+a«* — &c. 



— & 



+* 

+c 
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BCHOLIUX. 

From the preceding rules are deduced the following useful 
theorems, viz. 

1. By the rule for addition, if the sum of any two quantities, a 
and b, be added to their difference, the sum will be twice the greater.* 

2. By jthe rule for subtraction, if the difference of any two quanti- 
ties be taken from their sum, the remainder will be twice the less.f 

3. By multiplication, Article 21, Example 2, page 24, if the sum 
of any two quantities be multiplied by their difference, the product 
will be the diflerence of their squares. 



ALGEBRAIC FRACTIONS. 

The operations performed on Algebraic Fractions are similar 
to those performed on numeral fractions in Arithmetic, and which 
are as follow : 

To reduce a Mixed Qiuintity to an Improper Fraction. 

(25.) Multiply the quantity to which the fraction is annexed, by 
the denominator of the fraction ; connect the product, by the proper 
sign, to the numerator ; place the denominator underneath, and we 

have the improper fraction required, 

c 

Thus, if it were required to reduce ab — - to an improper frac- 

• a 

tion, then ab, the quantity to which the fraction is annexed, multi- 
plied by d, the denominator, gives abd ; which annexed to the nu- 
merator, c, by the proper sign — , gives abd — c; therefore the 

abd — c 

improper fraction is — -j — . 



r. . . . .a+b C a-f-6 

* For < added to a— ft f ^d < diminished by a— ft 

gi^es 2a gives 2ft 
3* 
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EXAMPLES. 

1. Reduce (a + 6) + — to an improper fraction. 

(a + 6) + e?=(^±^t^. 

y V 

2. Reduce 3cm? to an improper fraction. 

3^^ g — & _ 3aary — (g — &) 

y y 

Here the expression — (g — h) signifies that a — h is to be sub- 
tracted from that which precedes, and therefore the signs c^g and h 
must be changed, (Art. 18, page 19 :) consequently, 

Zaxy — (g — 5) __ ^axy — a-\-h^ 

y " y ' 

the same must be observed in the following, and in every similar 
example. 

3x — 6 + 4 

3. Reduce \x — r to an improper fraction. 

3ar — 6 + 4 37ar + 6 — 4 

4x— . = 

10 10 

4a; — at/ + 3 

4. Reduce ^ay-\ ^-^ to an improper fraction. 

4garjf+4ar — gy+2 

g *~ CLX 

5. Reduce a — x to an improper fraction. 

X 

2ax — a^ — g* 



Ans. 



X 



6. Reduce ax — y —- to an improper fraction. 

^ 2a*-y+2 
5 

7. Reduce g + 6 7 — to an improper fraction. 

g — 6 

. 8 

Abs. 



o--** 
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8. Reduce aJ* — a^y + a^i^ — ary" + y* to an improper 

fraction. 

Ans. ^- • 

x+y 

To reduce an Improper Fraction to a Whole or Mixed Q^antity0 

(26.) Divide the numerator by the denominator, and, if there be 
a remainder, place it under the denominator ; connect this fraction, 
by its proper sign, to the quotient, and we shall have the mixed 
quantity required. 

Thus, if it were proposed to reduce — -7 — to a mixed quantity, 

we have only to perform the actual division of the numerator by the 
denominator, and we get for the quotient ab, and for the remainder 

— c; therefore ab — -7 is the improper fraction required. 

a 

BXAMFLES. 

1. Reduce to a mixed quantity. 

4«*+aaf — 2 ax — 2 



2x 2x 



a 



2. Reduce — to a mixed quantity. Ans. 2 

xy xy 

2^ t/'+4 4 

3. Reduce to a mixed quantity. Ans. x — y-i -— • 

x+y M J 9 ^^y 

_ , 3(a*+ft*) — 3 . , 

4. Reduce — ^ -^ ^^ * mixed quantity. 

Ans. 3a*— 3a'6+3a«J'--3aft»+36* -^. 

a-jrO 

4aaHi' 4- 4a; — - at/ + 2 

6. Reduce — - — 5 — *• to a mixed quantity. 

4xy 

Ax — ay+2 
Ans. 2ay+ ^ 

jc» V^+a:"— 2ti* 

6. Reduce ^ to a mixed quantity. 

X — y 

Ans. 3^+xy+i^+x+y — ^ 



X — y 
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To find the greates Common Measure of the Terms of a Fraction^ 

(27.) Arrange the numerator and denominator according to the 
powers of some letter, as in division, making that the dividend which 
divisor contains the highest power, and the other the divisor. 

Perform the division, and consider the remainder as a new divi- 
Mor, and the last divisor a new dividend ; then consider the remain- 
der that arises from this division as another new divisor, and the 
last divisor the corresponding dividend. Continue this process till 
the remainder is 0, and the last divisor will be the greatest common 
measure sought. 

Note. If any quantity be common to all the terms of either of 
tlie divisors, but not common to those of the corresponding dividend, 
this quantity may be expunged from the divisor. 

The truth of the above process depends chiefly upon the two fol- 
lowing properties : 

1. If a quantity divide another, it will also divide any multiple 
of it : If, for instance c divide b, and the quotient be n, it will also 
divide r6, and the quotient will be m. 

2. If a quantity divide each of two others, it will also divide 
their sum and diflerence : For, let c divide a, and call the quotient 
m ; let it also divide 6, and call the quotient n, then a = mc, and b 
= nc ; therefore az^b* = mc^inc; now c evidently measures mc 
qp no, consequently it measures its equal, a qp &. 

(28.) Let now j- represent any fraction, and let the work in the 

margin be carried on according to the rule (Art. 27), , v , 
c being put for the first remainder, d for the second^ j^ 
&c. Then a — 5r = c, and, if c divide b, c will be — 
the last divisor, and the work will be finished, d being c) b (s 
then = : hence, in this cetse, since c divides 6, it ^* 

also divides br ; and since it divides a — br (this be- ^ , 

ing equal to c), it must also divide a ; c therefore di- ^^ 

vides both a and b. It is moreover evident that c — 

must be the greatest common divisor of a and br ; for, 

if these quantities had a divisor greater than c, then 

* The double sign qp signifies plus or minus. 
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their difference a — br = €, would be divisible by it, as has been 
proved above ; that is, e would be divisible by a quantity greater 
than itself, which is absurd ; c, therefore, is the greatest common 
divisor of a and 5r, and, consequently, of a and b. Suppose, how- 
ever, that the work does not end here, and that the last divisor is d^ 
then b — cs^=d; and since d divides c, it also divides cs, and con* 
sequently b ; d therefore divides both b and c, and must consequently 
divide br-{- c, or a; and, since d is the greatest divisor of 6 — cs, it 
must necessarily be the greatest common divisor of b and cs, and 
therefore of b and c ; whence d is the greatest common divisor of a, 
b, and e, and consequently of a and b, since whatever divides a and 
b must also divide a — 5r, or its equal c. The reasoning will be 
similar, whatever be the length of the operation.* 

With reference to the note, it may be observed, that, by expunging 
any quantity common to all the terms of a divisor, we do not destroy 
any common measure of that divisor and its corresponding dividend, 
since no factor of the quantity expunged is supposed to exbt in aU 
the terms of the dividend. 

EXAMPLES. 

1. Find the greatest c<»nmon measure of the terms of the fraction. 



c^+a^x — aa^ — «* 



* The method of finding the greatest common measure of any two quan- 
tities may be easily extended to the finding the greatest conunon measure 
of three or more quantities. For, let a, 6, c, represent any three quanti- 
ties, and let x be the greatest common measure of a and 6, and y the great- 
est common measure of c and x ; then, since whatever measures op, mea- 
sures also a and h ; whatever measures e and x, measures also a, (, e ; 
therefore the greatest common measure of c and x is also the greatest com- 
mon measure of a, 6, and c ; .*. y is the greatest common measure. If, 
again, z be the greatest common measure of y and d, then will z be also 
the greatest common measure of a, b, e, and d, &c. The chief use of the 
greatest common measure of the terms of a fraction, is to reduce the frac- 
tion to its simplest form. In many fractions this common measure is dis- 
oemible at sight, these therefore may be simplified without the aid of llie 
above role. 
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Arranging the terms according to the powers of a, 

a^+cfx — as^ — a?)a^ — a?* (a — x 

a* + ci?x — a^a^-^'aa^ 



— a*x + aV + aa^ — x 

— a'a? — o'a:' + ox* + af* 



2aV— 2ar* 

2aV— 2a*\ 
or expunging 2a^ W+a^x—aa^—x^{a + x 



cfx — «* 
d^x — a^ 



Whence it appears that a' — a:' is the greatest common measure of 
the terms of the proposed fraction, and, consequently, by dividing 
both numerator and denominator by this common measure, the frac- 
tion is reduced to its lowest terms, and becomes — : — • 

a + a? 

2, It is required to reduce -g q to its lowest terms. 

Arranging the terms according to the powers of a ; 
or a*— «*(a«+a« 






The greatest common measure being oP — a^, the fraction in its 

lowest terms is — s — . 

a* 
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3. Reduce the fraction -rr-s- — 7. 3 to its most simple form.* 

2ar -I- Sax + a* 

ax — a' 
Ans. . 

X + a 

4. Reduce the fraction :; to its lowest terms. 

6ax — 8a 

2«»+3ar 
Ans. 5 . 

5. Reduce tiie fraction -s — ^ to its most simple form. 

o^ + y* ^ 

Ans. ^-^+^^. 

8:c*— 24:r^9 

6. Reduce the fraction ;— r — -r to its lowest terms. Ans. |. 

2ar — 16a: — 6 * 

(29.) From having the greatest common measure of two quanti* 
ties, their least common multiple may be obtained, this being equal 
to the product of the two quantities divided by their greatest common 
measure : For, let x be the greatest common measure of a and 6, 

and put - = p ; and - = 9 ; then p and q cannot have a common 

X X 

measure ; now, since a = jkt, and b = qx, and since pq is the least 
common multiple of p and q, and therefore pqx the least of px and 

qx; pqx (or its equal — ), must be the least common multiple of 

X 

their equals, a and b. The least common multiple of three quanti- 
ties is had by first finding that of two, and then the least common 
multiple of it and the other quantity, dec. 

To Reduce Fractions to a Common Denominator. 

(80.) Multiply each numerator, separately, into all the denomina- 
tors, except its own, and the products will be the new numerators. 

Multiply all the denominators together, and the product will be 
the common denominator. 

* In finding the common measure, either numerator or denominator may 
be taken as the first divisor, whichever is found most convenient. 

f This fraction appears less simple than the original one, but it is in 
realty more so, the numerator and denominator of the former being, re- 
spectively, x+y times that of the latter. 
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That this process alters the form merely, and not the value of the 
several fractions, will appear from observing that the numerator and 
denominator of each fraction are both multiplied by the same quan- 
tity, viz. by the product of the denominators of the other fractions. 

Note. If one of the given denominators should happen to be 
equal to the product of all the others, (as in Example 1, following,) 
then this denominator will obviously be the same as the common 
denominator, found by the above rule, for the other fractions ; so 
that it will be sufficient to operate upon these only in order to reduce 
the whole to a common denominator. (See the second solution to 
the first Example.) 

EXAMPLES. 

1. Reduce the fractions — , — , and — to a common denominator. 

xy y X 

cLxy 'i 

axXxyXx = aa^y > the new numerators. 

aXxyXy = ax}^ j 
xyXyXxz= a^%^ = the common denominator ; 

.*. the three fractions are -^4, —5--, and —5^. 

x^y ^v ^T 

Since, however, in each of these fractions xy is common to both 
numerator and denominator, this quantity may be expunged, and the 
fractions written in the following more simple form : 

a as? ay 
xy* %y* xy 

But, by attending to the Note (above) we arrive at once at these 

simpUfied forms. Thus, taking the second and third fractions only, 

as the product of their denominators gives the denominator of the 

first, the process will be 

iixXX'=^ as? ) 

> the new numerators, 
aXy^ay ^ 

xy the common denominator ; 

hence the three fractions are 

a ax? ay 

xy* xy' xy 
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2. Reduce the fractions — , — , and i, to a common denominator. 

ax X 

16a» ^a^x 3aaj2 
^'- 4^' 4^' ^""^ 4^ 

^ 16 8a^ 3aar 

Or more smiply, - — , - — , and - — . 

^•^ 4aa> 4aa?' 4ax 

2a; -f- 1 * 3? 4- fl 

3. Reduce and ^ tp a common denominator. 

a 3 

6a? + 3 ^ax-^-a^ 
Ans, — _ — and — tr — . 
3a 3a 

2a? ^ a 

4. Reduce — - — , a, and 4, to fractions having a common de- 

«a 

nominator** 

2a:* — a 2a* ^ 8a 

Ans. « — « and — . 

2a ' 2a' 2a 

3;c« — 2 2a:* — a?+4 

6. Reduce — , and to a common denominator. 

4a a-\-x 

3aa:*-f 3a:^ — 2ar — 2a ^ Saa:* — 4aa?+16a 

Ans. 5 • and 3 — , 

4a*-|-4aa: 4a*+4aa: 

6. Reduce , , -= v, to a common denominator.t 



7. Keduce , —r^ ir> ? > to a common de- 

X X (a — ar) a •\- x a — x 

nominator. 

. {a'^x){a — xf a-^x x{a — x)* x^a-^-x) 
a:(a*— «*) ' x(a* — a:*' a:(a* — a:*' a:(a*— a:*) 



* Whole quantities may be put under a fractional form by making their 
denominators unity : thus, 

a 4 

a=~and 4=-^ &o. 

f See Note, page 36. The student will have frequent occasion for the 
property mentioned at page 29, viz. that ihe mm multiplied by ike difference 
cf two quantities gives the difference of their squares, 
4 
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ADDITION OF FRACTIONS. 

(31.) Reduce the fractions to a common denominator. Add the 
numerators together, and under the sum place the common de- 
nominator. 

EXAMPLB8. 

2b 1 

1. Add together -3 — r;, and -. 

26 1 2hx a^+l^ a:»+25ar+6» ^ . , 

?+65 + x=^?+6^ + ?q^ = ^-^M:-^ 

2. Add together — ^-^ and -— ^. Ans. ,^ ^ . 

X — y x-\-y ar — tf 

«... ,^ 3x+2 4ar+3 , 5x+4 

3. Add together , — 7 — , and . 

a c 

&c(3j;+2)+gc(4x+3)+a6(5x+4) 

aoc 

^ ^^^ ^ 2a Sa^ 2b , . 

4. Add together -r-, -^> — > and *. 

4a'+a*6+4ft^+a6 



Ans. 



2a& 



XV 1 

6. Required the sum of 3 5, —7-"' ^^ i^^ Note, 

page 36.) 

2x-|-xy--^+y 



Ans. 



x^-y" 



6. Express r— ^ + ^ /^^, in a single fraction. 

*^ 3jii|r — « (3m3r — x)* 
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SUBTRACTION OP FRACTIONS- 

(32.) Reduce the fractions to a common denominator, which 
place under the difference of the numerators. 

EXAMPLES. 

1. Subtract from — =-. 

a 5 

6ax 12ar 6a*x 60x (6a«— 60)ar . ,._ . , 

— = -= — — -^— = ^-^ — = ^ the dimrence required. 

o o V. * 2ar+l ^ 7ar ' 17a? — 2 

2. Subtract — 5— from —• Ans. — r- — . 

o « o 

. ^ , 3ar+2 . 5x--3 , 2a;«— 13ar+l 

3. Subtract from — -—-. Ans. -5 — 

x^l a?+l ar^l 

4. Subtract — — from . Ans. 



x-{.y x—y ' ix^ — f 

^ « , 1 1. 1 A a?+tf — 1 

5. Subtract -^ » from . Ans. ^^ » ^ » 

ar — y* X — y ar — f 

^ o. , 2ar*— 13ar+l ^ 5a;--3 . 3ar+2 

6. Subtract = — from — -r-. Ans. -. 

TT — 1 a?+l X — 1 



MULTIPLICATION OP FRACTIONS. 

(33.) Multiply the numerators together, and it will give the nu- 
merator of the product. 

Multiply the denominators together, and it will give the denomi- 
nator of the product. 



EXAMPLES. 



4aa; 2a 
1. Multiply — by — . 



4aa; 2a %<jfx , , . , 

-^- X -^ = -7=- the product required. 
o Id 
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2. Multiply ?^ by ^. 

Ans. — — ^ = the product in its lowest terms. 

^ -, , . , a — 3^ .2a , . a' — oa* 

3. Multiply — - — by . Ans. . 

4. Multiply , , and , ^ , tc^ether. 

Ans. — -i~T— 5 — • 

5. Multiply ^, and together. Ans. 1. 

X 3c-^y ^"^y 

6. Multiply ^ ^ by 3-^^^-^. 

Ans. ^+f)±£. 



DIVISION OF FRACTIONS. 

(34.) Divide by the numerator of the divisor, and multiply by the 
denominator ; Or, which is the same tlung, invert the divisor, and 
proceed as in multiplication. 

Thus, if - is to be divided by — - ; then, dividing - by 2ar, gives 

x 2x 

--. But 2« is 7 times -=- ; therefore, as the divisor was 7 times 

Ax 7 

too great, the quotient must be 7 times too little ; consequently, 



— y 7 — Z5_'^ 
4af "~ 4a: ~* 4' 



is the true quotient. 



, _. ., 4a? 4-6 , ar+3 
1. Divide — 5 — by -^ — . 
3 ^ 2x 

Ax +6 2x Sa^+I2x ,, ,. , 

-3- ^ iT3 = -3iT9" = ^ ^"^^^ 
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_ -,• -J oa+b , bx — a . dbx+ij^ 

2. Divide by — r — . Ana. -r •-. 



_ _ . , 6(a+x)+2 _ 4 

3. Divide -^ — r-^^ by r- z. 

3 '' 3 (a — a:) 



Ans. 2(^=^Hi=^. 



4. Divide a+ — t by 



ax + l 

a*(hx+2aF)+a(x-\-b)—l 
6(0? — a) 

5. Divide 12 by ^ ' ^-a. Ans. -5-- — —5. 

6. Divide — 3 . Z by , . , . Ana. 

a^x+a^ -^ a' + o* ax 



INVOLUTION. 

(35.) Involution is t^e raising of quantities to any proposed 
power. 

If the quantity to be involved be a single letter, the involution is 
represented by placing the number of the power a little above it, as 
was observed in the definitions at the beginning. 

The power of a simple quantity, consisting of more than one let- 
ter, is also similarly represented : Thus, the square or second power 



of abe is (a6c)*, or abc , or a'ft'c*, the third power is (abc)\ &c. 

(36.) If the simple quantity be some power already, or if it be 
composed of factors that are powers, then the index, or indices, 
must be multiplied by the index of the power to which the quantity 
is to be raised : Thus, the second power of a* is a", because a^Xa^ 
= a* ; also, the nth power of a' is a**, because cfXcfX c?X a' 

to n factors is a^; the nth power of a*" is a"^, because, in 

4* 
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like manner, tTXa^Xa^ to n &ctors is a*", whether m 

be whole or fractional. In the same manner the nth power of 0^6^ 
is a'"6**c*, &c. 

If the quantity have a coefficient, that coefficient must be raised 
to the proposed power, and prefixed to the power of the letters. 

Note. If the quantity to be involved be negative, the signs of the 
even powers must evidently be positive, and those of the odd powers 
n^ative. 

bxahfles. 

The square of 2ax is AaV. 

The fourth power of 6a*x is 1296a'a?*. 

The third power of — arb^c is — a*b(^.* 

The fourth power of x^y^ is ojV^* 

The sixth power of 2-^ is ^^Tg-. 

The nth power of SaV is 3"a*"«*'. 
The fifth power of a^xy is nfxy. 

The fifth power of 3- is 

The seventh power of — a"*^* is 

The fourth power of — — is 

The nth power of a*"**" is 

(37.) When the quantity is compound, the involution is performed 
by actual multiplication. 

3 1 

♦ The quantity a^ signifies the third power of a^. The denominator 
of every sadi fractional exponent always expresses, agreeably to the nota- 
tion explained in the definitions, the root, and the numerator the power of 

that root. If, for instance, a represented 4, then a' woold represent its 

second or square root, viz. 2 ; and a^ would express the cube or third 
power of this root, and would therefore signify 8. 
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EXAMPLES. 

What is the fourth power of a+bl 

a + h 
a + b 



a' + ah 

ab + y' 

The square a» +2ah + ¥ 
a+h 



a' + 2a«6 + aft* 

a«6 + 2aV' + ¥ 

The cube a» + 3a»6 + Saft* + 6» 
a +ft 



a* + 3a'ft + 3a'6* + aft* 

a»6 + 8a»6* + Ba¥ + 6* 

The fourth power n* + 4a»6 + ^a»6* + 4aft« + 6* 



What is the square of a + h + cl 
a + b + c 
a + b + c 



a* + ab + ac 

aJf + b* + he 

ac + be + (f 

a^ + 2alf + 2ac + l^ + 2bc + (^ = a* + 2ah + l^ + 2c (a + *) 
+ t»=i{a + by + 2c{a + b) + c». 

In the involution of a+& we observed that its square was equal 
to the square of a + the square of b + twice the product of a, & ; 
and, in the square of a + 6 + c, by considering a + h as one term, 
we have the same property, viz. it is equal to the square of (a+b) 
+ the square of c + twice the product of (a + 6) c, as we have just 
«een; and It might also be shown, in a similar way, that the square 
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of a quantity of four terms has the same property, by separatiiig 
the three first terms, and considering them as a single term ; and so 
on of any polynomial whatever. 

Required the cube of (a — «). 

Ans. a? — 3a'a;+3aa^ — x\ 

Required the square of 4a«+a?+l. 

Ans. 16aV+8aa?+8aa:+a:*+2a:+l. 

Required the 4th power of (a — «). 

Ans. a* — 4aV+6aV — 4a«'+«*. 



Required the 4th power of V^+jf» 

Ans. «*+2a«y«+y*. 

Required the 6th power of ^a+x. 

Ans. a*+3a»a?+3aa:»+ar». 



Required the 6th power of ^x — y. 



Ans. {x — y) ^x — y. 



EVOLUTION. 

(38.) Evolution is the extracting of roots. 

The evolution of simple quantities is represented by indices, simi- 
larly to involution, and if the simple quantity have already an index, 
or if it be composed of factors having indices, the operation of evo- 
lution is performed by dividing the index or indices, being the re- 
verse of the operation of involution : thus, the nth root of a"*** is a"*. 



r # 



the nth root of a*" is a", the nth of a'ft' is a" ft", dec. Hence the 
roots of quantities are properly expressed by means of fractional 

mdices ; for the cube root of a' is a^, and the cube root of a or a* 

IS a^ ; also the fourth root of aft* is a^b*, &c. 
It likewise appears that, since the division of the powers of the 
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same quantity is performed by subtracting their indices, when the 
divisor is greater than the dividend, the quotient must be a quantity 
with a negative index : thus, 

a' a* 

also, -- = a'*'^=s:a\ but -r = 1, 
a** a" 

whence results this singular property, that aP is always = 1, what- 
ever be the value of a. It also follows that 

— or - = a*^' = a '; -5 = -5 = a % &c. 

a° 1 
or --=-- = a~*. 
a" a** 

Hence, generally, both powers and roots, as also the reciprocals* 
of both powers and roots are correctly represented by means of ex- 
ponents or indices. 

Note. Since the even powers of all quantities, whether positive 
or negative, are alike positive, (Art. 36, Note,) it follows that the 
even roots of all positive quantities may be either positive or nega- 
tive ; but the odd roots of a negative quantity must be negative, and, 
of a positive quantity, positive. 

EXAHFLES. 

The cube root of aV is a* «*. 

• » 

The 5th root of -r^^ is "TT, or ar'^lr^. 

The square root of ^-^ is °^^ or ax^Ir-h-^dr^' 

^ .„ _^ ^^ or ——I 



♦ The reciprocal of any quantity is unity divided by that quantity ; 
thus, ^ is the leciprocal of o^, —jr- is the reciprocal of a+^9 ^« 



J 
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The4throotof i^ is ?^, or 2aV,8-»irM- 

4 

The square root of -r — is 

The 4th root of ar^b-^c is 
The cube root of — 27a*6*ar* is 

The 6th root of — - — is 

The cube root of , jl b 

To Extract the Square Root of a Compound Quantity. 

(39.) Arrauge the terms according to the dimensions of some let- 
ter, and extract the root of the first term, which must always be a 
square ; place this root in the quotient, subtract its square from the 
first term, and there will be no remainder. 

Bring down the two next terms for a dividend, and put twice the 
root just found in the divisor's place, and see how oflen this is con- 
itained in the first term of the dividend, and connect the quotient both 
to the last found root and to the divisor, which will now be com- 
pleted. Multiply the complete divisor by the term last placed in the 
quotient, subtract the product from the dividend, and to the remain- 
der connect the two next terms in the compound quantity, and pro- 
ceed as before ; and so on till all the terms are brought down. 

The reason of the above method of proceeding will appear obvi- 
ous from considering that, as the square of a+6 is a'+2a6+^ (Art. 
37), the square root of a* + 2ab + 6* must 

hea+b. Now a is the root of the first a'+2a&+^a+ft 

term, whose square being subtracted, a' 

leaves 2a6+i*, the first term of which 

divided by 2a gives by the other part of 2a+b)2ab+l^ 

the root, which, connected to 2a, com- 2ab+l^ 

pletes the divisor 2a +6, and this multi- __ 

plied by 5, the term last found, gives * * 

2aft+6*, which finishes the operation; . 

and these several steps agree with the rule. 
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If the root consist of three terms, a+b+Cy its square will be 

(a + by + 2c{a + b)+€^ (Art. 37), and we may return from this 

square to its root in a similar manner, viz. by finding first a, and 

then by as above, and then deriving c from (a +6) in the same way 

that b was derived from a ; which is also according to the rule, and 

the same might be shown when the root consists of four, or a greater 

number of terms. 

a* + 2ab + V + 2c{a + b) + c^{a + b + c 



2a +b 



2ab + l^ 
2a6 + ft« 



2 (a + 6) + c 2c(a-+ t) + c* 

2c(a + 6) + c» 



1. 



EXAHFLBS. 

9a^ — 12a» + 16«»— 8a: + 4 (8«*— 2a? + 2 
9ar* 



6a:*— 2a: 



12a:* + 16a:* 
12a:* + 4a:* 



6a:* — 4a: + 2 



12a:*— 8a: + 4 
12a:*— 8a: + 4 



2. 4a:* + \2at? + 5a:*-^ 2a:» + 7a:*— 2a: + 1 (2a:» + 3a:*— a: -I- 1 
4a:« 



4ar» + 3a:* 



12a:* + 5a:* 
12a:* + 9a:* 



4a:3^.6a:*— a: 



-4x*— 2a:* + 7a:* 
— 4a:*— 6a:*+ a:* 



4a:» ^. 6a:* — 2a: + 1 



4a:»+6a:*— 2a: + l 
4a:* + 6a:*— 2x + l 
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3. Extract the square root of 4ic*— 16a:»+24a:*— 16ar+4. 

Ans. 2a:"— 4ar+2. 

4. Extract the square root of 16a:*+24a:»+89a:'+60a:+100. 

Ans. 4a:*+3a:+10. 

5. Extract the square root of 1 +«. 

. ^ X a^ ^ a? 5a?* . 

Ans. 1+- , oBC. 

2 8 ^16 128' 

6. Extract the square root of 9»*— 12a:* + 10a:*— 283:* + 17a:" 

— 8a:+ 16. 

Ans. 3a:*— 2a:"+a:— 4. 

(40.) From the above method of extracting the square root of 
algebraical quantities, is derived XhSx for the extraction of the square 
root of numbers, usually given in books on arithmetic. In order to 
extract the square root of a number, it is necessary, first, to ascer- 
tain how many figures the root sought will consist of; which may 
be done by placing a dot over every alternate figure, commencing 
with the units : the number of these dots will be the number of 
figures in the root ; for since the square root of 100 is 10, the 
square root of every whole number less than 100 must consist of 
but one figure ; and since the square root of 100 is 10000, it follows 
that the square root of every number between 100 and 10000 must 
consist of but two figures ; likewise, since the square root of 1000000 
is 1000, the square root of every number between 10000 and 1000000 
must consist of but three figures, &c.; and in each of these cases 
the number of dots will be 1, 2, 3, &c. dec. respectively. 

Let it be required to find the square root of 56644. 

Here the points indicate that the root con- 
sists of three figures, and the greatest square 66644 ( 238 
contained in 5 is 4, therefore the first figure 4 
of the root is 2, whose square taken from 5 
leaves 1, to which the two next figures 66 
being connected, gives 166 for the first divi- 
dend. Put 4, the double of the root figure, in 
the divisor's place, and it is contained in 16, 
4 times ; but, upon trial, 4 is found rather too 
great, the next figure of the root is therefore 3, 
which number being placed in the divisor com- 



43 


166 
129 


468 


3744 
3744 
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pistes it I ftod the product of this divisor and last root figure taken 
from the dividend, leaves 37, to which the remaining two figures are 
connected, ^^ the same operation repeated. To exhibit, however, 
more clearly the umilarity between this and the algebraical process, 
let the figures of the number 56644 be r^resented according to 
their values in the arithmetical scale ; thus, the value of the first 
figure 5 is 50000, that of the second 6000, of the thurd 600, of the 
fourth 40, and of the last 4. Now, as it is necessary that the first 
term should be a square, and as in this case it is not, it will be {nto- 
per to substitute for 50000, 40000+10000, 40000 bemg the great- 
est square contained in it ; the (^ration will then be as follows : 

40000 + 10000 + 6644 (200 + 30 + 8 
40000 or 



400 + 30 

or 

430 



10000 + 6000 
or 
16000 
12900 



238 



400 + 60 + 8 
or 
468 



3100 + 600 + 40 + 4 
or 
3744 
3744 



To Extract the Cube Root of a Compound QuantUy. 

(41.) Arrange the terms according to the dimensions of some let- 
ter, and extract the root of the first term, which must be a cube ; 
place this root in the quotient, subtract its cube firom the first term, 
and there will be no remainder. 

Bring down the three next terms for a dividend, and put three 
times the square of the root just found in the divisor's place, and see 
how often it is contained in the first term of the dividend, and the 
quotient is the next term of the root. Add three times the product 
of the two terms of the root, phis the square of the last term, to 
5 
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the term already in the divisor's place, and the divisor will be com- 
pleted. 

Multiply the complete divisor by the last term of the root, sab- 
tract the product from the dividend, and to the remainder connect 
the three next terms, and proceed as before. 

For (by Art. 37,) the cube of a+h is 

and, from having the cube given, its root is found by the following 
process, being the same as that directed above, and which, after 
what has been said of the square root, does not seem to need any 
further explanation. 



3a' + 3o6 + ^ 3a«6 + Sa¥ + ¥ 

3a»6 + da¥ -f ft» 



If the root consist of three terms, a, b, c, they may be obtained 
by first finding a and &, as above, and then deriving c firom (a +6) 
in the same manner that b was derived from a. 



EXAMPLES. 



1. Extract the cube root of a:"— Gx'+lSa;*— 20a^+16a:"— 6ar+l. 
3i*—6ar^+l6a^—20x^+l5a^—6x+l (a^— 2a:-f 1) 



3ar*— 6a:»+ 4««l — aa:*+ 15a^— 20«* 

1— 6a^+12a;*— 8«* 



3«*— 12a:»+15a*— 6a:+l 



3ar*— 12ar»+ 16a*— 6ar + 1 
3a^— 12a:*+ 16aj*— 6ar+ 1 
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2. Extract the cube root of x^+6a^ — 40a^+96x-'64. 

a* + 6ar»— 40«» + 96a? — 64 (a* + 2a? — 4 

a* 



3a?* + 6a;» + 4a:* 



6«»_40a;* 

6a?» + 12a?* + 8a;» 



3a?*+12ar» — 24a?-f 16 — 12a;* — 48a?»+ 96a? — 64 

— 12a?* — 48a?» + 96a? — 64* 



.# 



3. Extract the cube root of Sa?* + 36a;* + 64a? + 27. 

Ans. 2a? +3. 

4. Extract the cube root of 276* — 54a?* + 63a?* — 44a;* + 21a;* 
— 6a?-f-l. 

Ans. 3a?* — 2a?+l. 

5. Extract the cube root of a* + 8a*& + 3oft^ + ^ + 3a*c + 6aic 

Ans. a + b + c. 

From the foregoing method of extracting the cube root algebraic- 
ally, may be derived the numerical process for the cube root given 
in books of arithmetic. But this tedious operation is now entirely 
superseded by the easy and concise method which we have given in 
our chapter on Cubic Equations, contained in the Chapter on the 
Theory of JBjftiiUiofw, which forms a supplement to the present 
volume. 

* In this example only two tenns are brought down each time, instead 
of three, because in the proposed expression there are two terms absent, 
viz. those containing jb* and a;*. If we write the expression thus, 

«•+ 6a;» db (te*— 40a* ± OaiM- 96a?— 64, 

then three terms wUI, in effect, have been brought down, as in tiie pre> 
ceding example, since Oa;* and Qx^ are each =0. 
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CHAPTER IL 

ON SIMPLE EQUATIONS. 

(42.) An Equation is an algebraical expression of equality between 
two quantities. 

Thus, 4 + 8 = 12 is an equation, since it expresses the equality 
between 4 -f 8 and 12; also, if there be an equality betweeti a — b 
-f c and/-f^ — h, then a — b-{-e=f+g — h expresses that 
equality, and is therefore an equation. 

(43.) A Simple Ekjuation, or an equation of the first degree, is 
that which contains the unknown quantity nmply ; that is, without 
any of its powers except the first. 

(44.) A Quadratic Equation, or an equation of the second degree^ 
is that which contains the square, but no higher power, of the 
unknown quantity. 

(45.) An equation of the third, fourth, &c. degree, is mie in 
which the highest power of the unknown quantity is the third, 
fourth, &c. power. 

(46.) And in general an equation, in which the mth is the highest 
power of the unknown quantity, is called an equation of the ntth 
degree. 

NoTB. Each of the two members of an equation is called a side. 

AXIOMS. 

(47.) 1. If equal quantities be either increased or diminished by 
the same quantity, the results will be equal ; or, in other words, if 
eaeh side of an equation be either increased or diminished by Uie 
same quantity, the result will be an equation. 

2. If each side of an equation be either multiplied or divided by 
the same quantity, the result will be an equation. 

3. If each side of an equation be either involved to the same 
power, or evolved to the same root, the result will be an equation. 

4. And generally, whatever operations be performed on one side 
of an equation, if the same operations be performed on the other 
side, the result will be an equation. 
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PROPOSITION. 



(48.) Any tenn on one side of an equation may be transposed to 
the other, provided its sign be changed. 

For let x+a — b^c+d be an equation, ai^d add ft to both sides : 
then (by axiom 1), x+a — b+b=c+d+by that is a?+a=c+cJ-f ft, 
where ft is transposed from the left to the right hand side of the 
equation, and its sign changed. Again, subtract a from each side 
of this laist equation, then x+a — a = c+<i+ft — a; that is, a; = c 
+d+b — a, where a is transposed, and its sign changed; and in 
the same manner may any other term be transposed. 



Transpose all the terms containing the unknown quantity x, in 
the following equations, to the left hand side, and the known terms 
to the right. 

1. Given 4a? + 12 = 2x—x + 21. 

Here 4a; — 2x + a; =21 — 12, the terms being transposed 
as required. 

2. Given 1 = 10 — I +|. 

Here 1 + 1-1= 10. 

3. Given 14 — xz= 6x + 22. 

4.Giveni±f-*=iifzl>-8. 
o 5 

5. Given 3ap + 7 = 23— 5a; + ^^p^. 

GX 

6. Given ah •{• -j^ = a (x — ft) + ft. 

7. Given 5* + 8 — ia;=r6 — f« + ««• 

8. Given (2 + a?)(a — 3) = 13— 2ax. 

9. Given (a + ft) {c — ^a;) = (« — a) ft. 

PROBLBK I. 

To clear an EquaHan of FraeHoni. 

(49.) 1. Multiply each numerator by all the denominators, except 
its own, and the result will be an equation free from fractions : or. 
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2. Multiply every term by a common multiple of the deiUHmiia* 
tors, and the denominators may then be expunged. If the leati 
common multiple be used, the resulting equation will be in its lowest 
terms.* 

The reason of the first of these methods is plain ; for multiplying 
the numerator of a fraction by its denominator is the same, in e^ct, 
as expunging the denominator ; and multiplying every numerator 
by all the denominators, except its own, which is left out, or ex- 
punged, is the same as multiplying every term by the product of the 
denominators ; each side of the equation is, therefore, multiplied by 
the same quantity, and therefore they are equal (axiom 2). 

The second method is equally obvious : for each term being mul- 
tiplied by a multiple of the denominators, the numerator of each 
fraction becomes divisible by its own denominator, and therefore the 
denominators may be expunged. 

\ 

EXAMPLES. 

1. Clear the equation |a; + fx = 12 — ^x of fractions. 
By the first method, the equation cleared of fractions is 

12a: + 66a: = 1008 — 63a:. 

X -I- 6 6x 

2. Clear the equation -^ 26 = — + 2. 

Here 4 is evidently the least common multiple of the d^ominators ; 
.•. multiplying by 4, ' 

2x+12 — 104 = 5a: + 8. 

« i^ .1^ .. 4(a:-f3) ., x 6a:— 8 ^ 

3. Clear the equation ^ J^ ^ — 5i. = j_ 4.2. 

2a: + 1 3a: + 6 

4. Clear the equation — 1 = :p. 

o a:—~ 1 

-^ ax •{• h ^ a ex •■\- d 

5. Clear the equation t = • 

^ c b ex 

ax - a + a: _ 

6. Clear the equation — - — h * = O* 

a *j" X X 

* If a common multiple be evident from inspection, this last method will 
generally be the best ; but if not, the other method will be preferable. 
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X 4- 3 2d; — • 1 

7. Clear the equation — r— + 6 = — ^ h |. 

8. Clear the equation 

4a(j?+l) , 2a{x— 2) a + x 
3~+— V~ = ^^ + *- 

9. Clear the equatiiHi 

da . ^ 4aa; 



a + — — +2= - + -J 



o + a: a — x a' — a** 



10. Clear the equation 



CLX X a 

+ r-r-: = r— I + :t 



a — x ' + * o— sr ' o»— x* 

11. Clear from fractions the equation 

3 — X 3__ 1 X — 8 
"T~ "^ 5 ■" 20 "^ "loT* 

12. Clear from fractions the equation 

a + x "J a 4- « __ \^dt — x 
'^d? — a:* Va — x \^o + «* 

PROBLEM n. 

To cZear an £!g[tm/t(m of IZocZtoaZ Signs. 

(50.) Transpose all the terms, except that under the radical, to 
one side of the equation. 

Raise each side to the power denoted hy the radical, and it will 
disappear. If there he more than one radical, this operation must 
he repeated. 

EXAMPLES. 

1. It is required to free from radicals the equation 



Va + « + a= ft, 
By transpositicm, ^T+le^zb—a; 
and hy squaring each side, a + a: = ft* — 2aft + c^. 
2. It is required to f^ee from radicals the equation 



J3a?+ -v/ar — 6 — 2 = 3a:. 



By transposition, J 3a; + ^x — 6 = 3a; + 2 ; 
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and by squaring each side, 

Sx 4- Vx — 6 = 9a» + 12* + 4; 
or by transposing, 

\^ar — 6 = Ox" + 12a: + 4 — 3ic = 9aj« + 9« + 4 ; 
whence, by squaring again, 
«— 6 = (9aj* + 9a: + 4)' = 81a:* + 162a:* -f 153a« + 72a: + 16. 

3. It is required to free from radicals the equation 

y/a^x + V^= h. 

By cubing a' a: + >/ a' ar* = ft* ; 

and by transposition, >/ a^s^^zl^ — d^x\ 

and by squaring a* a:* = (ft* — a*ar)' = ft* — 2a*6'a? + a^sf. 

4. It is required to free from radicals the equation 

.Jx + 7= \/a:+ 1. 

By squaring, in order to clear the first side, 

a: + 7 = a: + 2x^3:+ 1, 

and by transposing, 

a; + 7 — x — 1 = 2'Jx; 
that is, 

6 = 2>/a:.%8=>/a?, 

and by squaring, we have finaUy 

9 = a:. 

5. Clear firom radicals the equation 

y/Z — x + 6 = 8 + a:, 

6. Clear from radicals the equation 

-v/x — 2 = 4 — 3>/a:. 

7. It is required to free from radicals the equation 

24 + y/ax + h = 2a: — o. 

8. It is required to free from radicals the equation 

a + y/ — a + y/x-\-2 = 3. 

9. It is required to free from radicals the equation 

Va + >/2ai = x. 

10. It is required to free the equation 



J 1 + >/x + -v/oa: = 2 firom radicals. 
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11. It 18 lequired to free firom radicals the equatioii 

Va — « + 2 = 6 — >/x. 

12. It is required to free from radicab the equation 



V*— 4 — 1 = *^2+ Var— 1. 

PSOBLBM lU. 

To solve a Simple Equation containing hU one Unknown Quantity. 

(51.) Clear the equation effractions and radicals, if there he any. 

Bring the unknown terms to one side of the equation, and the 
known terms to the other. 

Collect each side into one term, and the unknown quantity, with 
a known coefficient, will form' one side of the equation, and a known 
quantity the other side. 

Divide each side by the coefficient of the imknown quantity, and 
the value of the unknown will be exhibited. 

Note. Before performing any of the above operations, the equa- 
tion may sometimes be previously simplified* by the application of 
the 1st or 2d axioms, as will be seen in some of the following solu- 
tions. 

EXAMPLES. 

1. Given 4a? + 26 = 69 — 7x, to find the value of a?. 
By transposition, 4a? + Tar = 59 — 26 ; 
collecting the terms liar =33. 

.•. dividing by 11, and we get a? = ^ :=: 3. 

X \x — 2 

2. Give© - -f 6a? = — - — , to find the valUe of x. 

o o 

Clearing the equation 5a? + 90a? = 12a? — 6 ; 
and by transposition, 6a? + 90x — 12x = — 6. 
or collecting the terms 83x = — 6 ; 
••• dividing by 83, a? = — ^. 

^ _. 3a? + 4 Ta? — 8 a?— 16 ^ ^ ^ / ^ 
8. Given — jr — = — r^ — , to find the value of a?. 
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Here we immediately perceive that 20 is the least commoft 

multiple of the denominators ; 
.% multipljdng every term by 20, 

12ar + 16 — 70ar + 30 = 5ar— 80; 
and by transposition, 

12ar— 70ar — 5a? = — 80 — 16 — 30; 
or collecting the terms — 63a? = — 126 ; 

.•. dividing by — 63, ar = = 2. 

4. Given ~ 1 = ^^~ ^ — f, to find the value of «. 

7 o 

a?+3 2(ar— 1) ^ ^ - 

By transposition, — ^—z = f — f = — 1 5 

and clearing the equation, 3ar+ 9 — 14a;+ 14 = — 21 : 

or by transposing, 3a? — 14a? = — 21 — 9 — 14; 

and collecting the terms — llx = — 44 ; 

— 44 
• .•. dividing by — 11, x = — r-i = 4. 

5. Given -^^^^ 2 = — ^^-^ + a?, to find the value of x. 

3 3 

Multiplying every term by 3, 

6a? — 4 — 6 = 18 — 4x + 3x; 
and by transposition, 6x + 4x — 3x =18 + 4 + 6: 
or collecting the terms 7x = 28 ; 
.'. dividing by 7, x = y = 4. 

6. Given ?^ - ?i^:i^ = :r?-, to find the value of x. 

3x 3x + 2 llx 

Clearing the first side, 

81x"+54x .81X+54 
9x»+9x+2— 9x»+9x= \; ^ = — -I—; 

llx li 

Or, collecting the terms on the first side, 

,« . « 81X + 64 
18x + 2= — ~- — ; 
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and multiplying by 11, 198^ + 22 = 81a? + 54 : 
or by transposing, 198x — 81x =54 — 22 ; 
that is, 117a? = 32 ; .-.a? = ^. 

i 

X 2 %Jx 

7. Given — ; — = — 5~» ^ find the value of «. 

'J X o 

Clearing the equation 3a? — 6 = 2a? ; 

or, by transposing, 3x — 2a? = 6 ; that is, a? = 6. 



8. Given a? + \/2ax + a;* = a, to find the value of a?. 
By transposition, V 2ax -^r o^-ss^a — x^ 

and squaring each side, 2aa? -^r 3?'=^ a' — 2aa? + «• : 

or by transposing, 2aa? + 2aa? =>(]? •\- o? — a^\ . 

• 1 a* a 

that IS, 4aa? = a% and .«. a? = -— = ~. 

4a 4 

9. Given 2 ^7^"T^= * (® — i*)> ^^ ^^^^ the value of x. 
By squaring each side, 4a' -f 4a:' = 16a' — 16aa? + 43?^ , 
and subtracting 43:*, 4a' = 16a' — 16aa? (axiom 1) ; 

or dividing by 4a, a= 4a — 4a? (axiom 2); 

and by transposition, 4x = 4a— a; 

3a 
and .*. a? = -r-. 
4 



10. Given a + a? = V a' + a? V^ + ^j to find the value of x. 
By squaring each side, 

a' + 2aa? -i^ s? =i d? ■\' x *JW^\lf\ 
and subtracting a', 2aa? + x" = a? ^"W^^^ (axiom 1) ; 
then dividing by x, 2a + x = V6' + x' (axiom 2) ; 
and squaring both sides, 4a' + 4ax + x* =r ft" + x* ; 
or subtracting x', 4a' + 4ax = ft* (axiom 1) ; 



and by transposition, 4ax= f — 4a' , 



.-. x = 



^2. 

f — 4a' 



4a 
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11. Given ^^7^ ' — 1 = —k—9 to find the value of x. 

Am. ^ = 7. 

X ^^ 1 X "I" 4 

2. Given — = 1 r— = x — 3, to find the value of x. 

7 3 

Ans. a? = 8. 

13. Given ? — | + 5 = ^^^ % to find the value of or. 

Ans. a; ^ 6. 

■ 2 ic •b'H-I 

14. Given ^r + i = — : — > to find the value of x. 

x+2 4 4a: 



Ans. xr=^. 

15. Given , * , — a = -^^^^^ — | — ^, to 

a' — ar a — x a+x 



find the value of ar. 



a'+o?— 1 

Ans. «= 7—. 

a — a* 

16. Given - — ^r-^ — h « = -r + «> to find the value of x. 

6(a— 6)+4 

17. Given ia? + ix=z x + — - — , to find the value of x, 

4 

Ans. dsz^l^. 

18. Given ^aba? = , to find the value of x. 

a — 2b 
^- '= 12ai-3a - 

19. Given 21 + g^ = ^^^ + "^7^ to find the 

Iv O ^ 

value of X. Ans. x = 9. 

X X X X 

20. Given ^ + r + -r + e == 77, to find the value of x, 

2 o 4 O 

Ans. X = 60« 

21. Given ap+-r«+T« = i»>to find the value of x. 

a o 

. bm 

Ans. ap = 



a-f-j-f-c' 
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23. GAven ^Sx — 1 s= 2, to find the value of «. Ans. « = f* 

23. Given ^IT+l? = a? + J, to find the value of x. 

Ans. a; = i. 



24. Given 8 '/2a; + 6 + 8 ar 15, to find the value of x. 

Ans. «cb5. 



25. Given ^ 3a? + 13 —4 = 0, to find the value of x. 

Ans. « = 17. 



26. Given Va: + 3 = V21 + a?, to find the value of x. 

Ans. a? = 4. 



/ s ^ 

27. Given —== + y = o + 2y, to find the value of y. 
^a—y 

Ans. y 3s 1 — • a. 



a 



28. Given « + ^a — x = , to find the value of x. 

Ans. «=a — 1. 



29. Given ^^4 + ^x* — a* = «-^2, to find the value of a?. 

Ans. X = 2^. 

30. Given (2 + a?)* -f ar* = 4 (2 + a?)-* to find the value of x. 

Ans. a; = }. 



QUESTIONS PSODUCINO SIMPLE EQITATIONS INVOLVING 
BUT ONE UNKNOWN QUANTITY. 

' (52.) In order to resolve a question algehraically, the first thing 
to be done is to consider attentively its conditions; then, having 
represented the quantity or quantities sought, by a;, or or, y, &c. if 
we perform with it, or them, and the known quantities, the same 
operations that are described in the question, we shall finally obtain 
an equation firom which the values of the assumed letters a?, y, &c. 
may be determined. Instead of representing the unknown quantity 
by X or y, &c. it will sometimes be found more convenient to repre- 
sent it by 2a; or 2y, or by 3a?, 3y, ^. for the purpose of avcnding 
the introduction of fractional expressions in those cases where a 
half, a third, &c. of the unknown quantity is directed to be taken : 
6 
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(see Question vu. following.) When we see by the conditions of 
the question that several different fractional pcurts of the unknown 
quantity will occur in the algebraical statement of those conditions, 
it will be advisable to represent the unknown by such a multiple of 
a? or of jr as will be actually divisible into the proposed parts. (See 
Question ii. following.) 

aVESTION I. 

It is required to find a number, such, that if it be multiplied by 4, 
and the product increased by 3, the result shall be the same as if it 
were increased by 4, and the sum multiplied by 3. 

Let X represent the number sought; 
then, if it be multiplied by 4, and the product increased by 3, there 
will result 4x+3; but this result, according to the question, must 
be the same as a? +4 multiplied by 3; hence we have this equation, 
viz. 

4a; + 3 = 3a; + 12; 

and by transposition, Ax — 3a? = 12 — 3; 

that is, 0? = 9, the number required. 

QrBsnoN n. 

It is required to find a number, such, that its third part increased 
by its fourth part, shadl be equal to the number itself diminished 
by 10. 

Let X represent the number. 

0w^ XX 

Then, by the question, ^ + t = « — 10; 

o 4 

or, clearing the equation, 4x + dx= 12x — 120; 

and by transposition, 4x + Sx — I2x=z — 120; 

that is, —5*=:— 120; 

—120 ^^ ^ 
.•. X = — - = 24, the number required. 

We might have avoided firactioiis in the statement of the conditions 
of this question, by representing the number sought not by or, but 
agreeably to the directions above, by such a multiple of a; as would 
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really divide by 3 and 4. Choosing the least multiple, the process 
will be as follows; 

Let 12a; be the number. 

Then, by the question, Ax + Sz = l2x — 10; 

and by transposition, 4x + 3x — 12ar = — 10 ; 

that is, — 6a: = — 10 .•. x= — - =2. 

— o 

••• 12a; =24, the number required. 

aUBSTION III. 

A person left 3502. to be divided among his three servants, in such 
a way that the first was to receive double of what the second receiv- 
ed, and the second double of what the third received. What was 
each person's share? 

Let the share of the third be represented by x; 

then that of the second was 2a; 

and that of the first 4a; 

and, since the sum of their shares amounts to 3502., 

we have x + 2x + 4a; = 350 ; 

or 7x = 350; 

and .% x= 3^» = 50; 

whence the share of the first was . . £50 

of the second . . 100 

of the third . . 200 

aVESTION IV. 

It is required to divide 1602. among three persons, in such a man- 
ner, that the first may receive 102. more than the second, and the 
second 122. more than the third. 

Let the share of the third be x 

then that of the second is x + 12 

and that of the first . . x + 12 + 10; 

and by the question, x + x-f 12 +x+ 12 + 10 = 1602.; 

that is, by addition and transposition, 3x = 126 ; 
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whence, a:=E>|«=42: 
.*. the share of the third is . £42 

second • . 54 
first ... 64 

avBsnoN V. 

A merchant has spirits at 9 shillings, and at 13 shillings, per 
gallon, and he wishes to make a mixture of 100 gallons that shall 
be worth 12 shillings per gallon. How many gallons of each must 
he take ? 

Suppose a; to be the number of gallons at ds, ; 

then 100 — x must be the number at ISs.; 

also the value of the x gallons, at 9«., is 9x shillings ; 

and of the 100 — x, at 13*., is 1300 — 13a; shillings; 

and the value of the whole mixture, at 12*., is 1200*.: 

.-. 9x + 1300 — 13x = 1200 ; 

that is, — 4x =1200 — 1300 = — 100 ; 

— 100 
consequently, x =i — — - = 25 ; 

. . there must be 25 gallons at 9«. 
and 100 — 25 = 75 . . 13». 

aUESTION VI. 

How many gallons of spirits, at 95. a gallon, must be mixed with 
20 gallons at 135., in order that the mixture may be worth 10«. a 
gallon ? 

Let X be the number of gallons at 95., the value of which will be 
9x shillings ; also x -f 20 will be the whole number of gallons in 
the mixture, the value of which, at IO5., is lOx + 200 shillings, 
now the value of the 20 gallons at 135. is 260 shillings : 

.•. 9x + 260 = lOx + 200 ; 

and, by transposition, 260 — 200 = lOx — 9x ; 

that is, 60 = X : 

*.- there must be 60 gallons at 95., in order that the mixture, whidi 
will contain 80 gallons, may be worth IO5. a gallon. 
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UUESTION Vir. 

A fish was caught whose tail weighed 9 lbs. ; his head weighed as 
much as his tail and half his body, and his body weighed as much 
as his head and tail together. What was the weight of the fish 1 

Let 2x be the number of lbs. the body weighed ; 

then 9 + X = weight of the head ; 

and, since the body weighed as much as both head and tail, we 
have 2a: = 9 + 9 + X ; 

or, by transposition, 2x — x = 9 + 9 ; 

that is, a; = 18 ; 

.*. 36 lbs. = weight of the body, 

9 + a: = 27 lbs. a=s . . . . head, 

91bs. = .... tail. 

The sum = 72 lbs. the whole weight of the fish. 

QUESTION TIU. 

If A can perform a piece of work in 12 days, and B can perform 
the same in 15 days, in what time will they finish it if they both 
work at it together ? 

Let X denote the number of days ; 

X 

then-r is the part A can do in x days ; 

1<W 

X 

and Yk ^ ^^^ P^^ ^ <^<^ do in X days ; 

X X 

.% r;; 4* T5 ^ ^e whole work ( ^ 1 ) : 
122 lo ^ ' 

and, clearing the equation, Ibx + 12a? = 180 ; 

that is,'27ar= 180 , • 

.*. they will finish it in 6| days. 

9. A person wishes to divide a straight line into 3 parts, so that 
the first part may be 3 feet less than the second, and the second 5 
feet more than the third. Required the length of each part, thaf of 
the whole itae being 37 feet t 

Ana. the three parts aie 18, 15, and 10 feet. 



6 



* 
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10. What number is that whcNse fifth part exceeds its sixth by 7 1 

Ans. 210. 

11. Two persons, at the distance of 150 miles, set out to meet 
each other : one goes 3 miles, while the other goes 7. What part 
of the distance will each have travelled when they meet ? 

Ans. One 45 miles, and the other 105. 

12. Divide the number 60 into two such parts, that their product 
may be equal to three times the square of the less 1 

Ans. The parts are 15 and 45. 

13. Divide the number 45 into two parts, such that their product 
may be equal to the greater minus the square of the less. 

Ans. The parts are ^ and *f|'. 

14. It is required to divide the number 36 into three such parts, 

that one half the first, one third the second, and one fourth the third, 

may be equal to each other. 

Ans. The parts are 8, 12, and 16. 

15. A person bought three parcels of books, each containing the 
same number, for 121. 6s. ; for the first parcel he gave at the rate 
of d«. a volume, for the second 9«., and for the third 10«. 6d. a 
volume. How many were there in each parcel 1 Ans. 10. 

16. Find a number such that J thereof increased by ^ of the same, 
shall be equal to } of it increased by 35. Ans. 84. 

17. A post is i in mud, i in water, and ten feet above the water. 
Required the length of the post ? Ans. 24 feet. 

18. There is a cistern which can be supplied with water from 
three different cocks ; from the first it can be filled in 8 hours, from 
the second in 10 hours, and from the third in 14 hours. In what 
time will it be filled if the three cocks be all set running together ? 

Ans. 3 hours 22 min. 24{f sec. 

19. A gentleman spends | of his yeariy income in board and 
lodging, I of the remainder in clothes, and lays by 20Z. a year. 
What is his income ? Ans. 180Z. 

do. Two travellers set out at tl% sane tiibe, the onefrom Londcm, 
in order to travel to York, and the other from York to travel to Lon- 
don ; the one goes 14 mileB a day, and the other 16. In what time 
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will they meet, the distance between London and York bekig 107 

miles? 

Ans. in 6 days, Idf hours 

21. A person wishes to give Sd. a piece to some beggars, but finds 
he has not money enough by Sd. ; but if he gives them 2d. a piece, 
he will have Sd. remaining. Required the number of beggars. 

Ans. 11. 

22. A gamester at play staked | of his money, which he lost, but 
afterwards won 4a. ; he then lost i of what he had, and afterwards 
won 3«. ; after this he lost ^ of what he then had, and finding that 
he had but IZ. remaining, he left off* playing. It is required to find 
how much he had at first ? Ans. IL 10a. 

23. A person mixed 20 gallons of spirits at 9a. a gallon, with 36 
gallons at 11a. a gallon, and he now wishes to add such a quemtity 
at 14a. a gallon as will make the whole worth 12a. a gallon. How 
much of this last must he add ? Ans. 48 gallons. 

24. If A can perform a piece of work in a days, and B can do 
the same in b days, in how many days will they have finished the 

work if they both work at it together ? 

ab 

Ans. in — --7 days. 
a + b 

26. If A can perform a piece of work in a days, B iab days, C 
in c days, and D in d days, in how many days will they have fin- 
ished the work, if they all work at it together? 

A abed . 

abc + abd + bdc + adc ^ 

26. It is required to find a number such, that if it be increased by 
7, the square root of the sum shall be equal to the square root of 
the number itself and 1 more. Ans. 9. 

27. It is required to find two numbers, whose difiference is 6, such, 
that if i the less be added to | the greater, the sum shall be equal 
to i the greater diminished by | the less. Ans. 2 and 8. 

28. A labourer engages to work at the rate of 3a. 6d. a day, but 
on every day that he is idle he spends 9(2., and at the end of 24 days 
finds, that upon deducting his expenses, he has to receive 2L 2a. 9d, 
How many days was he idle ? Ans. 5 da3rs. 
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29. A per^n being asked the hour, answered that it was between 
5 and 6, and that the hour and minute hands were exactly together. 
What was the time ? Ans. 27' 16^" past 6. 

30. A gentleman leaves 31 5Z. to be divided among his 4 sons in 
the following manner, viz. the second is to receive as much as the 
first, and half as much more ; the third is to receive as much as the 
first and second together, and | as much more ; and the eldest is to 
receive as much as the other three, and i as much more. Required 
the share of each. 

. i The share of the 1st is 24Z., of the 2d 36Z., 
of the 3d 80Z., and of the 4th 175Z. 



FBOBLEM IT. 

To resolve Simple Equations containing two Unknown Quantities^ 

(53.) When there are given two independent simple equations, 
and two unknown quantities, the value of each unknown quantity 
may be obtained by either of the three following methods. 

First Method. 

(54.) Find the value of one of the unknown quantities in terms 
of the other and the known quantities, from the first equation, by 
the method already given. Find the value of the same unknown 
quantity from the second equation. 

Put these two values equal to each other, and we shall then have 
a simple equation containing only one unknown quantity, which may 
be solved as before. 

Thus, suppose ax + by = c; and a'x + h'y = e\ 

Then, firom the first equation, x = — — -3^ ; 

a 

and from the second . . » = p-^ 5 

a 

c .^^ by c* — Vy 
whence, equating these two values of a?, ■ == y— ^ ; 

and clearing the equation, a'c — a!by = ac' -^ab'y^ 



BnswhE aavATioirs. 69 

or, by transposition, db'y -^ a'bff =? oc' — a'e ; 

that is, (ab' -^ a'b) y^szac' — a'c; 



ac — ac 



and this value being substituted in either of the abovt values of x 
gives 

h'c — he' 
'^ aV — a'j; 

SXAMFLBS. 

1. Given | 5* jlgj^ lo | > to find the values of x and y. 
From the first equation x = — ^, 

and firom the seccmd ... x = — l—I. ; ^ 

6 ' -^ 

23 — 3jf 10 + 2y 
2 6 ' 

or 115-^152f=20 + 4y; 
and by transposition, — \6y — 4^=: 20-i-115; 

or — 19y = — 95; 

consequently, a?(= — l!lZ?)=4. 

2. Given | ^^^J]^]!!^^ ^ , to fed the values of x and y. 

From the first equation y = ^^ 

and firom the second ... y = 33 -— 4a; ,* 

45 — 5ar 



.% — ^ 



2 s=dd— 4af, 

or 45 — 5a?=:66 — 8a:; 
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and by transposition, Sx — 6x = 66 — 46; 

that is, Sx = 21, 

.•. a?=: 7, and3r(=:3d — 4a;) = 5« 

3. Given < J1~^^q^ ( > to find the values of x and y. 

Ans. or = 9, and jf = 3. 

4. Given 1 1*_ |^ Z o t ' ^ ^^ *^® values of « and y. 

Ans. a; =12, and3f = 8. 

^ 3^ ^ = 7 ) 

6. Given < i i o — i4i c ' *^ ^^^ *^® values of « and y. 

Ans. X = 3, y = 8. 

Second Method, 

(55.) Find the value of either of the unknown quantities firom 
one of the equations, as in the preceding method. Substitute this 
value for its equal in the other equation, and we shall have an equa- 
tion containing only one unknown quantity. 

Thus, taking the same general example as before, viz. ax-\- hy=Cf 
and a'x — b'y = c', if we substitute for x in the second equation, its 

value, ^, as determined from the first, there will arise the 

a 

equation 

^ + by = c ; or ac — a by + aby = ae' ; 

and by transposition, aVy — a'by = ac' — a'c : 

_ ac' — a'c 

•"•^" ab' — a'b 

> as before. 

and by substitution, x = ^^^ 

■XAKPUM. 

1* Given ? 3^i5^= 35 ( ' *° ^^ *^® values of x and y. 
From the first equation 8« = 74 — 6y, or a: = — ~ ^ ; 



» ■ 
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which value substituted in the second equation, 

222 — 18y . ^ 
gives g 1-%=:36; 

.% 222 — 18y + 40y := 288 : 
or 40y—183( = 288 — 222; 
that is, 22^ == 66 ; 

... y = II = 3, and ar (=; '^-^~^) = 7. 

2. Given < rx%^^ 34 % • ^ ^^ *^® values of x and y. 

Ans. a? = 2, and jf = 8. 

3. Given < ? —Iii — i 4 » *^ ^'^ *^® values of x and y. 

Ans. a? = 12, andy = 6. 

2ar + 8y 

( 4 — =^ ) 

4. Given < e. o > to find the values of x and y. 

Ans. a?= 1) and y = 6. 

7%trc2 Method. 

(56.) Multiply or divide each of the given equations by such 
quantities, that the coefficient of one of the unknown quantities may 
be the same in both. 

Destroy the identical terms by adding or subtracting these equa- 
tions, and the result will be an equation containing only one unknown 
quantity. 

Note. If multipliers, or divisors, do not readily present them- 
selves, which will make the coefficient of any one of the unknowns 
the same in both equations, then each of the equations must be mul- 
tiplied or divided by the coefficient of that unknown in the other 
equation, which we wish to exterminate. 

Thus, taking our former general example', cw; + 6y = c, and a'x 
+ 6'y = c' ; if we multiply the second equation by a, and the first 
by a'i in order that the coefficient of x may be the same in both 
equations, we shall have 
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ma'x + ah'ff = me' 
aa'x + a'by = a*c 



and subtracting ab'y — a'by^siac' -^c'c 

flc' •— a'c 

. as before. 
he — he' 
and by a smrilar process, x s= w_^ «i 



BXAMFLB8. 

1. Given j£";;jr5j^57^»tofindthevalue8ofi?andy. 

Multiplying the first equation by 3, and the second by 4, in order 
to equalize the coefficients of a?, we have 

12a?— 9y= 3 
12ar + 16y = 228 

and by subtracting 25y = 226 

3 + 9y 3 + 81 . 
whence a:=-^^ = -32- = 7- 

2. Given ) 3^ 1 4? ^ ^88 S ' *^ ^^ *® ^^"®® °^* ^^ ^' 

Ans. a; = 8, and y = 16. 

3. Given j _ gx t 8t/ = 50 ( ' *° ^^ *® y^yxes of a? and y. 

Ans. a: = 3 and y =^7. 

ADDITIONAL EXAMPLES. 

1. Given \ ll±l^^ = ??} J ' t^ ^^ t^^ ^^"^ ^^* ^^ y- 

'a? = 22 

y«13 

2. Given | Z^J % = 20 i ' *^ ^^*® ^^"^ ^*^^^' 



Ans. < 



— T 
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3. Given < * Xt — 33 ( ' ^ ^^^ ^^^ values of a: and y. 

Ans* \ • e 

4. Given J »* + i^ ~ i J > to find the values of a: and y. 

<i*-~ Ty = — -^ > 



2a: 

_ + 5y= 23 

5. Given *{ ^r )* yto find the values of x and y. 



5a? + ^ = — 6i 
4 






Ans. ? "^ g 



6. Given 



2 ""4 r J to find the values of 

2y — X ^ ^^ ^ a;andy. 

Ans. ? * == ^^ 



7. Given )^i!!2^5<»to find the values of « and y 




Ans. 

""" "2a 

8. Given j ^'^Ji^^^^'^""^^ j , to find the values of a: and y. 

/ a + & 

Ans. 






(57.) atlESTIONS FRODUOINO 8IMPMI EaUATIONS INVOtVINO 

TWO UNKNOWN aUANTITIBS. 

aUBSTION I. 

A vintner sold, at one time, 20 dozen of port wine, and 80 dozen 
of sherry, and for the whole received 120?. ; and, at another time, 
he sold 80 dozen of port, and 25 of sherry, at the same pnces as 
7 
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before ; and for the whole received 140Z. What was the price of a 
dozen of each sort of wine ? 

Let 9 be the price of the port per dozen, 

and y that of the sherry ; 

then 20ar + SOy = 120 > ^ ( 2a? + 8y = 12 
and dOx + 25y = 140 V Too? + 6y = 28 

and multiplying the first equation by 8, 

6a; + Oy = 36 

and subtracting 6a; + 5y = 28 

4^=T 

.*. 2f =: 2, .*. 2L is the price of the sherry ; 

1 2 — 3w 
and a?(= — - — -) = 3 ; ,% 8/. is the price of the port per dozen: 

aVESTION u. 

A fiurmer has 86 busheb of wheat at 4s. 6d. per bushel, with 
which ho wishes to mix rye at Ss. 6d, per bushel, and barley at Ss. 
per bushel, so as to make 136 bushels, that shall be worth 4t. a 
bushel* What quantity of rye and of barley must he take ? 

Let X repiesent the number of bushels of rye, 

and ff the number of barley ; 

then S^x shillings is the value of the rye, 

9y shSlings barley, 

and 887 shillings ; wheat,, 

now the value of the whole 136 bushels, at 4«., is 544«. ; 

.-. 3ia? + 8y + 387 = 644; 

or dia; + 8y=167; 

also a; + jf + 86 = 136, .% 3a; -f 8y = 150 by transposing and 
multiplying by 3 

and by subtraction, ^o; = 7 

••. 0? = 14 

andy(=136 — 86— a?)= 36; 

hence he must take 14 bushels of rye, 

and 36^ barley. 
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aUBSTiON ni. 

A person has 272. 69. in guineas and crown-pieces ; out of ^which 
he pays a debt of 141^. 179., and finds he has exactly as many gui- 
neas left as he has paid away crowns ; and as many crowns as he 
has paid away guineas. How many of each had he at first ? 

Suppose X the number of guineas paid away, 

and y crowns ; 

then, by reducing to shillings, we have 

21a: -|- Sjf = 297 = the amount paid away ) , , 
and 5x + 21y = 249 = the amount remaining \ ^^ *"® question ; 

.*. multiplying the first equation by 5, and the second by 21, 

, i 105a: + 25y = 1485 
we have < ^ 

t 105a: -i-441y= 5229 

and by subtraction 416y = 3744 

••• y = VsV = 9 a= no. of crowns paid away, 

, , 249-.2ly. ,_ . . 
whence «( = r — ) = 12 = no. of gumeas ; 

.*. he had at first 21 guineas and 21 crowns. 



aUESTION IV. 

There is a number, consisting of two di^ts, which is equal to faar 
times the sum of those digits ; and, if 9 be subtracted from twice the 
number, the digits' will be inverted. What is the number ? 

Put X ^ the first digit, 
y = the second ; 
thenthenmnbBrislOa: + y= 4a: + 4y > ^^^ . 

also 20a: + 2y — 9 = lOy + xS 
from the first equation 6a: = 3y, or y = 2ap, 

and from the second 19a: — Syz^9y or, substituting the above value 
c^ 3f in this equation, we have 19x — 16a; = 9, or 3a: = 9 ; 

.*. x= 8, and y (= 2a:) sz 6, .*. the number is 36. 

5. A bill of 141^. 8s. was paid with half-guineas and crowns, and 
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twice the number of crowns was equal to three times the number of 
half-guineas. How many were there of each ? 

Ans. 16 half-guineas and 24 crowns. 

» 

6. There is a number consisting of two digits, which is equal to 

four times the sum of those digits ; and if 18 be added to it^ the 

digits will be inverted. What is the number ? 

Ans. 24. 

7. A man being asked the age of himself and son, replied, '' If I 
were i as old as I am + ^ times the age of my son, I should be 45 ; 
and if he were i his present age + 3 times mine, he would be 111." 
Required their ages ? 

Ans. The father*s age was 36, and the son's 12. 

8. What fraction is that, whose numerator being doubled, and de- 
nominator increased by 7, the value becomes } ; but the denomina- 
tor being doubled, and the numerator increased by 2, the value be- 
comes I ? Ans. |. 

0. A man and his wife could drink a barrel of beer in 15 days ; 

but, afler drinking together 6 days, the woman alone drank the re- 

. mainder in 30 days. In what time could either alone drink the 

whole barrel? 

i Ans. The man could drink it in 21 f days, and 

I the woman in 50 days. 

10. A farmer sold at one time 30 bushels of wheat and 40 bushels 
of barley, and for the whole received 13Z. lOs. ; and at another time 
he sold, at the same prices as before, 50 bushels of wheat and 30 
bushels of barley, and for the whole received 17/. How much was 
each sort of grain sold at per bushel ? 

Ans. The wheat was sold at 5«., and the barley at Ss. a bushel. 

PROBLEM V. 

To resolve Simple Equations containing three Unknown QuanHties. 

(58.) Either of the three methods given for the resolution of equa- 
tions with two unknown quantities may be extended to this case ; 
but, as the last of the three will generally be found preferable to the 
others, we shall therefore give it as our 
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4 

\a Method. 

(59.) Multiply, or divide, each of the two first equations hy such 
qucmtities as will make the coefficients of one of the unknowns the 
same in hoth. 

Destroy the identical terms, by adding or subtracting these equa- 
tions, and the result will be an equation containing only Iwo un- 
known quantities. 

Perform a similar process on the first and third, or on the second 
and third, of the original equations, and there will result another 
equation containing only two unknown quantities ; therefore we shall 
have two equations and two unknown quantities : hence this problem 
is reduced to the former. 

After what has been done in Art 12, there does not seem any ne- 
cessity for showing the truth of this method in general terms ; we 
shall therefore proceed to particular examples. 

EXAMPLES. 



— 2y + 6«=l8Vt0 



2x 
1. Given ^ 4x — 2y + 52; = 18 ^ to find the values of 7, j^ and ir. 
6a; 



Multiplying the first equa. by 2, 4a: + 8y — 6jc = 44 
and subtracting the second, . * . * 4af •— 2y + 6» = 18 

there results (A) lOy— ll«=r 26 

Again, mult, the first equa. by 3, 6ar + I2y — 92? = 66 
and subtracting the third 6ar + 7y — s = 63 

there results 5y — 82 = 8 

and mult, this result by 2 lOy — 16% = 6 

which, subtracted firom equation (A) lOy — 11« = 26 

gives 52! = 20 

.% 2 s£ 4» y ( cz — - — ) sa 7, and x( = ■ * "^ ' )gs ^ 

^8a; + 2y— 4«= 8^ 
2. Given < 5ar— 3y + 8« = 33 V to find the values of a?, y, and z. 
t7a:+ y + 5« = 66> 



7 



* 



78 tmPUB BaVATZOlff . 

In this example it appears, from the coefficients, that jf may be 
most readily exterminated ; 

.*. multiplying the first equation by 8, and the second by 2, they become 

9x + ey — l2x=z2A 

iar_6y+ 62 = 66 

and by addition (A) 19a:— 62(3=90 

Again, multiplying the third equation by 2, it becomes 

14ar + 2y + 10« = 130 
and subtracting the first, Sx + 2y — 4« = 8 

thereresults « lla;+14« = 122 

and multiplying this last equation by 3, and equation (A) by 7, we 

have 

880; + 42« = 866 

and . . , . . . ISar — A2z s 680 

and by addition ^ 166ji; = 996 

••• a; s 6 

90 29x 

also « ( = — ) r=: 4, and y( = 65 — 7» — 5») =3. 

^7ar + 5y + 2«= 79 1| 

3. Given ^Sx + 7y + 9x =sl22 > to find the values of ar, y, and «. 
X + Ay + 5XSZ 55 ) 

Cx=zi, 

Ans. < y = 9 

80^— 9^+8«s 41 ) 

4. Given ^ — 5a:+4y-i-2«= — ^20 > to find the values of a;,y, and 2. 
Hay— 7y— 6«= 37 J 

Cx=z 2 

Ans. -? y s= — 8 

^= 1 

i «+*y+i»=82) 

5. Given < ia;-|-iy+|2=15 >to find the values <^x, y, and «. 
fi«+i3f+i«=12> 

Ans. 2y=:s20 
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*'*"^+2«=i 21 
6, Given -^ ^-5— — 8a:= —66 Vto find the values of «, jf, and «. 



riven < -^ 8a:= —66 W 



a;=?24 

Ans. *{ y = 9 

« = 5 



Second Method. 



(60.) Multiply the first equation by some undetermined quantity 
m, and the second by another, n ; 

Add the two equations, so multiplied, together, and from the sum 
subtract the third equation, and the result will be an equation con- 
taining all the three unknown quantities. 

Then determine m and n, so that two of the unknowns may be 
destroyed, and the value of the other unknown will be obtained. 

Thus, as a general example, let us take the three equations 

ax -\- by + c« = rf, 
a'x + Vy + c'% = d\ 

a"x + h"y + c"% = d" ; 

then, multiplying the first by m, the second by n, adding the results, 
said subtracting the third equation, we have 

{am + a'n — a") a: + (ftm + ft'n — b")y + (cut + e'n — e") % 

= dm^d'n—d"'y 
now, in order to destroy x and y, put 



am 
and bm 






then, since the coefiicients of x and y become 0, they vanish firom 
the equation, which becomes simply 

(«?i-f c'li — c") % = dm-\-d'n — d!' : 

dmJfd'n—d" 



.*. % ss 



cm'{-c*n — c" 

The values of m and n being found firom equations (A) by last pro- 
blem, are 



» = 
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a"b' — b"a' 
"*= oJ— 6a' ' 

ah" — Jo" 

and if these values be substituted in the above value of «, and the 
fractions, in both numerator and denominator, be brought to common 
denominators, we shall have 

_ d(b'a"—a'b")+d{ab"—ba")—d"{ab'—ba') 
c{b'a"—a'b!')+c{ab"—ba")—c"{ah'—ba'y 

In a similar manner may x and z be exterminated, and the value of 
y exhibited, by putting 

atn 4* (it'n s= a", 

cm + e'nssi c" ; 

and y and % also may be exterminated, and the value of x exhibited, 
by putting 

ftm -f ft'n = 6", 

cm -^^ c'n = c", 

and proceeding as above. We shall therefore have 

_ d{c'b"—b'c")r\-d'{bc"-^cb")—d"(be'—cb') 
^ - a(c'6"— &V')+a'(&tf"— c6")— a"(6c'— eft'/ 
d {da" — a!<?) -ftd! {ad* ~ ca") — ^{ad — cd) 
^"^ b{dce—a'd')+}f{ad'---ca*') — V'{ad—ca'y 

d{Vd'—a'ir)Jt-d!{air — bcr)—dr{aV—bd) 
* "^ c {b'a" — a'&") + ^ {ab"* — ba") — d* {aV — ba")' 

and, by substituting particular values in the above general expres- 
sions, any proposed example may be solved. 

SCHOLIUM. 

(61.) The method above given, has been introduced for the pur- 
pose of obtaining general values for the unknown quantities, that 
may apply to every particular example, by substituting in them the 
particular coefficients for the above general ones ; this method being 
preferable for that purpose to the preceding one. When, however, 
the whole process is to be peribrmed, particular examples are much 
more readily solved by the first method, and therefore we shall not 
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give any to this. It may here be further observed, that either of the 
two methods may be readily extended to equations containing four, 
or a greater number of unknown quantities, they being solved ac- 
cording to the first method, by equalizing the coefficients of the same 
unknown in any two equations, and then, by addition or subtraction, 
exterminating them one by one; or, according to the second method, 
by mult^lying the first equation by m, the second by n, and the 
third byp,&c. to the last but one, subtracting the last equation from 
their sum, and then determining m, n, p, &c. so that all the unknowns 
in the resulting expression may vanish, except one, the value of 
which will become known. 

Both these methods, however, from their giving only one unknown 
at a time, and their requiring a repetition of the process to determine 
each of the others, become at length very tedious ; a circumstance 
which has induced several eminent m'athematicians to attempt the 
discovery of a direct method, whereby the values of all the un- 
knowns, in any number of equations of this kind, may be determi- 
ned at once. The most successful of these has been Bezout, who, 
first in the Memoirs of the Academy of Sciences, and th^ in his 
Theorie Ginerale des Eqtuitions Algibriques^ p. 172, gave a 
method, which is generally considered as the simplest that has yet 
appeared. It is as follows : 

Creneral Rule to calculate either all at once, or separately, the 
values of the unknown quantities in equations of the first degree, 
whether they be literal or numeral. 

Let 11, X, y, Zj &c. be the unknowns, whose number is n, as also 
the number of the equations: Let a, 6, c, dy &c. be the respective 
^coefficients of the unknowns in the first equation; a', &', c', d', &c. 
the coefficients of those in the second; a", 5", c"y d"^ &c. of those 
in the third, &c. 

Conceive the known term in eadi equation to be af^ted by some 
xmknown quaD^y, represented by t ; and form the product, vxyzt^ 
of all the unknowns written in any order at pleasure; but this order, 
once determined, is to be preserved throughout the operation. 

Change, successively, each unknown in this product for its coeffi- 
cient in the first equation, observing to change the sign of each even 
term: the result is called the Jirsi Une. 

Change) in this first linot each unknown for its coefficient in the 
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second equalioii, observing) AS beforo, to change the sign of eadi 
even term : the result is the aecomd line* 

Change, in this second line, each imknown for its oocffident in 
the third equation, still changing the sign of each even term, and 
the result is the third Une, 

Continue this process to the last equation, inclusively, and the last 
line that you obtain will give the. values of ihe unknowns in the ibl- 
lofwing manner: 

Each unknown will have for its value a fraction, whose numerator 
will be the coefficient of the same unknown in the lad or nth line ; 
and the general denominator will be the coefficient of I, the unknown 
at first introduced. 

Suppose ire wish to find the values of a^and y in the eqtia^ons 
ax+hy+c = 0, and a'x+h*p+t^ s=0; 
introducing t, these equations become 

ax+by+ct=:0, and a*x+h'y+c't = 0; 

and forming the product, xyt, and then changing x into a^ p into &, 

t into c, and changing the signs of the even terms, we have, for the 

fa'st linef ayt — bxt + cxy ; then changing x into a', y into b\ t 

into c', and changing the signs, as before, we have for the Hcond 

line 

ab't — ac'y—a'bt+bc'x-\'a*cy — b*cx^ or 

(ab'—a'b)t—{ac' — a'c)y-| (hc'—b'c)x; 

be' — b'c , — (ac* — a'c) a'c — ac' 

whence x = -^^ n-» and y== — >r, — ^ ,, = -r-, ;i> 

ab' — ab ab — ab ab — ab 

and in the same manner may this method be applied to any num* 
ber of equations whatever, containing an equal number of ukiknown 
quantities.* 
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* Befe^t does not give any deraonstntion of this nils ia the work above 
vefened to, and sssdis to have obtained it by induction. But a demon- 
sttatioa from ImuHom may be seen in GamkrU Andlyu Mgibriqui* 



(62.) aiTB8TI0^8 PBODUCIITG SUCPLB IBQIJATIONS INirOLVINO 

THBBB UNKirOWir dUAIVTITIBS. 

auBsnoN I. 

If A and B can perfonn a piece of work in 8 days, A and C to- 
gether in 9 days, and B and C together in 10 days ; in bow many 
days can each alone perform the same work ? 

Let the number of days be a;, y, and », respectively : 
then A can do - of the whole in a day : 

X 

B 1 ; 

y 
1 

C ^ ; 

z 

and since A and B do the whole in 8 days, 

6 8 
.%- + -(= the whole work) = 1 : 

ako, slnoe A and C do the imme in 9 days, 

9 9 
.., ^ J — (:?5th© whole work)=s 1: 

and m the same manzier — H ss 1 ; 

V « 

.*. dividing the first of these equations by 8, the second by 9, and 

the third by 10, we have 

1 1 

and subtracting the second equation from the first, 

y % 
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and adding the third to this, we get 

also subtracting the third equation from the second, we have 

whence a?= V^ = 14}^, and - = i—^ = i^, 

% 

hence A can do the work in 14|f days, B in 17|f days, and C in 
28^ days. 

2. It is required to find three numbers, such, that i of the first, I 
of the second, and i of the third, shall together make 46 ; ^ of the 
first, i of the second, and \ of the third, shall together make 35 ; 
and j- of the first, ^ of the second, and ^ of the third, shall together 
make 28^. Ans. 12, 60, and 80. 

3. A sum of money was divided among four persons, in such a 
manner, that the, share of the first was i the sum of the shares of 
the other three, the share of the second ^ the shares of the other 
three, and the share of the third J- the shares of the other three ; 
and it was found that the share of the first exceeded that of the last 
by 14Z. : What was the sum divided, and how much was each per- 
son's share 1 

Ans. The whole sum was 120/.; also the share of the first 
person was 40Z., of the second SOZ., of the third 241^., and 
of the fourth 26Z. 

4. A person has 221^. 14«, in crowns, guineas, and moidores ; and 
he finds that if he had as many guineas as crowns, and as many 
crowns as guineas, he should have 36Z. 69. ; but if he had as many 
moidores as crowns, and as many crowns as moidores, he should 
have 4^L 16«. How many of each did he have ? 

Ans. 29 orownsy guineas, and 5 moidores. 
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CHAPTER m. 

ON RATIO, PROPORTION, AND PROGRESSION. 

(63.) Ratio is the relatictti which one quantity hears to another 
of the same kind, with respect to magnitude. 

Aritrmetical ratio is that which expresses the difference of 
the quantities compared. 

(64.) Geometrical ratio expresses the quotient arising froni 
the division of the quantities compared. 

Thus, if a and b he compared, 6-^ a expresses their arithmetical 

h 
ratio, alid ~ their geometrical ratio ;* hut, to preveiut collusion, the 

term ratio is generally confined to the latter sense ; and, instead of 
arithmetical raMoy the simple term difference is used ; so. that m 
, what follows ratio always means geometrical ratio. Also, to avoid 
the too frequent repetition of the term, two dots are usually placed 
between the quantities to represent their ratio ; thus, a : h signifies 
the ratio of a to & ; and a and h are called the terms of the ratio. 

(65.) The first term in a ratio is called the antecedent^ and the 
other the consequent. 

(66.) In any number of ratios, if the antecedents and consequepts 
he respectively multiplied together, the ratio f£ the products is said 
to be compounded q£ the preceding ratios : thus, in the following ra- 
tios, aib, c:d, e:f, the product of the antecedents is ace^ and that 
of the consequents hdf, and ace : hdf is the compound ratio. 

(67.) If the antecedents and consequents be respectively the same 

* In expressing the geometrical ratio of two quantities, it matters not 
wHather the second term be divided by the first, as is done here, or the first 
term by the tecond ; but whichever way is fixed upon, thiat must be pre- 
served*. It is however usual, when ratios of dtfierent magnitudes vse com- 
pared, to express them by the division of the first term by the second : 
thus, the ratio of 4 to 3 is said to be greater than that of 4 to 3, because 
\ is gteater than 4 : but^ in the investigation of properticHB, the way us«d 
in iStut text is jather preferabl6« 
8 



in each of the simple ralios, bs aibj a:bj a :b, &c. then the com- 
pound ratio b a' : ^, or a^ : 6*, &c. according to the number of sim- 
ple ratios ; in which case a^ : i^ is called the duplicate ratio of a : &, 
a?:V the triplicate ratio, &c. ; also, ^a: ^h is called the ^- 
duplicaie't ^a: ^^ the mib-triplicaitej ^. 

(68.) If each antecedent in the simple ratios be the same as the 
consequent in the preceding, as a : 6, & ; c, c : (2, then the compound 
ratio, abc, &c. . bed, &c. is evidently the same as a : d, because 

<■=-- = -, d being supposed here to be the last ccnisequent. The ratio 
abc a 

also evidently continues the same if each term be either multiplied 
or divided by any quantity. 



ON ARITHMETICAL PROPORTION AND PRO. 

GRESSION. 

(69.) If there be four quantities, such, that the difference of the 
first and second is the same as that of the third and fourth, these 
quantities are said to be in arithmetical proportion. 

(70.) If there be any number of quantities, such, that the differ- 
ence of the first and second, of the second and third, of the third 
and fourth, &c. are all equal, these quantities are said to be in arith- 
metical progression, and the progression is said to be increasing or, 
decreasing, according as the successive terms increase or decrease. 

(71 w) Theorem 1. If four quantities be in arithmetical propor- 
tion, the sum of the extremes is equal to the sum of the means. 

For let a, &, c, d, be in arithmetical proportion ; then b — a^d 
— c ; add a + c to each side of this equation, and there results 
i^ 4- c = a.-f- <Z. 

Theorem 2. If three quantities be in arithmetical progression, 
the sum of the extremes is equal to twice the mean. 

For let a, b, c, be the three quantities ; then b — a = c — b; add 
6 + a to each side of this equation, and there results 26 = a + c. 

Tbborbh d. In any series of quaxitities in arithmetical pro- 
gressioni the sum of the two extremes ib equal to the sum of ^ ai^ 
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two terms equally dL^tftnt from the extremes ; or it is equal to twice 
the middle terhti, when the number of terms is odd* 

For let a be the first term in the series, and d the'commcm^fl^- 
ence ; then, if the series be increasing, it is Oy a+d, a+2dy a-\-*ddj 
a+4d^, &c., in which, if the first and Mh be considered as extremes, 
we have 

a -f (o + 4<i) = (a + df) -f (a + 3d) = 2 (a + 2d); 

and the same may be shown for any greater number of terms ; as 
also when the series is decreasing. 

Theorem 4. In any increasing arithmetical progression, the last 
term is equal to the first term plus the product of the common dif- 
ference and number of terms less one ; but if the progression b© 
decreasing, then the last term is equal to the first term minus the 
same product. 

Let a be the l&rst term, and d the common difference ; then the 
increasing series is a^ a-\-d^ a-\-2dy a+Sd, &c., and the decreasing 
series is a, a — d, a — 2d, a — Sd, &c., where it is obvious that any 
term in the first series consists of the first term a, plus as many 
times d as are equal to the number of terms preceding the proposed 
term ; and any term in the second series consists of the first term a, 
ndnus as many times d as are equal to the number of terms pre- 
ceding ; therefore the nth term of the former series is a+(n — l)d, 
and of the latter a — (n — l)d, 

TttEOREM 5. The sum of any series of quantities in arithmetical 
progression is equal to the sum of the exti'emes multiplied by half 
the number of terms. 

Let a + (a + £?) + (a+2d) + (a-\- Sd) + &c. be the progression ; 
then, if the number of terms be represented by n, the last term will 
be a + (n — l)d (Tlieo. 4) ; and therefore, by reversing the terms, 
the same series may be written thus, 

la + {n—l)dl + \a + {n — 2)dl + \a + {n — S)dl+ 

\a -{- {n — n)dl, 

«ad a^Uiing this series to its equal, as expressed above, 

{2c + in—l)dl + f 2a + (n— l)di + i2a + in—l)d\ + ... 

\2a -{-{%— l)d^ 

twice the sum of the progr^sioti ; and tis there imttt be n terms in 



* 
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this last, as well as in the proposed series ; and since each term is 
2a + (n — l)rf, ... twice the sum = |n2o + (n — l)dl ; and the 
sum = in\2a'{- {n — 1)^| ; that is, the expression for the sum S is 

S=in\2a-h{n — l)dl 

' or S = i« J a -f last term I 

and this formula is obviously quite sufficient to enable us to deter- 
mine any one of the quantities a, dy n, S, or last term^ when the 
others are given. 

EXAMPLES. 

1. Required the sum of 10 terms of the progression 1, 4, 7, 
10, &c. 

Here a = 1, <i = 3, w = 10, and I (last term) = a+9d = 28 ; 
.'. -^ — ' = *J» = 145, the sirni required. 

2. The first term of an arithmetical progression is 14, and the 
sum of eight terms 28 : What is the common difference ? 

Here the given quantities are a = 14, n = 8, and S = 28. Hence, 
making these substitutions in the general expression for S, we have 

28 = 4 J28 + 7d} = 112 + 284 

, 28—112 

therefore the common difference is -^ 3, and, consequently, the se- 
ries is 14, 11, 8, 5, dec. 

8. An arithmetical series consisting of six terms has 8 for the first 
term, and 23 for the last : Required the intermediate terms ? 

The expression for the last term I is Z= a -f (» — \)d^ and in 
the question, a, Z, and n are given to find d ; that is, we have the 
equation, 

23 = 8 + 5c? .-. d= — r— = 3 ; 

5 

hence, the first term being 8, and the common difierence 3, the series 
must be 8, 11, 14, 17, 20, 23, where the four intermediate terms are 
exhibited. In this manner we may insert any proposed number of 
arithmetical means between two given numbers. 



n 



4. Sequiired the sum of 108 terms tf ibb serfes 1, S, 5, 7, % ^. 

Atk>. l€08e. 

5. Required the sum of a decreasing arithmetical series, whose 
first tehn is 12, aad the conunon difference of the terms i. 

Ans. 150. 

6. Required the sum of 25 terms of €Ln arithmetical progression, 
whdte ^rst term Is i, and the eomiooii increase of each term i.> 

Ans. 1621. 

7. Insert three arithmetical means between i and i. 

The means are f , ^, ^. 

8. The first term of an arithmetical series is 1, the nmnber of 
terms 23. What must the cohunon difference be in order that the 
sum may be 1491 ? 

AB8. 1- 



GEOMETRICAL PROPORTION AND PROGRESSION. 



PBOFOBTION. 

(72.) If there be four quantities, such, that the ratio of the first 
and second is the same as that of the third and fourth, these quanti- 
ties are said to be in geometrical proportion : Thus, if — = -, then 

a c 

«, 6, c, d, are in geometrical proportion, and this proportion is re- 
presented thus, a:b :: c:d^ which is read ais to b as c to d^ot as 
aistobso is cto d. 

.6 dV rf" 
Hence, since if - = -, -- = —, then «** : ft** : : c" : rf" : that is, if 

a c a^ d^ 

ibur quantities be proportional, then the same powers <Hr roots of the 
four quantities are also in proportion. 

(73.) Theokem 1. If four quantities be proportional, the product 
of the extremes is equal to that of the means. 

h d. 

Let a, ft, c, d^ be the proportionals, then - = - ; multiply each sick 

a c 

by fte, ind tb^e lenlts ft^ «= «i 

8* 
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Thsohbm 2. If the product of two quantities be equal to the 
product of two others, then a proportion may be formed of the four 
quantities. 

Let qr = ps; then, dividing each side by rp^ there results ~ = >» 

.*. jp : ^ : : r : «. 

THScmBM 3.. If four quantities be proportional, they are also 
proportional when taken inversely ; that is, when the consequents 
are made antecedents, and the antecedents consequents. 

For if a : & : : c : J, then (Theor. \)ad = hc^ and, consequently, 
(Theor. 2)h',aii die, 

Theobbm 4« If four quantities be proportional, they are propor- 
tional also when taken alternately ; that is, the first is to the third 
as the second is to the fourth. 

For if a : 6 : : c : <2, then — = - ; and multiplying by -j^ there re- 
sults - = ^, .'. a : c : : 6 ; £f. 
a V 

Theobeh 5. In any proportion, the first term is to the second 
plus or minus tn times the first, as the third is to the fourth plus or 
minus m times the third. 

T*^ ^*u ^_i_ ^_i_ h±:am d±cm ^,\. 

Let - = — ; then — =fcm = — iiikor = ; thatis, 

a c a c a c 

aih± am ii cid± cm. 

Corollary 1. Also, since aic iih±amid±cm (Theo. 4), .*. 

-= ,— ; ; but — = ■=-,', hid II 6 =i= am :cZd= cm, and hih±am 

a bzkiam a 

iidid±cm\ that is, the second term is to the second plus or mt- 

nti« m times the first, as the third is to the third plus or minus m 

times the fourth ; also, since = = ■= , .*. h-^- amid 4- cm 

o -\- am — am 

lib — am I d — cm. 

Cor. 2. And if m be taken = 1, we shall then have 
a I h±a :: c : ddzCy and b : bdza :: d : ddzc; 
likewise, 

b+a : d+c : : h — a i d — c, or h+a : 6-— a : : d+c : d— e; 
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that is, the sum of the two first terms is to thor di&renoe as the 
sum of the two last to their diflference. 

Theobeh 6. In any number of proportions, if all the correspond- 
ing antecedents and consequents be respectively multiplied together, 
the resulting products will be in proportion. 

- = -ora:6::c:a 
a c 

Let [i ^=.^ ,..t I f '.'. g I h 
^ g 

h m • . t . f . 

^ t I 

dec dec. &c 

Thin, multiplying the correspcHiding sides of the above equadonlB 
together, we have 

hfky &c. __ dhniy &c. 

oet, &c. cgly dec. ' 

aetf dec. : bfky dec. : : cgl^ dec. : dhm^ dec 

Theobeh 7. In any number of equal ratios, as one antecedent is 

to its consequent, so is the sum of all the antecedents to the sum of 

all the consequents. 

h d f h 

Let the ratios be - = - = - = dec : Put - = g ; 

ace a 

then ( = 09, d-=. cq^ f:ss. eq^ dec, and, by adding these equations 
together, 6+d+^+dec = a^+c^r-j-c^+dec. 

= q (a + €-{-€ + dec), 

ft + d+/+dec 6 rf . 

.*. — ; : , . — = 5 = - = - = dec, or 

o -f c -f c + dec. ^ a c 

a I b ; : a+c+c+dec. : 6+rf+^+dec 

Cor. 1. Hence, in any number of proportions, where the ratio of 
the two first and two last terms are respectively the same in each, 
the sums of the corresponding terms are in proportion. 

Cor. 2. Hence, also, in two proportions of this kind, if the terms 
of one be subtracted from the corresponding terms of the other, the 
remainders will be in proportion ; since the results are the same as 
if each of the terms subtracted were multiplied by -* 1, and added. 
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Cor. 8. Thcfrefore, in any number of proportions, baring tha 
same equality of the ratios, if the corresponding leims of some he 
added, and those of others subtracted, the final results will still be 
in proportion. 

Theorem 8. In any number of proportions, if the sum or di&r- 
ence of the first and second terms, as also of the third and fourth, 
be respectively the same in each, then the sums of the correspond- 
ing terms are also in proportion. 

Let the proportions be 







a 


I b I : c I 


d 








e 


'f'-'g 


: h 








• 


i h 11 I 


: m 








^Bso, 6cc. 6CC. 6fc 




then, 


by 


Theorem 5, Cor. 


2, 










6d=a 


: d±c : : 


a : 


c 






/zfce 


: h±:g :: 


e : 


g 






k±:i 


: m±l : : 


• 

f : 


I 



&^. &C. &c. 

Now, if the first and second terms, in each of these proportions, 
be respectively the same, then the ratio of the third and fourth terms 
will be the same in all ; but (Theor. 4), 

h : d 



f 



h 
m 






a : e 

« • g 

i : I 

&c. &c. ^. &c 
.\ Theorem 7, €or. 1, 
a+c+t + &c. I c-f^+Z+&c. 

or (Theorem 4), 

m+&c. 

Schoh Corollaries similar to the two last of Theorem 7 may evi 
dently be deduced from this theorem. 



6+/+Jfc+&c. : i+A+ 



c+^+^+&C. : d-\-\-^ 
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FBOOBESSION. 



(74.) A OEOMETBiCAL PROGRESSION is a seiies of quantities, such, 
that the quotient of any one of them, and that which immediately 
precedes, is constantly the same ; that is, each is in the same con- 
stant ratio to the next following, throughout the series. 

Thus, the following is a geometrical progression, in which a is 
the first term, r the constant ratio, and n the numher of terms : 

a, ar, at^y ar^^ ar^^ ar^^ ar^ » . . . ar^^. 

From the hare inspection of this series, the following properties 
are obvious : 

1. If any two terms be taken as extremes, their product is equal 
to any two terms equally distant from them ; or, if the number of 
terms be odd, the product of the extremes is equal to the square of, 
the middle term ; and hence a geometrical mean between two quan- 
tities is equal to the square root of their product. 

2. The last term in any geometrical series is equal to the product 
of the first term, and that power of the ratio which is expressed by 
the number of terms, mintts 1. 

(75.) Problem. To find the sum s of any number of terms in a 
geometrical series. 

Let s =a-f ar+ 01^4-01^+ af*+ .... ar^^ ; 

then multiplying each side by r, there results 

sr = ar-\-af^'{-at^+ar^+at^+ .... ar^^+ar^; 

and subtracting the first equation from this, we have 

ar — s = ar^ — a, whence s = -^ — ^^^^ ; 

r—l ' 

or if the last term ar^^ be represented by I, we have, by substitu- 
tion, 

rl — a 

8= -. 

r — 1 

When, however, r is a proper fraction, and the series, which will 
then be a decreasing one, goes on to mfmity, then the last term ob- 
viously becomes ; and the expression for the sum is 

a 

s= ' • 

1 — r 
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Hence this rule : 

(70.) Multiply the last tetm by the ratio, and divide the difference 
of lihis product and the first term by the difl^rence between the 
ratio and unity ; observing that in an infinite decreasing series the 
last term = 0. 

£ X AjuPL es • 

1. Required the sum of 9 terms of the series 1, 8, 4, 8| 16, &C. 
Here a= 1, f a= 2, and n = 9, .•. «r*^ = 2* =s 266 = the last 

term; consequently, — =611, the sum required. 

2. Required the sum of the series 1, i, i, J, -j^, &c COTitimied 
to infinity. 

Here a = 1, r = i, and .•. ^ = 2, the sum required. 

1 — ^ 

Given the first term 3, the last term 768, and the number of terms 
9, to find the common ratio. 

Here a=3, Z=768, and n=9, and the general expression for the 
last term being «r"~*, we have, in the present case, 

768 = 3r« .-. r = 266^ = 2; 

hence the intermediate terms of the series are 6, 12, 24, 48, 96, 192, 
and 384 : and in this way may any number of geometric tnetuu be 
interposed between any two given extremes* 

4. Required the sum of 10 terms of the series 9, 27, 81, 249,^. 

Ans. 266716. 

6. Required the sum of the series 1, — J, J, — ^i, i^, — ^, &c» 

OQtitiaued to infinity. 

Ans. j. 

6. Required the sum of 1, i, f , ^, &;c. continued to 10 terms. 

Ans. l^^. 

7. Required the sum of 6 terms of the series 1 — i+A — H+^' 

^ Ans. ^Jj J. 

8. It b required to insert three geometric means between i and |. 

Ans. The means are i >/f, i, and i >/]. 



9^ Baqoiied the quoai <rf iba a^eft ^ + " + 3 + j+ ^ *^ 
infinity. 

X 

Ans. =. 

10. Insert thiee geometne means between the extremes 4 and 324. 

Ans. 12,36,10^ 

11. Suppose a body to move eternally in this manner, viz. 20 
miles the first imnute, 19 miles' the second nnnute, 18^^^. the third, 
and 80 iA geometrical progression. Required the utmost distance it 

Ans. 400 miles. 



HARMONICAL PROPORTION. 

(77.) Three quantities are said to be in harmonical proportion, 
when the first has the same ratio to the third, as the difference be- 
tween the first and second has to the difference between the second 
and third. ' 

(78.) And four quantities are in harmonical proportion^ when the 
first has the same raiio to the fourth as the difference between the 
first and second has to the difference between the third and fourth. 

Thus, the quantities a, ft, c, are in harmc^ical proportion when 
a : c i: a — b : ft — cj and, a, ft, c, cf, are in harmonical pro- 
portion when a : d : I a — b : c — d, 

(79.) From these definitions it follows, that in three harmonical 
proportionals, a, ft, c, any two being given, the third may be found ; 

For^ainioea : c :: a-^b : ft — c>^ .-. aft—- ac = ac — be, 

or aft 4^ ftc = 2a^ ; 

, 2cLe 
.•• o = ; 

a + c 

(hat isy a hannonioal mean betwieen two quantkies ict equal ta twice 
their product divided by their sum. 



06 ^VltTIOnS IN PBOFOSnOH. 

^ygo, c = ;r -, = a third harmonical proportion to a and ft. 

(80.) In a similar manner, if any three out of four harmonical 
proportionals, a, 6, c, df, be given, the other may be found ; for since 

o : rf :: a — ft : c — dy .\ ac — ad^ad — ftd, 

and from this equation we get 

2ad — ac 2ad — hd _ €tc 

ft r= ; c = ,• d = 



2a — b' 



[Remakk.^ — ^The proportion aft : cd :: a — ft : e — c2 should 
be employed instead of that here given. It corresponds to four har- 
monics, a, ft, c, d, of which the three first and also the three last will 
accord with definition 77. Am. Pbs.] 

ft 

(81.) QUESTIONS IN WHICH PROPOBTION IS CONCBSNBD. 

QUESTION I. 

Find a number, such, that if 3, 6, and 17, be severally added 
thereto, the first sum shall be to the second as the second to the third 

Let X be the number; 

then a:+3:ar-f8::« + 8:« + 17; 

and by Cor. 2, Theor. 6, Art 73, we have 

X + S : 5 : : x+S : 9y 

.-. (Theor. 1, Art. 73), 9ar + 27 = 5ar + 40, 

or 4a?= 13 

.•. ar = y = 3i, the niunber required. 

QUESTION n. 

A person has British wine at 5«. per gallon, with which he wishes 
to mix spirits at 11«. per gallon, in such proportion, that by selling 
the mixture at 9s. a gallon, he may gain 35 per cent What is the 
necessary proportion ? 

Let the proportion of the wine to the spurits be as a; : y; 
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then 5x + Hj^ = prime cost of a; + y gaUoiiay 
and 9x + 9jf = selling price • . . . , 



.•.4a: — 2y = profit ......; 

and by the question, 

5«+lly : Ax — 2y : : 100 : 85 : : 20 : 7 (Art 72); 

•.. (Theo. 1, Art. 73), 80ar--40y = S5x + 77y, 

or 46a? = ll7y; 

.«. 6a? = l3y ; 

whence (Theor. 2,) x : y : 13 : 5; 

•*. the mixture must be at the rate of 13 gallons of wine to 5 gallons 
of spirits. 

QUESTION III. 

A merchant having mixed a certain number of gallons of brandy 
and water, found, that if he had mixed 6 gallons more of each, there 
would have been 7 gallons of brandy to every 6 gallons of water ; 
but, if he had mixed 6 gallons less of each, there would have been 
6 gallons of brandy to every 6 gallons of water* How much of 
each did he mix ? 

Let a? be the number of gallons of brandy, 

y the number of gallons of water ; 

7 : 6 



Ca: + 6 : y+ 6 : : 
then, by the question, < 

(a? — 6 : y — 6 :: 



6 : 6 



.-. (Theorem 8), x y : : 13 : 11 (A); 

also by the first proportion (Th. 6), a? — y : 1 : : a; -f 6 : 7 
and by the second x — y : l' : : x — 6 : 6 

.*. (Theor. 7), a: — 6 : 6 : : 2a; : 13 

and (Theor. 1), 13a? — 78 = 12a?, 

.«. a? = 78 ; 

also by substitution (A), 78 : y : : 13 : 11,' 

whence 13y = 868 

.-. y= 66; 
9 
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consequently, thii Mbcturo consisted of 7B gallons ot bfandy, and 
66 of water, 

A much simpler solution to this question may he ohtained as fol- 
lows. Instead of« representing the number of gallons of brandy by 
X, and the number of gallons of water by y^ represent those quaoti* 
ties by: 7a? -^ 6,. a»d 6x — 6^ respe<^yely, by which artifice the first 
condition in the question is at once fiilfilled ; so that we huve Qsiy to 
express the second, viz. 

7x — 12 : 6a: — 12 :: 6 : 6 
or a? : 6aj — 12 : : 1 : 5, 
whopcQ 5a; = 6a: — 12 .•. a? = 12 ; 

,\ 7x — 6 = 78 gallons of brandy, 

and 6a? — 6 = 66 gallons of water. 

This neat solution is given in the American edition of this work, 
published by Mr. Ward, of Columbia College. 

4. A corn-&ctor mixes wheat which cost lOs. a bushel with bar* 
ley which cost 4«. a bushel, in such proportion as to gain 43} per 
oeaL by selling the mixture at 11«. a bushel. What is the propor- 
tion ? 

Ans. There are 14 bushels of wheat to 9 of barley. 

5. It is required to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13; and if the digits be inverted, 
their difierence will be to the number expressed as 2 to 81. 

Ans. 39. 

6. At a certain mstant, between five and six o'clock, the hour and 
minute ka&ds of a olock are exactly together. Etequired the time* 

Ans. 27 minutes 16yV seconds pa^ 5. 

7. Required two numbers, such, that their sum, difierence, and 
product, may be as the numbers 3, 2, and 5, respectively. 

Ans. 10 and 2. 

8. There are two, numbers in the proportion of i to,f, and such, 

that if they be increased respectively by 6 and 5, they will be to 

each other as } to f. What are the numbers ? 

Ans. 30 and 40. 
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9. A person has some choice brandy at 40«. 6d. per gaUon, which 
he wishes to mix with other brandy at 36«. a gallon, in such pro- 
portion, that the compound may be worth 39f . 6d. a gallon. What 
must the proportion be ? 

Ans. 7 gallons of the best to 2 gallons of the other. 

10. Find two nutnb^rs, dndi, that their sum, difief^nbe, and pro- 
duct, may be as the numbers «, d, and p, respectively. 

Ans. — ^ and — -^rr. 
8 + d 8 — d 

11. A hare is 50 leaps before a greyhound, and takes 4 leaps ^o 
the greyhound's 3 ; but 2 of the greyhound's leaps are as much as 
3 of the hare's. How many leaps must the greyhound take to catch 
the hare 1 Ans. 300. 

12. If three agents, A, B^ C, can produce the efi^ts a, 6, c, in the 
times c,/, gy respectively ; in what time would they jointly produce 

the effect d ? 

. . u h c. 
Ans. rf -T- (- + -^ H — ). 



c 



7^s'- 



13. The sum of the first and third of four numbers in geometri- 
cal progression is 148, and the sum of the second and ^rth is 888. 

What are the numbers t 

Ans. 4, 24, 144, and 864. 

14. A and B speculate in trade with different sums^ A gains 
150L, B loses 50/. ,- and now A's st^ck is to JB's as 3 to 2 ; but, had 
A lost 50/. and B gained 100/., then A's stock would have be^i to 
B*s as 5 to 9. What was the stock of each t 

Avk A'b was 300/. and ^'s 350/. 
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CHAPTER IV. 



ON QUADRATIC EQUATIONS 



ON aUADBATICS INVOLVINO ONLY 017B VNKIfOWN aUANTITT. 

(82.) A Quadratic, as has been already defined, is an eqaation 
that contains the second, but no higher power of the unknown quan- 
tity or quantities. 

(83.) Quadratic equations, involving but one unknown quantity, 
are therefore either of the form 

or aa^ dzbxdzc= dzd; 

and accordingly, as they come under the first or second of these 
forms, they are said to be Pure Quadratics, or Adfected Quad- 
ratics. 

(84.) The solution of a Pure Quadratic is obviously a matter of 
but little difficulty; for, since it contains but one unknown term, 
dbojc', if this term be made to stand by Uself on one side of the equa- 
tion, and the known terms on the other side, then the division of 
both sides by d= a will evidently produce an equation expressing the 
value of a^ ; and the square root of this value must give that of x. 

We shall therefore proceed to 

adfbctbd quadratic equations. 

(85.) Let €Ui^ dzbx±c= dzd be an adfected quadratic equa- 
tion, then, by transposing and dividing by a, it becomes 

a^dz - a?= 3^; 

a a 

or, putting p for -, and ± q for , it is 



1 



Add now die squajpe of |p io each side of this equation, and there 
results 

where it is readily perceived that the first side is a complete square, 
viz. (x d= ipY ; coosequently, if the square root of each side he ex- 
tracted, we obtcun «±ipa:dbv^dbf + if^ (the double sign d= 
being placed befi>re the radical, because the square root of a quan- 
tity may be either + or — )* ; hence it appears that 

xn= + Vrh^ -f- ip^zpij^, or— y/±:q -|- if^ip^if 

(80.) The above general values of x evidently include every pos- 
sible case, from which separate formulse for each distinct case are 
readily obtained, and are as follow : 

In equations of the form, 

>/q+ if—iPf 



a^ + px 



5 + 

(or— 



or — px = ^, X = < 

or — V^ + if+hp- 



* Conformably to the general practice, whenever the •Ktnetioa of the 
sqoaie root is represented, the double sign d= is uniformly placed before 
the radical •/, although it might be dvipented with. For, since the square 
root of a quantity is admitted to be either plw or minus, the Sjrmbol y/ 
does yirtually contain the double slgfn: its insertion, however, always 
reminds the student of this. 

f These general expressions for x may also be obtained as follows: 
hsTing reduced the proposed equation to the form a^zhpx^^dzg^ as 
above, let us proceed actually to extract the square root of the first side. 
The process is as follows : 



dzp»+kj^. 

It is obvious, from this, that the proposed expression is not a complete 
square, being indeed deficient by the quantity J jo'. If, therefore, we add 
tins quantity to each side of the equation, and then extract the square root, 
we shall have, as above* 
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«•+!« =— ^,jr = 



7? — par = — ^> « = 



or — -•— 5+ J|i^ — ip. 



or— -• — 5 + ip^ + ip. 
(67.) In the two last forms, if 9 be greater than ip^, then 



^/ — 9 + i^ ^ill ^ impossible, being the square root of a n^ative 
quantity ; so if one value be impossible, the other is impossible also. 

From the above formulse* the value of the unknown, in any par- 
ticular example, may be obtained by substitution ; or the operations 
to be performed may be expressed at length as follow : 

(88.) Bring all the unknown terms to one side of the equation^ 
and the known terms to the other ; 

Divide each side of the equation by the coefficient (^the unknown 
square, if it have a coefficient ; 

Add the square of half the coefficient of the simple unknown to 
each side of the equation, and the unknown side will then be a com* 
plete square ; 

Extract the square root of each side, and from the result the valuet 
of the unknown quantity is immediately deducible. 

EXAMPLES. 

1. Given a:* -f 6x + 4 =; 59, to find the values of x. 
By transposition, a:* -f 6x = 55, 

and completing the square, a;* + 6x =r 9 = 64 ; 
.-. extracting the root, ar+3 = d=V64=cdb8; 

whence a? = 5, or — 11. 

2. Given 2a* + 12ap + 36 = 356, to find the values of «. 
By transposition, 2a:* + 12a? = 320 ; 

or dividing by 2, a« + 6ar = 160, 
and completing the square, ob' + 6a? + 9 =: 169 ; 
.*. extracting the root, a? 4- 3 = rfc >/169 = d= 13 ; 

whence a? = 10, or — 16. 



* Any general role, expressed in algebraical langoage, is called a /ir- 



■f« 



%• 
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3. Given 10«*— 8ar + 6 = 318, to find the value* of «. 
By transposition, lOx* — Qx s 312 ; 

or dividing by 10, a* — Jap= 'J», 
and completing the square, a^ — f * + A = W > 
.-. extracting the root, x — f=^=tN/W = =*=V» 

whence ar :s= 6, or — 5 j^. 

4. Given 4ar = (- 46, to find the values of x. 

X 

Clearing of fractions, 4ar' = 36 — x + 46a: = 36 + 46a: ; 
and by transposition, 4a:' — 45a: = 36, 

or ac^—^^x = 9, 
and ccmipleting the square, a^ — y a: + (V)'= ^ + (V)*= *W » 
.-. extracting the root, x — y = d= >/ *|J^ = db y ; 

whence x = 12, or — f . 

_ ^. _ 3a:— 3 ^' 3a:— 6 ^ , , 

5. Given 5a: = 2« H — , to find the values of ar. 

X O <9 

Clearing of fractions, 

10a:*— 36a: + 6 = 4a:*— 12j: + 3a:«— 15a: + IS ; 
and by transposition, 3a:* — 9a: = 12, 

or a:* — 3j: = 4 ; 
and completing the square, a:* — 3a: + } = 4 + f = y; 
.-. extracting the root, x — j=d=W = =fcf ; 

whence a: ^ 4, or — 1. 
3 6 27 

Dividingby^,^ + ^ = |; 

and clearing the equation of fractions, 

8a: 4- 32 4- 8a:— 24 = 9ai* + 9a: — 108 ; 
.*. by transposition, 116 = 9a:* — 7a:, or rather 9a:* — 7x= 116, 

.-. a:*— Ja:=»^*,• 
and completing the square, 

**-}* + (tV)*= •♦• + (A)'= W ; 



• t 



» . t 
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.% eztractiag the root, « — fy =n d= ^ VW ^ ==1^11 »' 

whence « = 4, or — y • 
7. Given n/(4 + ar) (5— ar) = 2ar— 10, to find the ynkm of #• 
Squaring each 8ide,20 + jr — o^'sia^— 40jr+100 ; 
and hy transpositioa, dx* — 41jr c= —80, 

and completing the square, 

*'-y^+(H)' = -i6 + (H)"=TVr; 

.'. extracting the root, x — f ^ = d= >/tVt = ='= A > 

.% ars= 5, or f^ =; 3|. 



V7a:« + 36ar 



8. Given ^/8«^^5 = , to find the vahnt of «. 

Q^ u M o r. 7a» + 36ar 7jr + 36 
Squaring each side, Sx — 6 = ^ ac : — ; 

•t X 

and, multiplying by ar, 3a^ — 5x = 7dr + 36 ; 
or, by transposition, 3a;* — 12a; = 36, 

.-. a* — 4ar= 12; 
and completing the square, a^ — 4a; +4 = 16; 
.% extracting the root, x — 2 = d= 4 ; 

whence x=:6f or — 2. 

9. Given 8a» + 6 = 7ar + 171, to find the values of x. 

Ans. a? = 5, or — 4 J. 

10. Given 3a:* = 42 — 5a;, to find the values of x. 

Ans. ar = 3, or — 4f . 

11. Given 4a; = 46, to find the values of x. 

X 

Ans. X = 12, or — |. 

Q(2x — 11) 

12. Given -^^ 5— ^+t— 2=24— 3a;, to find the values of ar. 

Ans. a; = 6, or |. 

120 00 
18. Given 3 — r-r + — s= 48, to find the values of a;. 

oX "T 1 X 

Ans. a; = 3, or — 5^. 

^1 



r '« 
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14. Given «» + (19— *)» = 1843, to find the values of ar.. 

Ans. X = 11, or 8. 

15. Given 325+jr : x :: 245+2; : 60, to find the values of*. 

Ans. X = 75, or — 260* 

16. Given |34— 3(ar — 1) J ^ = 57, to find the values of x. 

Ans. 0? = 6, or 6^. 

10 14 — 2x 

17. Given -r — = y , to find the values of x. 

X ar 

Ans. a; = 3, or f]-. 

«> — 10«*4- 1 

18. Given ^-i ^ . ^ =y — 3, to find the values of «. 

tr — 6y + 

Ans. y = 1, or — 28. 

6a* — 23x+ 10 

19. Given = — 7x+ 42, to find the values of x. 

9 — 2x 

Ans. a;= 11^, or 4. 



20. Given x -{ — = 8; to find the values of a?. 

Ans. X = 9 J, or 7. 

a* 
2X. Givtn 2x -f -75-4 — sis =^^ (^+ ^)> *^ ^'^^ ^^® values of ar. 

Ans. x^i-i -— , or J — ■^^— • 



ar + 4 



22. Given V4 + >/2ar» + a* = —5^, to find the values of x. 

Ans. X = 12, or 4. 

23. Given ar^ + a?^ = 6ar*, to find the values of x. 

Ans. ar = 2, or — 3. 

24. Given Va^ — o' = a? — 6, to find the values of x. 

^•*=2=^Nsrw-' 

25. Given h — ; — =:;:&, to find the values of a?.* 

X X -^a 

Ans. a:=-{-l±VJ^2^ 



_» ap^+ a 

* By patting y for — — , this equation will take the moie simple fonn 

y+ - = *. 



% 



• 
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26. GireB Va + ar + V^-f«?^ V^aT+TTSip, to ind the 

Ans. » as — a, or — b. 

27. Given t/a? -f t/l = ar, to find the values of ». 

Ans. * = idb i^/5. 

28. Given x— ^^ "^ ^/^ = 0, to £nd tiie valoos of ar. 

Ans. a: = 9y or 4. 

29. Given x + ^x -. x — ^x : : 8 x^a: + 6 : 2 ^^«, to find 

the values of a;. 

Ans. 9 or 4. 

(89.) Every equation, containing only ti^ m^nown terms, may 
be reduced to a quadratic, provided the index of the unknown quan- 
tity in one term be double its index in the other ; for, by putting jf 
for the lowest power, or root of the unknown, ^ will be the highest; 
so that the equation will become a quadratio. 



BXAMPUBB. 

n 

1. Given «* — 2aa?= 5, to find the values of x. 

n 

Completiog the square,* a^ — 2aa? 4. a* =3 a* -f t ; 



.'. extracting the root, a? — a = d= >/a* + h ; 

t 

.•.ar = (ad=>/a» + 6)*. 

2. Given « + 6 o ^jc 4. 5 + 6, to fisd the vBloes of x. 



Putting ^x 4-5 = 9,^ equation becomes ^ = Sf + ^ » 

or, by transposition, j^ — y = 6, 

and completing the square, JT* — y + 4==^+i = V> 



* The actual Babstitiition of y for the unknown tenns is not 
mdess it havp a compound fonn, in which ease tiie s ab e tit a tio a will fiAsn 
^mmAetMj contract the operatioQ, and render it fiee Irom that cevplex 
appearance which it would otherwise exhibit. 



\ 



.% extracting the roQt„ y— i = ± \^ V = =*= |, 

or y = 3, or — 2 ; * 
.% ap + 5 ( =^ y^) ?= 9^ or 4, 
and a? = 4, or — 1. 

3. Given V« + 21 + yT+IT = 12^ to find the valuea of x. 
Putting ^« + 2l = y, the equation becomes 3^+ y = 12 ; 
and completing the square, j/' + Sf + i = 12 + i=Y; 

.'. extracting^ the »ootV-jp + 4 =» =t:|; 

.-. y = 3, or— 4; 
and ar+ 21 ( = y*) = 81, or 256 ; 

... as =53 60, or 286. 

, 4. Given 2«» + 3x — 5 ^2a^ + 3a? + 9 = — 3, to find the 

values of a?. 

Adding 9 to each side, 2«*+3ar+9— 5 V2a:*+3a?+9=6; 

and putting v^2a:'+8ar+9 = y, the equation becomes 

.'. completing the square, y* — Sjf + V = 6 -f V = V ; 
and extracting the root, y — f = dz| ; 

... y = 6, or — 1 : 
and taking y = 6, 2a:»-f 3ar+9( = y») = 36, 



or a^ + ^x = 






and completing the square, x^+^x+^ = y -f ^ = ^ ; 
.*. extracting the root, x+l = d= Y ; 

whence a: = 3, or — f : 
or, taking y = — 1, 2«*+ 3ir + 9 = 1 ; 

oara:' + |a?= — 4; 

— 55 
md completiDg the square, af + fa: +^ =» —j^; 

••. extnu^ing the root, a + f a= ± — j-^ • 



' * [The negative valaes of y, in this and in the two following examples, 
should have hmu omitted by the author. Am. Prs.] 
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. — 3=b^/— 55 

whence x = . 

4 

5. Given (2aj+6)*+(2a?+6)*=6, to find the values of ar. 

Ans. x = 5. 

1 2 

6. Given rjr rrs = | +7rr -r^ to find the values of ar. 

Ans* « = 3, or 1. 

4 5x^ 

7. Given 3apt — + 592 = 0, to find the values of af. 

Ans. ar = 8, or — (V)*. 

8. Given (x+ 12)* =3 6— (ar+12)* to find the values of x. 

Ans. a? == 4. 

9. Given a? = , to find the values of «. 

a 

Ans. « = db o V — s — • 

10. Given x^-^x=: 56ar*, to find the values of «. 

Ans. ar = 4, or ^/49. 

11. Given Sa^+x^ — 3104x*= 0, to find the values of ar. 

9T • 

Ans. a? =64, or ( — ^*, 

12. Given [ (2ar + 1)« + ar]«— ar = 90 + (2ar + 1)«, to find the 
values of ar. 

Ans. :r=^ ^ L or ar = - f d= J^^Zll!?. 
<or-2i3 ^ e 

ANOTHBB KBTHOD OF SOLVnTG QUADRATICS. 

(90.) Let the equation aar* rb 60: = c he multiplied hy 40, then 
4a'2* d= 4a6x = 4ac, and if 6* he added to each side, the equation 
hecomes 4aV =h 4a6ar -f J* = 4ac + 6' ; now the first side is evi- 
dently a square, = (2aar =h 5)', whence 
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Hence the following rule : 

(91.) Having transposed the unknown terms to one side of the 
equation, and the known terms to the other, multiply each side hy 4 
times th^ coefficient of the unknown square. 

Add the square of the coefficient of the simple power of the un- 
known, in the proposed equation, to both sides, and the unknown 
side will then be a complete square. 

Extract the root, and the value of the unknown quantity is ob- 
tained as before.'"' 

EXAMPLES. 

1. Given Sa^-\-5x—8 = 34, to find the values of x. 
By transposition, 3iB*4-5ar = 42 ; 

and multiplying by 4X 3, or 12, 363^*4-603:= 504; 
and completing the square, by adding 5', 

d6a:'+60a;+25=:529; 
••. extracting the root, 6ar+5 = db 23 ; 

whence.= i^« = 8,or-4f. 

o 

2. Given j;»+6ar+4 = 22— or, to find the values of x. 
By transposition, os'-f T^r = 18 ; 

and multiplying by 4, 43i^+28x = 72 ; 

.% completing the square, 4a^+28a;+49= 121 ; 

and extracting the root, 2ar4-7 = =b 11 ; 

u ±11—7 „ 
whence 2r=: = 2, or — 9. 

3. Given Ba* — 7a:+6 = 171, to find the values of x. 
By transposition, Ba:* — 7a? = 165 ; 

and multiplying by 4X 8, or 32, 2563?* — 224ar = 5280 ; 
.% completing the square, 256a:' — 224ar+49 = 5329: 
and extracting the root, 16a? — 7 = db 73 ; 

* This method is taken from the Bija Ganita, a Hindoo treatise onJU- 
gebra, translated from a Persian copy by Mr. Strachey. For an account 
of this cartons work, see Dr. Hutton's Tracts, vol. ii. paire 162. 
10 ^^ 



110 aVABKATIC EaUAlTONS. 

±73 + 7 . 
.-.«= ^ =5,or — V. 

12 

4. Given ^/ a? + 12 = . , , to find the values of x. 

Va? + 5 

144 
Squaring each side, a? + 12 = — -— ; 

and multiplying by a? + 5, a^ + 17a: + 60 = 144 ; 

.•. by transposition, a:* + 17ar = 84 ; 

and multiplying by 4, 43:* + 68a? = 336 ; 

.'. completing the square, 4a;* + 68x -f 289 = 625 ; 

and extracting the root, 2a? + 17 = db 25 : 

±25—17 , 

... X = = 4. 

2 

(92.) It will have been perceived, from the preceding solutions, 
that in equations of the form aa^ zh ftx = c, where a is a small 
number, and in those of the form a^dcpx =i q, where p is odd ; this 
second method is more commodious than the former. One great 
advantage is, that it does not introduce fractions into the operation. 
It will be unnecessary to add any more examples illustrative of this 
method, as those already given (Art. 88) will also suffice for this 
purpose. 

We may however here point out an obvious simplification in the 
prfcess, which it would be worth while to attend to in practice. It 
appears, from the foregoing general formula, that any quadratic 
aa^ d= bx = c, is reducible to the simple equation 

2aar zh 6 = rfc ^/4ac + 6", 

which reduced form may in practice be written down at once from 
the proposed equation, without the aid of any intermediate steps : 
for, if we double the first coefficient in the proposed equation, we 
shall have the proper coefficient for x in the reduced equation ; and 
if to the first term thus found we connect with its proper sign the 
second coefficient in the proposed, the first side of the reduced equa- 
tion will be formed.* The second side will be had by multiplying 

* The more advanced student will at once see that this first side is the 
side of the HnUUng equaHon to the proposed. 
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the absolute term (that is, the second side,) in the proposed by four 
times the first coefficient, adding to the result the square of the se- 
cond coefficient, and covering the whole by the sign of the square 
root. As an illustration, take Example 1, Art. 91, which, after 
transposition, is 

3a» + 5* = 42 ; 

then, forming each side of the reduced equation as above directed, 
we get immediately 

6ar + 5 = ± >/12 X 42 + 25, 
thatis, 6ar + 5 = ±23; 

.«. a; = 3, or — 4|. 
The second example, after transposition, is 

a^+7x=: 18, 

... 2a? + 7 = rfc >/4 X 18 + 49 = ±11; 

.«. ar = 2, or — 9. 

When the coefficients and absolute term in a quadratic equation are 
very large numbers, the solution may be more expeditiously obtained 
by the m^hod explained in The Chapter an the CrenercU Theory 
and Solution of Equations of aU Degrees^ which forms a supple- 
ment to the present volume. 

(93.) aUESTIONS PRODUCING aUADRATIO EQUATIONS INVOLVING 

BUT ONE UNKNOWN QUANTITY. 

QUESTION I. 

It is required to find two numbers, whose difference shall be 12, 
and product 64. 

Let X be the less number ; 

then a; + 12 is the greater : 

also by the question, a; (a? + 12) = 64, 

thatis, a* + 12a:=64; 
.% completing the square, a;* -f 12a? + 36 = 100 ; 
and extracting the root, a? + 6 = d= 10 ; 

.'. a? = d= 10 — 6 = 4, or — 16 : 
hence the numbers are either 4 and 16, or — 16 and "—4. 
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QUESTION II* 

Having S0I4 a commodity for 56Z., I gained as much per cent, as 
the whole cost me. How much then did it cost ? 

Suppose it cost ar pounds ;. 

then the gain was 56 — x; 

and by the question, 100 : a? :: ar : 56 — x; 

.-. ar»= 5600 — 100a:; 

or, by transposition, a^ -f lOOx = 5600 ; 

and completing the square, a^ + lOOar + 2500 = 8100 ; 

.•. extracting the root, a? + 50 = dz 90 ; 

whence a? = 40, or — 140 ; 

.*. the commodity cost 40Z. : the other value of a; is inadmissible. 

auEsnoN in. 

A company at a tavern had 8Z. 15«. to pay ; but, before the bill 
was paid, two of them went away, when those who remained had, 
in consequence, 10s. each more to pay. How many persons were 
in company at first ? 

Let X be the number ; 

then, is the number of shillings each had to pay at first ; 

X 

175 

and by the question, 1- 10 is the number each had to pay aft^ 

X 

two .had gone: 

... (^+10)(x— 2) = 176; 

175a; — 350 
that is, ^-^^ -f lOar — 20 = 176 ,• 

X 

.-. 175ar — 350 + 10a:* = 195a: ; 
or lOa:^ — 20a: = 350 ; 
.•. x^ — 2x = 35 ; 
and completing the square, «■ — 2a: 4- 1 = 36 ; 
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.*. extracting the root, x — 1 = =t 6 ; 

whence, a? = 7, or — 6 : 
.*. there were seven persons at first. 

QUESTION IV. 

A person travels from a certain place at the rate of one mile the 
first day, two the second, and so on ; and, in six days after, another 
sets out from the same place, in order to overtake him, and travels 
uniformly at the rate of fifteen miles a day. In how many days 
will they be together? 
Let or be the number of days ; 
Then the first will have travelled a? + 6 days ; 

X4-Q 

and (Art. 30, Theo. 5, chap. 2), (a: + 7) . -^ is the distance gone : 
also 15a; is the distance the second travels ; 

and, .•. a* + 13ar + 42 = 30a? ; 

or, by transposition, a^ — 17ar = — 42 ; 

and completing the square (Art. 91), 43?" — 68ar + 289 = 121 ; 

.'. extracting the root, 2a? — 17 = d= 11 ; 

. ±11 + 17 ,^ \ 
whence a? = = 14, or 3 ; 

hence it appears, that they will be together 3 days after the second 
sets out, who will then overtake the first, and be overtaken by him 
again in 11 days after, or 14 from the time of the second setting out 

QUESTION y. 

A vintner sold 7 dozen of sherry and 12 dozen of claret for 50Z., 
and finds that he has sold 3 dozen more of sherry for lOl. than he 
has of claret for 61. Required the price of each. 

Let X he the price' of a dozen of sherry in pounds ; 

then — =x the no. of doz. of sheny for 101. 
10* 
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16. What two numbers are those, whose sunt multiplied by their 

product, is equal to 12 times the difference of their squares jP and 

which are to each other in the ratio of 2 to 3 ? 

Ans. 4 and 6. 

17. A person being asked his age, said, " The number represent- 
ing my age is equal to 10 times the sum of its two digits; and the 
square of the left hand digit is equal to | of my age." Required 

the person's age. * 

Ans. 20. 

18. Two partners, A and J9, gained 181. by trade. J.'s money 

was in tmde 12 months, and he received for his principal and gain 

261, : also ^s money, which was dOZ., was in trade 16 months. 

What money did A commence with t 

Ans. 20L 



19. The joint stock of two partners, A and J9, was 41 6Z. A's 

money was in trade 9 months, and ^s 6 months : when they shared 

stock and gain, A received 228Z., and B 252J. What was each 

man's stock ? 

Ans. A's stock was 192Z., and ^s 224^. 

20. Required the dimensions of a rectangular field, whose length 
may exceed its breadth by 16 yards, and whose surface may mea- 
sure 960 square yards. 

Ans. Length 40 yards, breadth 24 yards. 

21. The plate of a looking-glass is 18 inches by 12, audit is to 
be surrounded by a plain frame of uniform width, and of surface 
equal to that of the glass. Required the width of the frame. 

Ans. 3 inches. 

22. The difference between the hypotenuse and base of a right- 
angled triangle is 6, and the difference between the h3rpotenuse and 

perpendicular is 3. What are the sides ? 

Ans. 15, 9, and 12. 

23. There are three numbers in geometrical proportion ; the sum 

of the first and second is 15, and the difference of the second and 

third is 36. What are the numbers t 

Ans. 3, 12, and 48. 
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24. It is found, by experiment, that bodies in falling to the earth 
pass through about IQ^ feet in the first second of their motion, and 
it is known that the spaces passed through from the commencement 
of motion are as the squares of the intervals elapsed. Suppose, 
then, that a drop of rain be observed to fall through 595 feet during 
the last second' of its descent, required the height from which it fell? 

Ans. 5804} feet nearly. 

. ON aUADBATICS INVOLVING TWO UNKNOWN aUANTITIES. 

(94.) Equations containing two unknown quantities, in the form 
of quadratics, cannot be solved, generally^ by any of the preceding 
rules, as their solution, in many instances, can only be obtained by 
means of equations of higher degrees : in several cases, however, 
their solution may be effected by help of the foregoing methods. 
These cases we shall now explain. 

(95.) When one of the given EquoHons is in the form of a 

Simple Equation, 

Find the value of one of the unknown quantities in the simple 
equation, in terms of the other and known quantifies, and substitute 
this value for that quantity in the other equation, which will then be 
a quadratic containing only one unknown quantity. 

BXAHFLE8. 

* 

1. Given < 2ic'— x« + 3i/" = 64 { ' to find the values of » and 3f. 
From the first equation, 

,= 10ZI1!, whence 8««=12«ZI^?L±i!!. 

. lOjf— y* 

*^~ 2 ' 

.'• the second equation becomes, by substitution, 

and dearing this equation of fractions, 

l00—20y + tf—l0y'\-tf+6ff=,l0S; 
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and by transposition, 

8y« — 30y = 8, orj^— yy = l 
.-. completing the square, 

and extracting the root, 

y-Y=±y; 
.'. y=4, or— i, 
and « = 3, or y. 

\ — -^— ^ = ® f 
2. Given < ^ / » to find the values of x and jr* 

f 5ary = 50 

From the first equation, 

9-y 



af = 



2 * 



hence 45y — V= 100, or 5y*— 45y= — 100; 

.-. 3^— 9y = — 20; 
and completing the square, 

V— 36y + 81 = l; 
.'. extracting the root, 

2y — 9 = dbl; 

whence y = — ^ = 6, or 4; 

and « = —K^ = 8,. or 2^. 



«y >, to 



t 



8. Given -? ary >, to find the values of x and y. 



From the second equation, 

and firom the first, 

lOx + jr = 8«3f» 
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Substituting in this the value of y just found, 

10a: + a: + 2 = 3a:» -f 6x, 
.*. by transposition, 

3a:« — 5a:=2, 
hence (page 111) 



6a? — 6 = db ^/ 24 + 25 
••• ar= —g— = 2, or — i. 
consequently, y = ar + 2 = 4, or 1}. 

4. Given ^ ^ _ ^ ^ >, to find the values of x and y. 

From the first equation, by transposition, 

ar'y' + ^xy = 96 ; 

and substituting for a?, its value, 6 — jf , as obtained from the second, 
we have 

(6-~3^)y + 4(6-^)3^=96, 
or piitting (6 — j^) jf = «, 

2;« + 4« = 96; 
.% completing the square, 

«» + 42 + 4 = 100,• 
and extracting, 

« + 2 = db 10 ; 
.-. », or6^ — 3^, = 8, or— 12; 
.-. f—6y, = —8, or 12; 
and completing the square, 

2^—63^ + 9= 1, or 21; 
.*. extracting the root, 

Sf — 3 = d=l, orit V21: 
whence y = 4, or 2 ; or 3 d= ^21 ; and a?( = 6—y) = 2, or 4 ; 

or 3 qp V21 . 

6. Given ^ ^ ~ ^ J , to find the values of x and y. 



€^ 
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By squaring the first equation, 

or** + 2sfY + 2^ = 0* 
4 times the nth power of the second, gives 

4a"y" = 46». 
By subtraction, 

a^—2arir + ^ =a*— 4i". 
Extracting the root, 

a^— jr= \/a« — 46». 
Therefore, by adding and subtracting this from the first of the given 
equations, and then taking the nth root, we have 

6. Given < y / j to find the values of x and y. 

( i(x^y) = 5 > 

^. Jar=18 or. 12* 

7. Given < ^^o* + 4je — 11 4 > ^ ^^ ^^® values of x and y. 

. ix=2 or — 46 
''^•^y^Sor 15 

2x + y = 22 ^ 

8. Given ^asy ^ _ «a / > ^ ^^ *^® values of x and y. 

"2" ^ "" J 

. J 0? = 8, or 17f , 
-^°^-^y=:6,or— 18i. 

0? = 15 + y ) 

9. Given "^ . __ iPy /" > to find the values of x and y. 

A no 5«=18,or 12i, 
-^^•^y= 3,or— 2J. 

10. Given j 3^ ^2^^!^=, .12 i > ^^ ^^^ ^^® ^^"^ ^^ ^ ^^ ^^ 

J a: =1, or -7}, 
^ y = 6, or 7*. 



, to find the values of x and y. 
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11. Given j ^iji^"^'^ "' ^^ ^ ^ ^ , to find the values of a: and y. 

A"«- J y = 4, or - 6? 

I X— y = 2 

(96.) If the simple equation consist of the sum or product of the 
unknown (quantities, and the other equation of either the sum of theit 
squares, the sum of their cubes, the sum of their fourth powers, &c. 
then the solution is obtained by employing a mode somewhat differ- 
ent firom that above given, as in the following general examples : 

EXAMPLES. 

1. Given < • T ^2 i: J > to find the values of x and jf. 
< ar + y*= o y ^ 

By squaring the first equation, 

and subtracting the second, a^ 4. j^ = 1^, 



we have 2xy =^41^ — h: 



Also, subtracting this fix>m the second equation, 

«* — 2xy + y* = 2b — a*; 

and, since the first side of this equation is (a;— y)', we have, by 
extracting the root, 

a? — y = db v'S^— a«; 

but x +y=i a; therefore 

(« + y) + («— y) = 2« = « db ^2h—a\ 

a±:y/2b—n* 
or « = ; 



and (x + y) — (x — y) = 2jf = azp y/2h—a\ 

azr:'^2b — a* 

0x9= — 2 — 
11 
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Or thus: 
Put x = 8+ »i and y = # — « • then « + jr =2«, or « ss x $ 

and 3^ = ^ — 2m + «•; 
••• by addition, ««-f j^ = 2^+ 2«' = 6: 

whence «r = — - — , and .•.«=» =t ^w/ — ^ — , 

/ft — 2^ 
anda; = « + 2; = «± w 

also y = « — z^azpiL/ - 
.*. by restoring the value of «, 



2 
^6 — 2«* 



=iv 



2_ a=h^/26— <^ 
2 2 ' 



h-i 



and y = ^qF\/— g— = ^ ^ , as before. 

2. Given < ^sT Js^ ^ ( > to find the values of x and y. 
By cubing the first equation, 

subtracting the second, ac* + jf* = c, 



we have 3a"y -f Sary* = o' — c. 



a' — c 



or 3(a:+y)«y = 3a«y = a* — c; .«. »= — ; 

and, by substitution, 

4.y = a, or a' — c+8a^=3o'jf; 



a' — c 



2ay 



aUADBATIC ^aVATlOTXB. 123 

.*. by transpoeing, and dividing by 3a, 

j^ — ajf = 



c — a* 



3a ' 
and completing the square, 

„ 4. ^ — ^ — ^^ 1 ®' _ ^ — ^ 

jr a Jf + 4^ - -g^ + ^ - 12a 

.*. extracting the root. 



a , /4c — a' , a /Ac — a* 

a , /4c — a' 

Of, fAf£«; 

Putting x=s8 + Zy and y = « — », as in the preceding example, 
we have 



.•. by addition, a^-\'f^= 2^ -{■ 6«5' = c; 



whence «'= — - — , and » = ± k/ 
.-. a: = «±y^iZl_,. andy = «=py/ 



c — 2^^ /c — 2? 



c— 2«» 



6« 
.•. by restoring the value of «, 



J o, /4c — a' 

and .-. y = - qp Y/ ^^^ , as before. 

6. Given J ^i^~ ^ ( ' *^ ^^^ ^^® values of x and y. 
By involving the first equation to the fourth power, 
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and subtracting the second, ar*-f-y* = d ; 



there results .... 4ar»y+6a:*y*+4a?y' =o*— <i; 

a^ — d 

.-. dividing hy xy . . ^ ■{■ ^xy -^ ^f = ' 

Now.4(a?+y)'=4«» + 8ary + V =4a*; 

. a* — d 

hence, by subtraction, 29cyz=z^ar , 

Xu 

or 2a^^ = Aa^xy — a^ + d; 
.% by transposition and division, 

a^f^ — 2a!'xyz= -^5 

and completing the square, 

r. i A d — a* . . d + a* 

a^f — 2d?xy + o* = — g— + o* = --^ ; 

.«. extracting the root, 

ary_a«=±y^-y-., and arj^ ^ o' =fc y^— ^ ; 

/d + a* 

and putting, for simplicity's sake, a' d= W — 5— = i«, 

we have, by substitution, 

fit 

- +y = a. or »i + 3^ = ajf, or y* — ay = — m; 

.'. completing the square and extracting the root, 






a , fo? a , . /of . /d + a* 

whence y=3±\/4— "»=2='=V4 "'^^P V ^~" 

a , . / So' /d + a* 



and 






TT 
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Of, ihtis : 
Putting x = 8 + z, and y = « — 2, as in the preceding examples, 
we have 



•% by addition, a?*+y* = 2^+12«'»'+22* =<i; 

d 
and dividing by 2, . . **+ Qi/'z' + »* =2* 

and completing the square, and extracting the root, 



z 



+ 3^ = ±y^^ + 8«*; 



•-. » = ± y — Sa'db^g + 8«*; 



consequently, ar = « ± \/ — 3«* ± \/- + 8**, 

and 3^ = «if: Y — Si^zh y/| + 8«*; 

or restoring the value of s, 

a . . / 3a» . /d + a*^ 
^=2=^V-T^V"-2-' 

and y = I =F \/ — — ± \/^^» ^ ^^^'®- 

4. Given j ^ t Jfs ^ w > to find the values of x and y. 

By involving the first equation to the fifth power, 

a^ + 6a?*y + lOar^y* + lOa^f -f 6a?y* -f y« = a*; 
and subtracting the second, x^ + f^ = e; 



we have . . 6ar*3^ + lOar^y* + lOx'y' + 5ay =za^—e; 
11* 
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and dividing by 5a?y, as* + Sar'y + 2xf + y* = -^ — : 
But (a: + 3^)*= X* + Ba:»y + 3x3/" + 3^ = a»; 

.•. by subtraction . . ar^jr + arj/" = a* ^ ; 

or {x + y)a:y = oa^^ = a» g^ ; 

.*. multiplying by hxy^ and transposing, we have 

haa^jf' — 5a'a?y = ^e — a*, 

and, by solving this quadratic, we obtain 



a' ^ /a* + 46 



.*. calling this value of xy^ m, we have, from the equation, 

a: + y = a, 

- + y = a, orm + y'=a3^, •"• ^ — ®S^ = — ***> 



— ^-1- / ®* /a* + 4c 



, a / a* /a* + 46 

Or, t/b».* 

Putting « = « + «, and y = »— «, as in the preceding eatamples, 

«»==»«»+ 5«*2 + lO**** + 10A» + 6««* + «S 
y» = «*— 5»*2 + 10«V— lOaV + 6«8*— «* ; 

.-. by addition, «* + s^= 2«» + 20«»»* + 10«»* = 6, 
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and by transposmg, and completing ine square, 
•*. extracting the root, dec. 



■■=-'-\/5^'--=-s/-'*\/^. 

whence, by restoring the value of «, 



J-U-J''* 



+ e 

u. . I ut . in. 

6a 



the same as before.* 

5. Given j ^ "^^.^ ^ * | » tp fi^d the values of a? + j^, «» + y», 
a?* -f y*, &c 

By squaring the first equation, 

and subtracting twice the second, 2xy = 2p ; 
there results «*4-y" = «P — 2p, 

Again, (a: + y){a* + f) = t^—/ps 



••• a? + t^ = ^^Spe 



* If we had given x+ y, and rc'+ y®, to find x and y, the question 
wotdd be impossible in quadratics, since, as it is easy to perceive, the ope- 
ration would lead to a cubic equation ; we cannot, therefore^ extend the 
abo^ examples any further. 
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Also, (a: + y)(ar» + 3^ = i* — SjM^ 

xy(^-\^f)^' fi — %f 



In like manner, 

(ar + y)(a?* + y*)=«» — 4jM» + 2p^# 



.-. a:* + y» = «* — 6p^ + 5p^« 



By continuing this simple process, formulas may be deduced to 
any extent. These formulas, it may be remarked, would ha?e en- 
abled us to arrive at simpler solutions to the four preceding questicms 
than those already given. Thus, taking the fourth question, we 
have by the formula last deduced, 

a* — ba?p + 5ap^ = e 
.% 6ap^ — ba^f = c — a* 
and, completing the. square and extracting the root, 

1 t_i_ 1 /c®*+4^j 

Now X — y = y/a^ — 4p^ and half this added to \a gives a?, and 
subtracted from it gives y : hence 

5a 



a:==iod=iV|— a»=fc2v'2-±^l- 



Particular Examples, 

1. Given the sum of two numbers equal to 24, and the sum of 

their squares equal to 306. To find the numbers. 

Ans. 9 and 15. 

2. The sum of two numbers is 27, and the sum of their cubes 

4941. Required the numbers. 

Ans. 13 and 14« 

3. The sum of two numbers is 11, and the sum of their fourth 

powers 2657. What are the numbers! 

Ans. 4 and 7. 
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4. The sum of two numbenr is 10, and the sunt of th^ fifUi 

powers 17050. What are the nmnberst 

Ans. 3 and 7. 

5. The sum of two numbers is 47, and their product 546» Re- 
quired the sum of their squares. 

Ans. 1117. 

Q. The simi of two numbers is 20, and their product 09. Requi- 
red the sum of their cubes^^ 

Ans. 2060. 

7. The sum of two numbers is 19, and their product 78. What 

IS the sum of their fourth powers? 

Ans. 29857. 

(97.) When both EqmUoru hone a Quadratic Form. 

In this case, which includes every possible form, no general me- 
thod of procedure can be pointed out ; and the solution, in many 
cases, must be left to the ingenuity of the learner: many equations, 
however, that come under this case are irresolvable by quadratics 
only, and require equations of the higher degrees, as has been before 
observed.* When however the proposed quadratics are both komO' 
geneousy that is, when every unknown term is of two dimensions, 
the solution may always be ^[ected by adopting the artifice of sub- 
stituting for one of the imknowns an unknown multiple of the other ; 
because we shall thus introduce the square of this other into every 
term, and may therefore eliminate it from the equations. The result 
of this elimination will be a single quadratic, in which the unknown 

* llie mo^ general foim under which quadratics oontainfaig two tmkiiown 
quantities can be expressed is the following, viz. 

aofi+by^ + cxy + Ac + «y = a, 

fl'aj«+ %«+ <^xy'\-d'x + f^y = B; 

the solution of which Is a branch of the general doctrine of Elimination, 
a subject too abstrase to "h^ treated on fully in an elementary work like the 
present The elimination of equations of the first degree has been already 
given, in Chap« ii. ; and, for those of the higher degrees, the reader is re- 
ferred to the work of M. Bezout, before mentioned. 

There is also a neat tract on this subject by M. Gamier, ^dtitlid <* De 
PElimination entre deux Equations Algebriques d'nn Degre quelconque.^ 
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is the assumed multiplier at first introduced, and the determination 
of which leads immediately to the solution. The most general 
form in which a pair of homogeneous quadratics can occur is the 
following, viz. 

ao? + hxy •\- cjf = <i ? # 

To find the values of a; and y in these equations, put « = ^jf, and 
they become 

from the first of which we get , 



a** + 6» + c ' 
and from the second, 



whence 



d d! 



a2* + 6« + c "" «'«' + h'% + c' * 
<Hr, clearing the equations of fractions, 

a'd^ ■\-h'd%-\- c'd = adV + hd'% + cd' : 

a quadratic from which the values of % may be found, and, conse- 
quently, those of y and x may then be determined. 



EXAMPLES. 



W !• Given i 2v* + Zxii = 8 ( ' ^® ^^^ *^® values of a? and y. 

These equations being homogeneous, are resolvable by the above 
process ; therefore, assuming x = zy^ we have 

4«»3/« — 2%f = (4« — 2) «j^ = 12, 

and 2y« + 3»3/» = (2 +8«)y=i 8; 



♦This general form evidently includes a great variety of equations, 
since it comprehends all those in which any of the coefficients a, 6, e, cf^ 
£^, e^, are = ; that is, in which any of the temis are absent 



aVABBATIC BQUATIOlfS. 181 

.*• firom the first equation, 

._ 12 
^ (4« — 2)»* 
and firom the second, 

,_ 8 

12 8 



••(4«_2)« 2 + 3«* 
or 24 + 362 = 32«* — 16« ; 
and by trans^sition, 

82«« — 62« = 24, or «»— y« = J; 
•*• completing the square, and extracting the root, 

» — H = ±t*» .•.« = 2, or— f; 

.•. y = ±1, or ztx/V; 
and a: = »jf = ± 2, or q= f . \/v"' 

2. Given < 2a:«+3a^=3^— 3 4'^° ^^ ^® values of a? and y. 

These equations being homogeneous, substitute, as before, %y for 
Xy and we have 

Q3^f — 5zf + 2f =J6»« — 62 + 2 \f^= 12;- 

and 2«y» — 3j^ + 3«»j^=: {2^ — 3 +32«|y» = — 3; 

firom the first of these equations, 

^ 62»— 52 + 2' • 

and fiK>m the second. 



22 — 3 + 32« ' 
12 _3 



6«» — 6« + 2 "■ 22 — 3 + 3««* 
or 242— 36 + 362* = — 182» + 15* — 6 ; .•• 642» + 92 = 30 

.-. 62« + 2 = y ; 
and completing the square (Art. 90), 

1442* + 242 + 1 = 81 ,• 



i 
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and extracting, 

12i8 + l=t=t9; 



.«. « = }, or — i: 

6 



whence y» = 9, or f f ; .•. s( = =fc 3, or 



and .*. a; = ± 2, or 



5 



v^31 
3, Given < lll2ti*= 1 ( ' ^ ^^ ^^® values of x and jf. 



8 
a: = d= 3, or di -— 

Ans. 

y=:tl,or±-L. 



4. Given jj^ Js^JEigo^ to find the values of a: and j^. 

. , 17V768 

ar = ± 4, or =p - 



72 

Ans. 

.. . V768 

3^= ±5, or =t— 3 



5. Given j ^f Z&ifc — 9 j ' *^ ^^ ^^® ^^^"^ ^^ * ^^ ^' 




Vl6' 



(98.) MISCELLANEOUS EXAMPLES. • 

To which the preceding Methods do not immediately apply. 

1. Given \ ^+*+2' ~ ^l~^ L to find the values of a? and y. 
i xy ^=- o \ 

From the first equation, by transposition, 

and fipom the second, by multiplication, 

2xy = 12 ; 
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% 



.•. by addition, a^ -f 2xy + i^ + x + y = 30; 

ft 
and substituting in this equation the value of x ( = ~)9 as obtained 

from the second equation, it becomes 

(^ + »)' + (J + y) = 3o, 

ft 

or putting -+« = «, it is «"4-» = 30: 

y 

.*. completing the square, 

and extracting the root, 

2; + i = d=¥; 

.% «, or - + y, =5, or —0; 

^ \ 

whence 6 + y* = 63^, or — 6y ; 

y» — 5jf = — 6, 
or j^ + 6y = — 6; 

and completing the first square (Art. 90), 

43^—203^+25 = 1; 
and extracting 

2y — 6 = db 1 ; 

.-. jf = 3, or 2 ; 

also, completing the second square, 

3^ + 6y + 9 = 3; 
and extracting 

jf + 8 = d=V3; 

.-. y = — 3=h^3; 
ft 
whence a? = - = 2, or 3 ; or — 3 q= V3« 

2. Given } g,jiy~^^ ^ J , to find the values of « and y. 

From the first equation, 

21 

12 
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4 



and from the seoond, 

6 

21 6 



3 



or dividing by 



X — 1' 



2 

= -, .-. 7x = 2«» + 2a: + 2 , 



«* + a? -f 1 X 
and by transposition, 

2«« — 5ar = — .2; 
.*. completing the square (Art. 90), 

ieK*--40x + 26 = 9; 
and extracting the root, 

4/— 6 = zfc3; 
.«. X = 2, or i : 

6 

*^^ V = 15 = 3, or — 24. 

or ~—x 

3. Given j ^T q^T ^Z 44 ^ ( > to find the values of x and y. 

By transposition, the first equation becomes 

«* + 2ary + 3ar -f 3( = 73, 

to which, if the second equation be added, there results 

a* + 2xj( + y« + 4ar + 4y = (X + y)' + 4 (ar + 3() = 1 17 ; 

and completing the square, 

(a? + y)' + 4(ar + y) + 4=121; 

.*. extracting the root, 

(a? + y) + 2=:zfcll; 

.*. X ■\' y =9, or — 13 ; 

and a? = 9 — y, or — 13 — y : 

and, by substituting these values of x in the second equation, we 
have 

y" + 2y + 9 = 44, 

or y» + 2y — 13 = 44; 
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.'. by transposing, and completing the square in the first equation, 

y* + 2y + 1 = 36 ; 
and extracting the root, 

y + l = ±6,- 

.•• y = 5, or — 7 : 

also by transposing, and completing the square in the second equa- 
tion, 

j^ + 2y + 1 = 68 ; 

and extracting the root, 

y + l = zfcv^"68; 

.-. y = — 1 db v^'58 : 

hence the values of y are, y = 6, or — 7 ; or — 1 ± v^W^: 
and those of x are .•. x = 4, or 16 ; or — 12 zp y/b8. 

4. Given J (a?— J|)~(x+y) Z 32 ( > t<^ ^^^1 the values of x and y. 
Multiplying the first equation by 4, we have 

^a^ — f—(x + y)l = (x — yy . (x + y) ; 
and, dividing this by a: + y, there results 

4(x-y-l) = (^_y)«; 
and by transposition, 

(x — yy — A(x — y) = ^A; 
.*. completing the square, 

(a? — y)» — 4(a: — y) + 4 = 0; 
and extracting the root, 

(ar — y) — 2 = 0; 
... x — y=z2: 
and this value of « — y substituted in the second equation, gives 

^x + y)= 32, .-. a: + y = 8; 

and by addition, > ^~ ^ = ^ N^so by subtraction $ * + ^ = ®» 

tx-{-y= 8} -^ ?x— y=^2, 

we get 2a: = 10 ; we get 2y = 6; 

whence « = 6 ; and y = 3. 
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6. Given lyx~ "^,to find the values of x and y. 



ix + y = 26 ) 



Assume x= z +Vj 
and y = » — v; 

... « + y = 2« = 26; 

... » = 6 .'. a; = 6 + «, y = 6 — 1>. 

Now from the first equation, 

«*+ i^^axy .... (1); 
but a^ = (6 + »)'= 6' + 36«r + 3W + c», 
y» = (6 — ©)»= 6»— 36«© + 3W— .©•; 
.-. a^ + y* = 26* + 6W .... (2). 

Again, 

oary =: a (6 + 1>) (6 — t?) = aft* — at^ . . . . (3) ; 

hence, substituting (2) and (3) in (1), we have 

2V + eW^al^ — ai^; 

.%(a + 66)c^=a6« — 26»; 

y(a-26) , 
• • • - a + 66 ' 

^ /a — 26 

•••^ = ^Vs^fr66' 

/a — 26 

12 
6. Given ^ ^^^~yJ^>to find the vahies of x and y. 



5 ^■^''=7lto 






■*^* ^ "or 1«. 



7. Given hJl*^Z^64~*'^ S , to find the values of sr and y 



^^ . X = db 6, 
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on- 4 (^+tf) • (* — y) = 51 ) to find the values of x 
8. Given J ^^J J^+^, ^^ ^ 20+j, J ' and y. 



Ads. 



r . - 17=hv^— 288 
I « = 4, or — 1 ; or ^ » 

J , , _17±:^/Ir288 
f jf = 1, or —4; or ^ 



(99.) aVBSnOIfS PRODUCING aVADSATIC EQUATIONS INVOLVING 

TWO UNKNOWN QUANTITIES. 

QUESTION I. 

It is required to find three numbers, such, that the j££ference of 
the first and second shall exceed the difference of the second and 
third by 6 ; and that their sum may be 83, and the sum; of their 
squares 467. 

Let X be the second number, and y the difference of the first and 
second; 

then the first number will be a; — y, 
and the third, by the question, x-\-tf + 6; 
.'. their sum = 8a? + 6 = 33, .•• a? = 9 : 

alsoa:»+(ap — y)» + (a:+y+6)« = 467, ... (ar_y)« + (« + y+6)« 

= 386; 

that is, 2a:«+ 12« + 12y + 2y« + 86 = 886, 
or substituting for x its value = 9, 

806 + 12y + 2y« = 886 ; 
••. ^ + 6y = 40; 
and completing the square 

J^ + 6jf + 9=49; 
.*. extracting the root, 

y + 8 = ±7, 
and y = 4, or — 10 : 

henoe the three numbers are 5, 9, and 19 ; or ^^rther 19, 9^ and 5. 
12* 



^ « 
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avBsnoN II. 

It is required to find three numbers in geometrical prc^ression, 
such, that their sum shall be 14, and the smn of their squares 84. 

Ml 

Let — , JT, and 0^, be the thiee numbers ; 

9 



then, by the question. 



X 

*- -f X + flpy re 14, 

and ^ + «!' + «'y"=84; 
tr 

.*. from the first equation, 

- + xy = lA — x; 
V 

or squaring each side, 

~ + 2a:« + a:«j^ = (14)^ — 28* + ai« 

.-. ^ + «« + ««y» = (14)* — 28«; 

and .*. from the second equation, we have 

84 = (14)* — 28ar-, 

*•. 6 as 14 -*-2d;, axnl .•. x = — -— ^ 4 ; 

and substituting this value of x in the first equation, 

- + 4 + 4^ = 14; 
V 

... 4y» — 10y=t— 4, 

or J^ — yya=_l; 

and completing the square, 

.*. extracting the root, 

^ — f = ±1? 
whence y =* 2, or 4 : 

.*. the three nundbers ane d, 4, and 8. 



f 



ANOTHES SOLUTION. 

Let X and y denote the two extremes, then ^xy'iB the mein» and 

by the question, 

x+ y/ley + y = 14, 
and a:* + ary + y* 3= 84. 
Dividing this equation by the former, 

X — y/xy + y = 6; 
hence, by addition to the first, 

x-\-y=10; 
and by subtraction, 

<i/xy = 4, or xy = 16: 
consequently, 

(Of + yf — A^xy = 100 — 64 = 36, 
.; X — y =6 
x+y =10 



• • 



<» = 8, y = 2 



hence the numbers are 2, 4, and 8. 

auESTioN in. 

The sum of four numbers in arithmetical progression is 34, and 
the sum of their squares 884. What are the munbers t 

Let the two means he x -{• y, and x-^y^ 
then the extremes will he x -{-Zy^ and x — Sy ; 
and their sum = 4a: = 34, .♦. x = ^ : 
also the sum of their squares = 4a:" + 20y" = 334 ; 
.*. substituting in this equation the value of x found above, we haye 

289 + 20]^ St 334 ; 
.-. 20y« = 46; 
whence y=db^/| = =fcf; 
.*. the four numbers are 13, 10, 7, and 4* 
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auBsnoN iv. 

The sum of three numbers in harmonical proportion is 13, and 
the product of their extremes is 18. What are the nunters 1 

Let the extremes be x and y ; 

then the mean will be — r^ (Art. 79, Ch. 8) ; 

2xy 
and their sum = « H ^ + « = 13 ; 

also the product of the extremes = xey = 18 ; 
.*. by substitution, 

x+^^-j-^+y=13; 

and multiplying by x + y^ and transposing, 

(^ + y)'— 13(x + y) = — 36; 
.*. completing the square (Art. 90), 

4(« + y)"— 52(ar + y) + 169 = 26; 
and extracting the root, 

2(ar + y) — 13 = ±5; 
.'. X + y = 9, or 4 ; 
whence (x + y)' = 81, or 16 : 
and subtracting 4xy = 72, 



we have (x — yf = 9, or — 56 ; 

,\ X — y = 3, or i -y — 66 ; 

and adding . x + y = 9 

2x = 12 ; .•. a: = 6 ; 

also by subtracting 2y =z 6 ; .*. y = 3 : 
hence the three numbers are 8, 4, and 3. 

Otherwise: 
Let the extremes be a; + j^, and x — y; 

then the mean will be =^; 

X 
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and their sum = 2ar + — — ^ = 18: 

X 

also the product of the extremes = a^— j^=rl8; 

.*. by substitution, 

IB 

2a:+ — = 13; 

X 

and multipl3ring by x, and transposing, 

2a:»_13ar = — 18; 

.*. completing the square (Art. 90), 

iea^-^104ar-f 169 = 26; 

and extracting the root, * 

4a? — 13 = ±6; 

" .«. ar = f, or 2 : 

and substituting the first of these values in the equation a? — j^ = 
18, we have ' 

V —f = 18, .-. 3^ = f, and y = |: 

hence the numbers are 6, 4, and 3, as above. 

aUESTION V. 

It is required to find four numbers in arithmetical progression, 
such, that the product of the extremes shall be 45, and the product 
of the means 77. • 

Let X be the first term, and y the common difierence, dien the 
munbers will be 

ar, » + |f, a? + 2y, ar + $y; 
and by the question, * 

a:« + 3ary = 46, 

a^+dxy + 2f=z 77 ; 

.% by subtraction 2y" = 82, 

.'. y = 4 : 
hence the first eqnatlcm becomes 

a^-^ 12a? = 46; 
which solved, gives a? = 8 : hence the four numbers are 

8, 7, 11, and 16. 



z: jx 



1 
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auEsnoN VI. 

It is required to find two numbers, such, that their sum, product, 
and the difference of their squares may be equal to each other. 

Let X represent the greater number, and y the less, 
then, by the question, ? * l|] |[ ^ ^_ ^ 

Dividing each member of the second equation by x + jf, we have 

1 = a; — y, ,•. y = a; — 1. 
Substituting this value of y in the first equation, 

2X 1 = «* Xy 

.% «* — 3a? = — 1, 

which solved, gives 

3-f v^5 1 + y/5 

^ = —2— '•••2' = — 2— ^ 

7. There are two numbers, whose sum, multiplied by the greater, 
gives 144, and whose difierence, multiplied by the less, gives 14. 
What are the numbers ? Ans. and 7* 

8. What number is that, which, being divided by the product of 
its two digits, the quotient is 2, and if 27 be added to the number, 
the digits will be inverted ? Ans. 36. 

9. A grocer sold 80 pounds of mace and 100 pounds of cloves 
for 65Z., and finds that he has sold 60 pounds more of cloves fin* 
201. than of mace for lOL What was the price of a pound of each ? 

Ans. 1 lb. of mace is 10^., and 1 lb. of cloves 5«. 

10. It is required to find three numbers, whose sum is 38, such, 
that the diference of the first and second shall exceed the dif^rence 
of the second and third by 7, and the sum of whose squares is 634. 

Ans. 3, 15, and 20. 

'11. There are three numbers in geometrical progresstom, whose 
sum is 52, and the sum of the extremes is to the mean as 10 to 3. 
What are the numbers ? Ans. 4, 12, and 36. 

12. It is required to find two numbers, such, that their product 



I 
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shall be equal to the di^rence of their squares, and the sum of their 
squares equal to the difference of their cubes. 

Ans. 2 — , and -^. 

13. The product of five numbers in arithmetical progression is 
10395, and their sum is 35. What are the numbers ? 

Ans. 11, 9, 7, 5, and 3. 

14. The sum of three numbers in geometrical progression is 13, 
and the product of the mean and sum of the extremes is 30. What 
are the numbers ? Ans. 1,.3, and9. 

15. The arithmetical mean of two numbers exceeds the geome- 
trical mean by 13, and the geometrical mean exceeds the harmonical 
mean by 12. Required the numbers. Ans. 234 and 104. 

16. There are three numbers, the dif^rence of whose differences 
is 5 ; their sum is 20, and their product 130. What are the num- 
bers? Ans. 2, 5, and 13. 

17. The fore-wheel of a carriage makes six revolutions more 
than the hind- wheel in going 120 yards; but if the circumference 
of each wheel be increased one yard, it will make only four revolu- 
Hons more than the hind- wheel in going the same distance. Re- 
quired the circumference of each. 

Ans. The circumference of the fore- wheel is 4 
yards ; and of the hind- wheel 5 yards. 



ON IRRATIONAL QUANTITIES, OR SURDS. 

(100.) An Issational QuAirtPiTY, or Subd, as it is sometimes 
called, is a quantity affected by a radical sign, or a fractional index, 
without which it cannot be accurately expressed ; the quantity itself 
not being susceptible of the extraction which the index denotes. 

« 

Thus, \/2 is a surd, because, as 2 is not a square, its square root 

cannot be accurately extractecl ; also, *J 6, 3*, 6*, &c. are surds, 
since none of them are susceptible of the requisite extraction ; and 
therefore cannot be otherwise accurately expressed. 



/ 
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TuBOBSX 1. The sqimre root of a quantity cannat be paortly 
rational and partly a quadratic surd. 

For if %/o = 6 + \/c, then, by squaring each side, we shall have 
a = ^ 4- 26 V c + c, and .♦. 26 ^/ c = a — ft* — c; and, conse- 

qu^itly, \/c = ^T ; that is, an irrational quantity equal to a 

rational quantity, which is impossible. 

Theosbm 2. In any equation, consisting of rational quantities 
and quadratic surds, the rational quantities on each side are equal, 
as also the irrational quantities. 

Let the equation bea-f^/6 = a:-f^/J(, then, if a be not equal 
to ar, let it be equal to xdtim, and then a: d= m + y/b = x •{• x/y, 
.•. rh w + y/b=z >/y\ that is, the square root of a quantity is parfl|| 
rational, and partly a quadratic surd, which is impossible (Theor. 1). 

Theobbm 3. If y/{a + ^/J) = a: + y, then will >/{a — V^) = 
X'^y: X and y being supposed to be one or both quadratic surds. 

For smce a + *Jh = a* + 2ary -f j/*, and since x and y are one 
or both quadratic surds, a^ + 3^ vmxsi be rational, €md 2xy irrational ; 
.•. (Theor. 2), a = ic* + y*, and -Jh •=. 2ary, consequently, a^^^h 
= «* + ^— 2ary = (aj — y)', .\ y/{a — y/b)=:x — y. 



REDUCTION OF SURDS. 

(101.) Pbobleis I. To reduce a Rational Quantity tp the 

Form of a Surd, 

Raise the quantity to the power denoted by the root of the surd 
proposed ; then the corresponding root of this power, expressed by 
means of the radical sign, or A fractional index, will be the given 
quantity under the proposed form. 

EXAMPLES. 

1. Reduce 2 to the form of the square root. 

Here 2' = 4, ••. ^/4 = 2 under the proposed fonn. 

2. Reduce 2a^ to the form of the cube root. 



Here (Za^f = 27«», .-. 3a^ = V27a^. 



1 ■ 



BB9170TION OF 817RB8. 



145 



3. Reduce a^z? to the form of the Mh root. 

4. Reduce -= to the form of the fourth root. 



5. Reduce 



'J a 



to the form of the cuhe root. 



6. Reduce a*** to the form of the square root. 

Problem n. To reduce Surds expremng different Roots to eqviwi' 

lent ones expressing the same root* 

Bring the indices to a common denominator; then raise each 
quantity to the power denoted by the numerator of its index, and 
the common denominator will denote the root of each. 

EXAMPLES. 

1. Reduce V^ and ^4 to surds expressing the same root. 
Here the indices, brought to a common denominator, are f and f ; 

.*• the proposed quantities are the same as 2^ and 4^ ; or ^8 and 
yi6. 

2. Reduce a* and or to surds expressing the same root. 

Here the indices brought to a common denominator, are } and ^ ; 

••. the proposed quantities are equivalent to a* and a* ; or to Va* 
and ya*. ' 

3. Reduce 4' and 5^ to surds expressing the same root. 

4. Reduce 2^/3 and 3%/ 2 to surds expressing the same root 

5. Reduce 6^ and 5^ to surds expressing the same root. 

6. Reduce x^ and y^ to surds expressing the same root. 

Pkoilbm III. To reduce Surds to theif most Simple Forms, 

Surds, which admit of simplification, may always be divided into 
iwo factors, one of which will contain a perfect power correspond- 
ing to the surd root : 
^ 13 
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Hence, to simplify such surds, extract the root of that fiictor which 
is the perfect power, and multiply this root by the other Victor, with 
the proper radical sign prefixed. 



EXAMPLES. 

1. Reduce *^d^h to its most simple form. 

Here, since a' is a perfect square, y/d^h =r a^b, 

2. Reduce ^135 to its most simple form. 

V135 = ^27 X 6 = 3V5, the answer. 

3. Reduce 5^/54 to its most simple form. 

6 n/64 = 6-v/9 X 6 = 5 X 3 ^/6 = 15 y/6, the form required. 

4. Reduce 3^108 to its most simple form. 



6. Reduce ^ax* + bx^ to its most simple form. 



6. Reduce ^5 (a^ -f a*b) to its most simple form. 

(102.) If the surd be in the form of a firaction, it may be simpli- 
fied by multiplying both numerator and denominator by some quan- 
tity that will make the denominator of the requisite power ; as in 
these 

EXAMPLES. 

1. Reduce Vf to its most simple form. 

Here Vf = ^/^ = VyV X 6 = i V6. 

2. Reduce i V^ to its most simple form. 

i V^ = i VH = * ViVX21 = tV V'Sl. 

3. Reduce t\/;t to its most simple form. 

4. Reduce ^y\ to its most simple form. 

5. Reduce iVf to its most simple form. 

aft* 

6. Reduce *J .. > to its most srniple form. 
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ADDITION AND SUBTRACTION OF SURDS. 

(103.) Reduce the surds to their most simple forms ; then, if the 
surd part be the same in both, add or subtract the rational parts,"^ 
and annex the common surd part to the result : but if the surd parts 
be different, then the addition or subtraction can only be represented 
by the proper signs, + or — . 

EXAMPLES. 



1. What is the sum of ^18 and ^/8? 

Here n/18= v^¥>r2"=3V2) . ,^ 

and v^ 8 = ^/4 X 2 = 2v^2 ^ 

2. What is the difference between VlOSoa:* and y/ASaa^l 

V108a?= y/S6a^x Sa = 6x y/Sa > , .-. 2a;^/3a = dif- 
and V 48a«*= y^l6a^ x Sa = 4a? ^/3a > ference. 

3. What is the sum of 3^32 and 2 ?/64 ? 

* 

3?/32 = 3y 8x4 = 62M) ^, . ^, ^ 
, ^^ — ^ ^* >,.-. 6^/4 + 62/2 = sum. 

and 2^64 = 2?/27 X 2 = 6^2 ) 

4. What is the difference between Vl92 and ^24 ? 

Ans. 2V3. 
6. What is the sum of 3v^f and 2y/j\ ? 

Ans. J%/"ra 

6. What is the difference between v^^ and y/}l 

Ans. T^fN^C. 

7. What is the sum of v'24^ 2>/72^ and a^fWl 

Ans. 2^/6 -f 12^/2 + ax^h. 

8. Required the sum of ^500 and ^108. 

Ans. 8V4. 

9. Required the difference between 3^/| and 2^/7V• 

Ans. |\/10. 

10. Required t^e difference between JVI and %y/\. 

Ans. ^^v^6. 

* The rational part is called the eoifficimt of the surd. 
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11. What is the difference between 6^/20 and 3^/46. 

Ans. ^/5. 

12. What is the sum of x/27, v^48, 4-/147, and 3-/75. 

Ans. 50^/3. 



MULTIPLICATION AND DIVISION OP SURDS. 

(104.) Reduce the surds to equivalent ones expressing the same 
root (Prob. 2), and then multiply or divide as required. 



EXAMPLES. 

1. Multiply v'S by V^^- 

Here 8* X (16)* = 8* x (16)* = y 8» X (16)« = ^612 X 266 
= V8(2)«X 4 (2)« = V32 (4)« = 4^32 = product. 

2. Divide v'l^ by y 24". 

^" (^~ "^(^^ "^^(^F- ^«^« = ^^^^ 

3. Multiply 2^i by 3^^ 

4. Divide ^^/ax by 3^7i^. 



Ans. 2V15. 



o« 



6. Multiply 4^/3 by 3^4. 



Ans. iV-,. 



6. Divide 4^32 by ^16. 



Ans. 12^432. 



Ans. 2^/2. :: \/^ 
7. Multiply 6a* by 3a* 

Ans. 16Va*. 

Ans. 18. 
Ana. i's/lO. 



8. Multiply 2 v^ 27 by n/ 3. 
0. Divide iN/6 by t^/2. 
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To extract the Square Root of a Binomial Surd, 

(105.) A binomial surd is that in which one of the terms, at least, 
is irrational ; as a db x/6, or \/a ± x/fe,* 

(106.) In order to extract the square root of a+ \/6, put \/(a+ 
^h) = a: + 3( ; and it follows that -J {a — y/b) = x — y (Art. 100, 
Theo. 3). 

Let each of these equations be squared, and we have 

a + y/b=z a^ -\- 2xy + y* 

a — y/b = a^ — 2xy + y* ; 

.'. by addition . . 2a = 2a^ + 2j^, or a = «* + y*. 

Let the same two equations be now multiplied together, and there 
results 

^{a + Vb)X x/(a — V6) = a:« — y», or V (a* — 6) = «« — j^» 

hence, both the sum and di^rence of a^ and ^ being given, we 
have, by addition and subtraction, 

-w 2 

c a+ V(a«— 6)> . ra— V(a» — 6)> 
... a?= V| ^ ^^,andy=x/ ^ ^ '-^ ; 

consequently, 

(107.) In order that the expressions within the brackets may be 
rational, it is evident that both a and >/(a* — b) must be rational ; 
in which case, each of the above values will consist either of two 
surds, or of a rational part and a surd. 

The above formulse will apply to any particular example, by sub- 
stituting the particular values for a and b ; observing, that if 6 be 
negative, the signs of 6 in the formulee are to be changed. 

* The term binomial is often confined solely to surds of the form a+\/6, 

or ^a-\">/h\ and those of the form a — \/(, or ^a — \/5, are called re- 

sidual surds. 
18 » 
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EXAMPLES. 

1. What is the square root of 8 + V 89 ? 
Here a = 8, and 6 = 39 ; 

.-. V(8+ Vli9)=VV + x/f 

2. What is the square root of 10 — V 96? 
Here a = 10, and 6 = 96 ; 

.-. -/(lO— -s/96)= Ve — 2. 

3. What is the square root of 6 + ^20? 

Ans. 1 + V5. 

4. What is the square root of 6 — 2 ^6? 

Ans. V6 — 1. 

5. What is the square root of 7 — 2 >/10? 

Ans. V6 — ^2. 

6. What is the square root of 42 + 3 ^Tf^ ? 

Ans. x/28 + x/lT. 

To find MuUipliers which will make Binomial Surds roHonal. 

(108.) Surds may often be rendered rational by being multij^ed 
by some other quantity, which qusintity, when the surd consists of 
but a simple term, is always easily found : if, for instance, the surd 
V<K is to be freed from its irrational form, it must evidently be mul- 
tiplied by y/a ; for Va X Va = « ; and if s/a be the form of the 
surd, then the multiplier must be ^a* ; because ^aX ^a' = ^a* 
rrzai and, generally, the multiplier that will make ^a rational, is 
7 a"-' ; because ^aX ;/a**-* sz^a^'^^a. The more usual bino- 
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fonns may too be readily rationalized ; such forms consist of 
either the sum or difference of two square roots, or else of the sum 
or difierence of two cube roots. In the former case the multiplier 
will be suggested from the property, that the product of the sum and 
difierence of two quantities is the difierence of their squares. In 
the latter case the multiplier will be a trinomial surd, consisting of 
the squares of the two given terms, and of their product mih its sign 
changed; that is to say, the form ^aihy/b will be rendered ra- 
tional by the multiplier V*' =F >/^ + l/^y since it is plain that the 
extreme terms of the product will be rational, and that the four in- 
termediate terms destroy each other. But it is not so easy to disco- 
ver, at once, the multiplier that will render any binomial surd ra- 
tional ; the method of proceeding, however, in this case, is derived 
from the following investigation : 

X — y 



By division 



^ — ^ = s^^—ar^y+af^y^'-ar'^y^+ &c. 
* "f" 3( 



x + y 

Here the first of these series will terminate at the nth term, whether 
n be even or odd ; the second will terminate at the nth term, only 
when n is an even number ; and the third, only when n is an odd 
number ; for, in other cases, they will go on to infinity, as will ap- 
pear by substituting different numbers successively for n.* 

Now put a;" == a, y" = 6 ; then x = y a, and y = y 6 ; and the 
above fractions become, respectively, 

a — b a — 6 , a 4- b 

and 



and since x = y a, «^' = y a""* ; a?*^ = ya*^, &c. ; 

also j^= Vfc«; jr* = V^» &c- ; 
and, substituting these values in the above quotients. 



* We cannot prove the truth of these properties otherwise than by in 
dnction in this place ; since the general demonstration of them reqniies Ha 
Binomial Theorem. See Barlow's Theory of Numbers, chapter 6. 



> 

as 


a — b 




a — b 
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* "" =y o*^ + Va-** + Va"^^ + Va"-^ft*+ &c. 

Therefore, since the divisor multiplied by the quotient produces 
the dividend, it follows, that if a surd of the form y/a — y6, be 
multiplied by 

;/ar-^ + Va"^J + Va— »ft« + &c. 

to n terms, the product will be a — 6, a rational quantity ; also, if a 
surd of the form ya + V^> be multiplied by ya""' — ya*-'^ + 
ya^^fc* — &c. to n terms, the product will be a — 6, or a + 6, ac- 
cording as n is even, or odd, each of which products is a rational 
quantity. 

The Examples which follow, although worked by the general for- 
mulas here given, may nevertheless be readily solved by the two 
simple rules stated at the commencement of this article. 

EXAMPLB8, 

1. It is required to find a multiplier that shall make y? — ys 
rational. 

Here a = 7, 6=6, and n = 3, .•. the multiplier, yo*"* + 

"^ar^b + &c. = y"49 + y'as + y'25, 

y? — y 6 

and by actual mul — _ 

tipUcation .... y343+y245+yT76, 



— y245— y 175 — y 126 



there results y 343 # * — y 125 =; 7 — 6, 



as there ought. 

2. It is required to find a multiplier that will make 2 + y 3 
rational. 
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Here 2 + V3 = ?/8 + ?/3, .•. a = 8, 4 = 3, and « ss 3, .-. the 
multiplier, yaT-^—yar-^h + &c, 

= ^"64 — V24 + y^ = 4 — ^"24 + ^9. 

3 

3. It is required to ccmvert — 3-^ into a fraction that shall 

have a rational denominator. 

Ans. ^(^"^ + ^"> + ^^) := y26 + V 10 + V4. 
5 — 2 

4. It is required to convert -; — ■ — -rr into a firaction that shall 
have a rational denominator. 

a — & 

5. It is required to convert 3- — 3 - into a fraction that shall 
have a rational denominator. 

6. It is required to find a multiplier that will make V^ + V^ 
rational. 

Ans. V27 — V36 + ^48 — ^^. 
The answer here given to this last example has, like those above, 
been determined from the general formulas ; but the proper multi- 
plier may be more readily obtained, and in a preferable form, by the 
rule at the commencement of the article : thus the multiplier V^ — V^ 
will bring the proposed form to V 3 — V 4, and the multiplier 
V3 + V4 reduces this last to 3 — 4, so that the complete multi- 
plier sought consists of the two factors (/3 — ^4 and V3 + V4, 
which produce the multiplier in the answer. 



ON IMAGINARY QUANTITIES. 

(109.) Imaginary quantities are those expressions which repre- 
sent any even root of a negative quantity, as ^ — a, t/ — a, &c. 
the values of snich expressions being unassignable. These quanti- 
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ties difier from other surd expressions, inasmuch as the values of the 
latter, though inexpressible accurately, may still be approximated 
to ; but imaginaries are not susceptible even of approximate values : 
notwithstanding this, however, they are of considerable use in va- 
rious parts of the mathematics, and, when subjected to the ordinary 
rules of calculation, often lead to possible and valuable results. 

(110.) With respect to the addition and subtraction of these quan- 
tities, the operations are the same as for quantities in general ; but, 
as regards their multiplication and division, several particulars must 
be attended to that do not attach to other quantities ; and which we 
shall here enter upon. 

(111.) It is evident, in the first place, that V — ^ X s/ — a must 
be equal to — a\ for the square root of any quantity multiplied by 
that square root, must produce the original quantity, and therefore 
no ambiguity can here arise with respect to the sign of a. It is also 

equally evident that y/ — ax >/ — a must be equal to V a*; for if 
this be not the case, the rule for the signs in multiplication is not 
general : it therefore follows, that —a must be equal to Vo*. 

But it may be said that »J c? is also = a, and that therefore it 
would follow that a = — a : this recusoning is, however, erroneous, 

for it is not true that Va' is aho = a, since the symbol V does not 
contain both the signs + and — , but either + or — , and, conse- 
quently, if it be shown to contain the one, it cannot at the same time 
also contain the other ; in the present case, therefore, >/ contains 
only the minug sign, and, consequently, 

V — d X ^ — a = — \/a' = — a. 
(112.) Our being able to destroy the ambiguity of the symbol >/ 

in the expression \/a', arose solely from our previous knowledge of 
the manner in which a' was produced, viz. from the involution of 
— a ; and that therefore the reverse x)peration being performed on 
a", must bring back the original quantity — o. If we had had no 
knowledge of the generation of a', whether it was produced from 
(-i-a) X (+a), or from ( — a) X ( — a); that is, whether a' repre- 
sented (+a)*, or ( — af\ then, in the reverse operation, we could 
of course have had no knowledge of the precise quantity which 
ought to have been produced ; that is, the symbol of extraction would 
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have been ambiguous, and the operation could only have been ex- 
pressed by saying >/<^ = + a, or — a. 

In the same manner, if it be known that a' is produced from (+a) 
X (+a), then J^ = + V? = + a. 

(113.) Again, if we have two unequal imaginary quantities, 

V — a and V — 6, we know that their product, V — a X V — h 

= ^'ab; but we do not immediately perceive whether this result is 
to be taken positively ^ or negatively; because here the quantity, 
whose root is to be extracted, was not generated from that root, but 
from two unequal factors ; the proper sign may, nevertheless, be 
determined, for since 



y/ — a^Va X -s/ — l,and y/ — b =yfh X V — Ij we have 



y/—ax yf—h=i(yfax V— 1). (VftX V— 1) 



= >/a6 X — 1 = — 'Jab : 

Hence it appears that the proper sign of y/ab is minus : and thus 
may any imaginary be represeirted by two factors, of which one is 

a real quantity, and the other the imaginary V — 1 > and therefore 

the expression, V — 1, may be considered as a universal factor of 
every imaginary quantity, the other factor being a real qusintity, 
either rational or irrational. 

(114.) From what has been just said, and from the property that 
the multiplication of like signs always produces plua^ it follows that. 

The product of two imaginaries that have the same sign, is equal 
to wmu8 the square root of their product, considering them as real 
quantities. That is. 



(+'s/— a) (+V — a) = — s/a' = — o; 



as also 



and 



as also 



(— V— a) (—V— a) = — -s/a* = — -a ; 



(+ y/—a) (+ V— ft) = — x/aft ; 



(— V— a) {—y/—b) = —Vab. 
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(116.) But if the two imaginaries have diftvent s^;ns, then their 
product will evidently be equal to plus the s^^uaie root of their ]Mro- 
duct, considering them as real. That is, 

+ V^=^) (— V^ = +V^. 

BXAMPLBS. 



1. Multiply 2x^—3 bySV— 2. 



Here 2-/— 3 X 3-/— 2 = — 6x/6. 



2. Multiply 3 + y/— 2 by 2 — /— 4. 

3 + 7=2 



2— V—4 



6 + 2-s/— 2 



_3>/— 4+i/8 



6 + 2V— 2 — 3-/— 4 + V8. 



3. Multiply 4x/— 6 by 3-/— 1. 



4. Multiply— 6 x/— 2 by— 3x/— 6. 



Ans. — 12v^5. 



Ans. —16^10. 



6. Multiply 4 + V— 3 by V— 6. 



Ans. 4V— 'S— Vl^' 



6. Required the cube of a — b^ — 1. 



Ans. a' + ft* V— 1 — 3a& (6 + ax/— 1). 

(116.) The quoti^it of two imaginaries having the same sign, is 
equal to plus the square root of their quotient, considering them as 
real quantities. That is, 

+ V — a _ -\-'JaX -J — 1 _ , .a^ 

+ -/— 6*~+V6xV^iri"~ ^' 
as also 

— y/ — a — y/aXy/ — 1 a 

— yf—h —yfhXy/—l ^ 
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^117.) But if the two imaginaries have different signs, it is evi- 
dent that their quotient will he equal to minus the square root of 
their quotient, considering them as real quantities. 



BXAMPLSS. 



1. Divide 6y/—S hy 2>/— 4. 



2-s/— 4 



2. Divide l + >/— 1 by 1 — >/— 1. 

Here the multiplier that will render 1 — V— 1 rational is 1 + 



V— 1 (Art. 108), 



1 + V— 1 _ 2V— 1 
1-x/irr- 2 



= V— 1. 



3. Divide 2-/— 7 by ^3^—5. 



4. Divide —-/—I by — 6i/— 8. 



Ans. —IV}. 



Ans. + 



6^3 



5. Divide 4 + ^—2 by 2 — V— 2. 



Ans. 1 + y/ — 2. 



6. Divide 8+2>/— 1 by 3— 2 -/—I. 



Ans. A (5 + 12 V— 1). 



SCHOLIVX. 



(118.) The arithmetic of imaginary, or impossible quantities, has 
been a subject of much disagreement among mathematicians ; some 
affirming that the operations of these quantities are altogether absurd, 
and others, though admitting the validity of the operations, di&ring 
in their opinions of the results which they ought to produce. The 
^ost celebrated among the latter are Emerson and Euler, the for- 

' 14 
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mer asserting the product of V — a and y/ — b to be V — a6,* 

and the latter making it + y/ab\; and yet they both agree that 

(\/j— a) . (V — a) = — a: hence it appears that they not only 
differ from each other, but even from themselves ; for if, according 

to Emerson, (V — a) . (y/ — 6)= V — ab, whatever be the values 
of a and 6, the equality must still subsist when 6 = a ; that is, 

(V — a) , {y/ — a) = >/ — a\ an imaginary quantity; but the 
same product has been admitted to produce a real quantity, — a; 
therefore one of the conclusions must be absurd. The same incon- 
sistency attaches to Euler's supposition, for, according to Mm, when 
b =a,we should have +' x/a* = — a, which is also absurd. 

(119.) The methods of operating on these quantities, as pmnted 
out in the preceding articles, are free from the inconsistencies here 
noticed, and differ from the operations performed on quantities in 
general, only as it respects the restricted and definite sense in which 
the symbol V is to be taken in their results, it sometimes meaning 
4- \/, and at other times — V, but never indifferently d= V, as in 
the ordinary operations on real quantity. 

(120.) We might also have shown that when a real and an imagi- 
nary quantity were to be multiplied together, or to be divided the one 
by the other, that similar processes to those already given were ap- 
plicable ; but, as the ^sults would always be imaginary, no benefit 
would be derived from performing the actual operation : by way of 
elucidation, however, let it be required to find the product of i/a and 

y/ — 1. By the ordinary rule. 



Va X V— 1 = VaX V( — l)* = VaX VI = V«> 



* ««Thu8, ^— ^x V— *=\^— a*» and ^—a x — x/— 6 = — -/ 
— ab,&c. Also, x/ — aXy/ — a = — a, and^/ — oX — y/ — a= + aj^* 
&o. — Emerson's Algebra, p. 67. 

f "The product of V — 3 by y/ — 3 must be — 3; the product of 
y/ — 1 by y/ — 1 is — 1; and, in general, by multiplying ^ — a by 
y/ — a, or by taking the square of x/ — a, we obtain — a." " Moreover, 
as ^a multiplied by ^b makes x/a&, we shall have y/6 for the value of 
y/ — 2 multiplied by ^ — 3 ; and x/4 or 3 for the value of the product of 
>/— 1 by >/-^4."-*Eulrr's Algebra. 
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but this result, in.its unrestricted sense, is the same as d= V (drVa), 
and, in order to arrive at its definite signification in the present case, 
we have 

Vax V( — l/ = VCVa X V''f=17)=V(Vax— 1) 

= y/ { — -J a). 

(121.) It maybe here further remarked, that imaginary quantities 
always occur in the analysis of a problem, when its conditions 
involve any absurdity or impossibility ; as if it were proposed to 
divide the number 12 into two parts, such, that their product may 
be 40. If this question be solved by the ordinary rules, the two 

parts will be found to be 6 + >/ — 4, and 6 — V— 4, being both 
imaginary, or impossible in numbers. But, besides this, the use of 
imaginaries, as we have before said, is very extensive in some of the 
higher branches of analysis, and their application to a variety of 
highly interesting particulars has lately been shown by Benjamin 
Gompertz, Esq., f. b. s., &c. in his Tracts on "The Principles and 
Application of Imaginary Quantities."* 



* Some modem writers disapprove of these expressions being called 
quantities f but, as they are sosceptible of the same (^erations as quanti- 
ties in general, and do often lead to results whose values are assignable, 
there appears to be no impropriety in the appellation. The term imagi' 
ttry^ however, does seem to require some modification ; for, although the 
values of the quantities so called are uruungnable, and even inconceivable^ 
yet, speaking -according to the common acceptation of the term, it seems 
saying too much to call them imaginary. 

Lacroix, and those who say these expressions are not representatives of 
quantities^ call them imaginary expressionsy or imaginary symbols ; but these 
appellations are still more objectionable, for as expressions, or symbols, they 
are certainly not imaginary, but real. 
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CHAPTER V. 

ON THE BINOMIAL THEOREM ; AND ITS APPLICATION 
TO THE EXPANSION OP SERIES, &c 

(122.) The Binomial Theorem is a theorem discovered by Sir 
Isaac Newton,* whereby any power, or root, of a binomial may be 
obtained without the labour of performing the actual involution, or 
extraction. The power or root so found, is usually called the expan- 
sion of the binomial ; but, before we proceed to investigate the form, 
or law of this expansion, it will be necessary to prove the truth of 
the following theorem : 

THEOREM. 

(128.) If the series a + sa; -f- c«* -f- iwr* + &c. be equal to the 
series a' + b'x -f- cV + dV -f- &c., whatever be the value of «, 
then the coefficients of the like powers of x will be respectively 
equal the one to the other ; that is, 

A = a', b = b', c = c', &c. 

For since the two series are equal, whatever be the value of a;, thc^ 
are equal when x = 0; but, in this case, the first series becomes 
simply A, and the second becomes a' ; therefore, a = a.' : and it also 
follows, that 

Ba? 4- ca" 4- nar* + &c. = b'x + cV + d V + &c. ; 

* It appears to be not quite correct to ascribe the first discovery of this 
celebrated theorem to Sir Isaac Newton, as it was known and applied in 
the case of integrral powers before his time. (See Dr. Hatton's History 
of Logarithms). Newton, however, was undoubtedly the first discoverer 
of the theorem under its present form, since none of his predecessors had 
ever shown its application in the cases of fractional, or negative exponents. 
It is remarkable, that, although this theorem was one of Newton's earliest 
discoveries, he has left no demonstration of it; and he is therefore suppo- 
sed to have inferred its generality from an induction of particular cases« 
(See Biot*s Life of Newton.) 
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whence, dividing by ar, and supposing a? = 0, we have b = b' ; and, 
by proceeding in a similar manner, it may be shown that c =r c', 
D = d', &c 

INVESTIGATION OF THE BINOMIAL THEOBEM. 

(124.) Let m be any positive number, either whole, or fractional ; 
and let it be required to exhibit the expansion of (a + x)*", or of its 

equal a'"(l +-) . 

1. In the first place, since every power, or root of 1 is 1, the first 

X 

term in the expansion of (1 -f -)'"must be 1 ; and, consequently, the 

X 

first term in the expansion of a"'(l -f- -)"•, or (a + a;)"* must be a*. 

2. Hence it follows, that the first term in the expansion of . r-, 

(a+af)*" 

or of (a + a?)~", must be —-, or a~**. 

a 

3. Therefore we may conclude, that whether m be whole or firac- 
tional, positive or negative, the first term in the expansion of (a+a;)*" 
must always be a"*. 

(125.) Let now the exponent m, of the binomial a+ a;, be increased 
by 1 ; then the expansion of (o + a?)"H-* will be equal to each term 
in the expansion of (a + a?)"» multiplied by a + af ; now the first term 
in the expansion of (a + a?)"* has been shown to be a", therefore 
a'^X(a + x)=z a"^* + d^x = the first term, and the literal part of 
the second, in the expansion of (a + af)*"+* ; but as the complete 
second term may, for aught we know to the contrary, have a coefii- 
cient, B, it may be represented by Ba"*a;, where b will be = 1, should 
there be no coefiicient. Let the exponent of the binomial be again 
increased by 1 then the expansion of (a + ar)*"+' will be equal to 
each term in the preceding expansion multiplied by a + a; ; now we 
have just seen that a"^* -f- na^a? are the two first terms in the pre- 
ceding expansion ; therefore, by omitting the coefficient of the third 
term, the value of which we are unable at present to foresee, we 
shall have 

(«"+> + Ba"a?) X (a + ») = 0*"+' + (b + 1) a'^'^'x + a'^a^ 
14* 
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equal to the first and second terms^ and the literal part of the third 
term, in the expansion of (a+x)"^. Increase the exponent of the 
binomial again by 1, then, in like manner, the expansion of (a+ar)"*+» 
will be equal to each term in the preceding expansion multiplied by 
a + x; consequently, 

(a-H^ 4- a^^'x + o-«") X (a + ar), 

by omitting the coefficients, = a^H^ + a'^x -f- a"^*ai" + oTs^ = the 
literal parts of the four first terms in the expansion of (a + x)"^ : 
and by thus continually increasing the exponent by 1 to n, we shall 
have the literal parts of n + 1 terms in the expansion of 

where it is plain, that any term is equal to the preceding multiplied 
by -. 

(126.) Now to determine the coefficients of these terms, it ap- 
pears that if the coefficient of the second term in the expansicm of 
(a + xy^^ be B, that the coefficient of the second term in the suc- 
ceeding expansion will be b + 1 » therefore the difference betweea 
the exponent and second term must be the same in each expansion, 
whatever be the value of m ; but, when m = 0, the coefficient of the 
second term in the expansion of (a + a:)'"+*, or (a + a?)* is 1 ; and 
the difference between this and the exponent is 0, therefore the dif- 
ference must be always ; that is, the coefficient of the second term 
in any expansion must be equal to the exponent. 

(127.) Put now tn-\-n = r; and let 

(a -i- xy = a' + Bo*^*a? + ca^a^ + Da*^** + &c ... (A) 

where b = r, and c, d, 6dc. are undetermined. Square each side of 
this equation, and we have for the square of the first side (a' + 2ax 
-I- «*)% or by considering 2ax + a^ as one term, it may be written 
thus, fa* + (2ax + a^)^''; the quantity within the brackets being a 
binomial, the first term of which is a^ and the second (2ax -^ ^) ; 
therefore, to exhil)it the expansion of this, it will be only necessary 
to write a* instead of a, and {2ax + se^) instead of ar in the expan- 
sion of (a + x)% and we have f a*+(2aar-ha^) J' = a^+Ba^''^^ {2ax 
+a^) + ca*^*^ (2oar + x'Y + i}a^^(2ax+a^* + &c., and by actu, 
ally involving the quantities within the parentheses, and writing 
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the terms containing the like powers of x one under the other, the 
result is 

a*'+2Ba*^»a;+ Ba*^«»+4ca*^ar"+ &c. > ' . ,. 

Also, for the square of the second side of the equation (A), we 
have 

Bo*^»a?+ B»a*^a:»+ Bca*^ar»+ &c. 



• • • • 



ca**-V+Bca'^«»+&c. f ' ' ' ' ^^^' 

Da*'^ar*+&c. 

Now, since these series (a') and (b') are equal, whatever he the 
value of ar, by the theorem previously demonstrated, the coefficients 
of the like powers of x are equal the one to the other ; that is 

2b = 2b ; or . . . . b = b ; 

• B* — B b(b — 1) 

b + 4c = 2c+ b«, .-. c=— ^ = — - — '-; 

c(b— 2) B(B — 1)(B — 2) 

4c + 8d = 2d +2bc, .-.0= -^ — - = -^^ ^^ • 

and, by proceeding in the same manner, we shall find 

d(b — 3) B(B — 1)(b-»-2)(b — 3) 



B = 



2.3.4 



and also the remaining coefficients f, o, &c. in terms of b ; but 
those already deduced are sufficient to show the law of their forma- 
tion, since it is obvious that the numerator of each is equal to the 
numerator of the preceding multiplied by an additional factor ; apd 
the denominator equal to the denominator of the preceding multi- 
plied by an additional factor ; the factors in the Bumerator succes- 
sively decreasing by 1, and those in the denominator successively 
increasing by 1. 

Now B has been shown to be equal to r ; hence the expansion of 
(a + a?)' is 

dec. ; or restoring the value of r = m + n, and putting m = 0, we 
have 
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1. (a + ar)* = 

Putting m = — {a + n), the series becomes 

2. (a + ip)"* = 

Or, putting m = - — n, it becomes 

3. {a + xy = 

P P 
t p I., i^g""^^ !-*^ 

£(?_!) (?_2) , 
^ 2.3 -r-r«^ 

P 

and jputting m = — (- + «)> we have 



4. (a + ar) « = 



F.. P.P 



_ 2 ^ ^ ^ ^ a a* + &c. 

2.3 

which is the law of expansion that we proposed to investigate ; the 
first series showing the expansion when the expcment of the binomial 
is a positive integer ; the second showing the expansion when the 
exponent is a negative integer ; the third when the exponent is a 
positive fraction ; and the fourth when the exponent is a negative 
fraction* 

(128.) But our proof of this law extends only to n + 1 terms ; 
let us therefore examine the coefficients of the respective terms in 
the first series, with a view to ascertain to how many terms they can 
possibly extend. These coefficients are 
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^' •*• 2 ' 2T3 ' 2.8.4 ' ^' 

Now it is obvious that this series of coefficients can never extend to 
that in which the numerator is 

ii(fi — l)(n — 2)(n — 3) .... (n — n); 

that is, in which the negative term in the last factor is n ; because 
n — ft = 0^ and, consequently, the coefficient, and, indeed, the entire 
term would vanish, as well as all that follow it ; therefore the series 
must terminate at the term immediately preceding this ; that is, at 
that in which the negative term in the last factor is n — 1 ; now the 
negative term in the last factor is evidently always 2 less than the 
number of the term ; thus, in the third term it is 1, in the fourth 2, 
dec., and therefore, when it is n — 1, the term must be the n+lth ; 
consequently, our proof extends throughout the whole series. 

(129.) But in the second, and the other two series, the exponents 
are entirely unconnected with n; these series will, therefore, be 
unlimited, since n + 1 terms may express any number from 1 to 
infinity. 

(130.) Hence we conclude that when the exponent is a positive 
integer, as n, then the series will terminate at the n + lth term ; 
but when the exponent is either negative or fractional, the series will 
not terminate, but may be carried on to infinity ; as is also evident 
from the bare inspection of the terms. 

(131.) It also follows, that since in the expansion of (a + x)% the 
exponent of a in the first term is n, and that of x, ; and because 
the exponent of a in every succeeding term is decreased by 1, and 
that of X increased by 1, the n + 1th, or last term, will be ^, the 
last but one ax^\ the last but two a^af^\ &c. (the coefficients being 
omitted), and these will evidently correspond to the literal parts of 
the first, second, third, &c. terms respectively in the expansion of 
(X + a)", and therefore the coefficients of the last, last but one, last 
but two, &c. terms in the expansion of (a + «)", are respectively 
equal to those of the first, second, third, &c. terms in the expansion 
of (x + <iY$ since the series themselves are equal ; but the coeffi- 
cients of the first, second, third, &c. terms in the expansion of 
(jg + ay must be the same as those of the corresponding terms in 
}he eypfUMJon of (a + x)\ therefore in the expansion of (a + xY the 
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coefficients of t&e tenns from the first to the middle are respectively 
the same as those from the last to the middle. 

(132.) By making a and x each equal to 1, a curious property of 
the binomial may be exhibited, viz. 

(1 + ir, or 2- = 1 + 111+ !1L5!LzL> + 

m(m — l)(m — ii) m(m—l)(m — 2)(m — 9) 

2.3 ■*■ 2.3.4 i-»^» 

that is, in any expansion of a binomial, whose terms are both posi- 
tive, the sum of the coefficients is equal to the same power, or root 
of 2. 

Also, if a = 1 and x=z — 1, we have the following property, viz. 

(1 — 1)"*, or 0, = 1 — m + 

m(m—l) m (ffi — 1) (m — 2) m(m — l)(m — 2) 

2 2.3 "^ 2.3.4 

that is, in any expansion of a binomial, one of whose terms is nega- 
tive,* the sum of the coefficients is = ; and therefore the sum of 
the positive coefficients must be equal to the sum of the negative ones. 
On account of the great importance of the Binomial Theorem in 
every department of Analysis, we feel disposed to present the stu- 
dent with another method of investigating it. But, not to detain 
him longer from its practical application, we shall postpone this 
second mode of estabUshing it till the close of the Chapter, (see 
page 173). 

APPLICATION OF THB BINOMIAL THBOBBM TO THB BXPANSION 

OF SBRIBS. 

(183.) 1. To expand (a + ar)*" when mis a Positive^ or Negative 

Integer* 

Make the first and second terms a"*, and nuC^^x^ respectively ; 
then, to find the others, multiply the coefficient of the term last 
found by the index of a in that term, and the product divided by the 

• Binomials of ihib kind are sometimes called residual quantitiee. 
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number of the tenn will give the coefficient of the next term :* with 
respect to the literal parts, the powers of a are to decrease, and those 
of X increase by unity in each successive term. * This will appear 
plain from inspecting the expansions of (a + ar)" and (a + ar)"*. 

Note. When m is positive, the coefficients need only be calculated 
as far as the middle term, those of the other terms being the same, 
taken in an inverted order (Art. 131). If one part of the binomial 
be negative, then the terms involving its odd powers must be negative* 

EXAMPLES. 

1. It is required to expand (a + s^\ or to express the 8th power 
of (a + xy 

Here 

The first term is a*. 

The second Sd'x. 

The third ^^^aV = 28aV 

The fourth ^^-^ a*** = 56aV. 

s 

The fifth 51211 tfV = 70oV. 

4 

And from these the other terms are obtained (Note). 

Hence (a + ar)«= a« + Sa'x + 28aV + 56aV + 70aV + SGo*** 
+ 28aV + 8a«^ + ««. 

2. It is required to expand (or — ^ y)*, or to find the 9th power of 
ix—y). 

Here 

The first term is a^. 

The second — 9a^y. , 

* It is worthy of notice, that one or other of the two factors forming the 
product will always be exactly divisible by the number of the term, and 
that therefore in practice we may first perform the division upon one fac- 
tor, and then multiply die quotient by the other, which is the simplest 
method of arriving at the desired coefficient 



108 OR TBS BIHOMUX THBOBHX. 

The third ®|-? ary = 86ary . 

The fourth — a:»y» = — 84ay- 

The fifth !i^ar'y«=126«'sf«. 

Hence (a: — y)* = a:» — 9««y + 36a:y — 84««y» + 126««y* — 
126a:y + 84ar»y«— 36a:«y^ + 9V — y*- 

3. It is required to expand (a + a?)"", or y « 

Here 

The first term is «"*• 

The second . • . — 2a-^. 

The third 2 a"*** = 3o-^«». 

3 X 4 

The fourth g a-*«' = — 4a-*«'. 

&c. &c. dec 

Hence {a+xy, or /^:^2> = «"* — 2a-»« + ^"'«' — *«'^** 

1 2a: 3a:» ^^ ^ ^ . 1 /i 2a: 3a:» 
+ &c.,or^-^+^— ^+&c =-.(!-- + ^- 

4«' 

^ + &c.) 

4. It is required to expand (a + 2aj)-', or ^ .3 . 

Here 

The first term is «"*- 

The second —iar*2x = —%ct*x. 

The third ...... . -^^~'* a-^(8xy = 24a-V. 

' The fourth ?il^«-(2*)» = -80a-«Jt». 



Ans. 
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Hence (a+2ar)-«, or >, = a*^— 6a-*ar+24a-*a}«— 80a-*a:» 

1 6a: 24x« 80ar» . 1 „ 6a: 24a!« 

+ &C.; or -, — -^ +-~j- — --r +&<% = ^(l — ~ + —^ 
a a a or or a a 

j5. It is required to expand (« — y)', or to find the 7th power of 

6. It is required to find the 7th power of {x + 2y). 
cx'^ + Ua^y 4- SAx^f + 280aV + 560a»y* + 672aY + 

•^®' I 448ay + 128y'. 

7. It is required to find the cuhe of a + ^ + e, ot of (a + 5) +e. 
Ans. {a+hf+S{a+hyc + 3 (a + ft)c» + c», cr a» + Sa^b+Sal^ 

+ ft^ + 3a«c + 6abc + Sl^c + 3ac* + 3W + c». 

8. It is required to find the expansion of ^-— — rj. 

. 2 4« , 6«« 8a^ . 
^'?— ? + •?■— ?"+^- 

9. It is required to find the expansion of -rrz. 

(a + 26/ 

. 1 ,_ 6* 24ft» 80J« . 

^''a^^-i^ + ir — ^ + ^^ 



(133.) 2. roeayaiki(a + a:)", -6ring'et<WPo«<ff^oriV'^tiJic^^ 

Agreeably to the law of the terms already established, if wo put 

a for — , we shall have 
a 



'» 



--1 5?_2 

(a + a:)"=a« + -Aa + — ^— Ba+ _-.oa + &c 

15 
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where a, b, c, dec. represent the first, second, third, dec. terms re- 
spectively. 

Or, 



(a + a?)» = a" + - Aa + -r; — sa H 5 — oa + &c 

^ n , 2n on 

which last form is the most commodious in practice, and differs hut 
little fix>m that in which the hinomial theorem was first proposed hy 
Newton. 

EXAMPLES. 



1. Express the value of ^^ + x in a series. 

Here (a + «)" = (*• + «)% .-. a = ft^, m = 1, n = 8, and 

Whence 0^= (ft»)* = 6 = a. 

Ill — n _ « X _ 2«* _ 

m — 2n _ 23:^ a: _ 2.6a^ _ 

3ii ^"~ *^~3:6p^ S5-3:e:9j»-j>- 

m — 3n _ 2.5ar» a;* _ 2.6.8a?* _ 

4n ^""~*^3:6:9F ^ ft^ ~ ~ 3.6.9,126" "" ^' 

fiere the law of continuation is manifest ; 

•••^^ + ^ = *+ 35^-3:6*5 + 3:6:96^-3:6:91^^ 

2. Find the value of 7=«— — r-. in a series. 

(6* -f a:)t 

Here -. = (6^ + «)"*, .•.« = **, m = — 1, n = 2, 

and a = ^« 
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Whence a^ = (ft*)"* = j = a. 

m __ 1 X ^ * _ 

fit — 2n 3.0:" x 3.6«* 

-sT" ^=-* "^ 2:46^ "^ ^ = -2X6r = ^- 

fit — 3n __ 3.6a:' a: __ 3.6.7a?* _ 

— j-_Da-— iX— 2^j^, ^ Ja - 2.4.6.8ft» " ^* 

&c. &c. &c. 

•'• {V + «)*"" ft 2ft» ■*■ 2.4ft» 2.4.<Bft' ■*■ 2.4.6.8ft» ^' 

3. Find the value of (ft' — x)^ in a series. 

Here a = ft', x=z — a:, m = 1, n = 2, and a = — tj. 

Whence a^ = (6»)* = ft = a. 
ire ,. XX 

Ill — n - a? a: a" 

m — ^^ _ • ^ * 3a:* 

m — 3n . 3a:* y _ :? - 3.5a?* _ 

4ii ^ *^ 2.4.6ft»^ ft« "" "" 2.4.6.8ft^ ■" ■' 

/M \i j; * ** 3a:» 8.5a:* . 

...(ft'-a?) =ft-^_g^___ ___.^_&c 

4. Find the value of (ft* — x)* in a series* 

Here a = ft*, a? = — a:, m = 3, n = 4, and a = — p. 

Whence a« = (ft*)* = ft* = a. 
« «rl V « 8af 

-Aa = *ft»>c-p = --^ = ,. 
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m — n . Sx X Sa^ 

HI— 2ii . Sa^ X 3.6a^ 

oa = — ArX X Ti= r=D« 



^ 4.86* ^ 4.8.126* 

HI — 3n „ S-Saf* « 3.6.9a?* 

Da = — AX jX— £5= 



^ 4.8.126* ^ 4.8.12.166^ 

&c. &;c. &c. 

/-W— ^J — A*_ ^* 3g' 3.5a:* 3.6.9ar* 

46* 4.86* 4.8.126* 4.8.12.166^ 
&c. Or, 

(6«-.x)^ = _^(6^_-,_^- — _^^_&c.) 

6. Express the value of y 7 in a series. 
Here ^7 = (8 — 1)*, .-. a = 8, a: = — 1, m = 1, n = 3, and 

- * 
Whence a" = 8' = 2 = a. 

m , ^ 1 1 

m — n 1 1 _ 1 __ 

~2n' '^■"~*^~3:2"«^~25-~3A2'*~^* 

m— 2n _ 1 1 _ 5 _ 

_g_ca^— i X — g^^, X — -3- — ^^^^,-. D. 

m—Sn 5 1 6.8 _ 

—^— Da - AX g^e^g^gT ^ — 2* - ~ 3.6.9.12.2«» "^ "^ 

&c. &c. &c. 

3 L_-J ^ 6.8 

••• v'T - ^ 3^28 g^g^24 3.6.9.2^~8.0.9.12:2^~ *^ 



6. Required the value of >/ 6' + a? in a series. 

. . ^ ar a» 3ar» 3.5a?* , . 

^- *+26-2lP + 2X6^-2X655^ +*^ 
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7. Required the value of ^ r in a series. 

X Ba^ 3.5a:* 3.5.7aP* , 

8. Required the value of (a + a:)^ in a series. 

• Qj» 'r' 4.B* TaBf* 

Ai>8. a*(l + g^-^ + gS^-^, + &c) 

.9. Required the value of V^ "^ *^ series. 

1 1 __6 5.8 . 

Ans. 2 + 3^22— 3;6;2* "*" 3.6.9.2' 3.6.9.12.2»« "*" ' 

10. Required the value of -s/ 2 in a series. 

13 3.5 

Ans. i + i--+^^^-^^^^ + &c. 

11. Required the value of (a* — a*)* in a series. 

1 . 3«« 3a?* 6ar» 5.9«» . ^ 
^•7i^^-2^-2V-2V-2V-^-5 



(135.) We promised, at page 166, to present the student with an- 
other method of investigating the Binomial Theorem. The method 
which we had in view is that which follows. 

It has already been shown (page 161,) that the first term in the 

developement of (a + a?)" must always be a**: we may assume, there- 
fore, 

(a + xf== o" + Ba? + Ca^ + Da* + &c 

or, changing x into ffy 

(a+y)»=a« + Bjf + Cy + iy+ &c- 
hence, by subtraction, 

(a + «?— (a + y)» = B(«— y) + C(«*— fO + DC**— fO + *c 

and consequently, 
16 ♦ 
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m 



(a + x)-{a + y) x — y « + v.Qx -f y; -h 

If now we were to suppose ar =x y, the second member of this 
equation would present i^elf in a definite and intelligible form ; but 
the first would become ^, a fraction in which both numerator and 
denominator have vanished. As however this vanishing fraction 
has a definite value, shown by the second side of the equation, there 
can be no doubt that its ambiguous form, J, must have arisen from 
some common factor in the numerator and denominator of the ori- 
ginal fraction having become 0, by putting in that fraction x = y.* 
If then we could discover this common factor, we should be able, by 
expunging it from both numerator and denominator, to free the frac- 
tion from all ambiguity, and the result of our hypothosis, a? = y, 
would then be definite in form as well as in value. Now we shall 
" be able to effect this by transforming our fraction into another of 
equivalent value, by means of the following substitutions. 

Put iirsCa + ar)**, tJ = (a4-y)** .«. x — y = u" — u", and, conse- 
quently 

^~^I = B + C(a: + y) + D(«« + yar + f) + 

E(«« + y«" + y»a? + y^ + &c. 

Now both numerator and denominator of the first member of this 
equation are divisible by ti — ©, and u — « is the very factor which 
▼aniidies sfor or ::= y, as is at onoe seen by referring to the subi^tii- 
tions just proposed. This factor will be removed by actually ^ 
viding numerator and denominator by u — «, which reduces the 
fraction to 

tt-i+wi'-*+ijV^+ ^^ -. 15 + u (« + y; + 

D(a:» + yar + y«) + &c 

volume on the Theory ofEquaiums, 
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Intiodueuig now the proposed hypothesis, a?s=y, whick leads to Pmu^ 
we have • 

^1 



r = ^ = B + 2Ca? + 3D«« + 4Ea^ + &c.; 
that is, hy restoring the value of o, 

m 

n a + « 

IN 

Multiply both members by a + a:, and then, instead of (a + x)* in 
the first member, write its developed form with which we set out, 
and we shall have 

-0**+ -Bx+ -Ca^ + -Da;*+&c.=: 
n n n n 



Ba-f 2Ca 
B 



«+3Da 
2C 



«»+4Ea«'+&c. 
3D 



Hence, by the theorem at page 160, 



191 — m sL.t 

Ba = —a", therefore B = — a» 
n n 

2Ca + B = ^B C=JL__ 

(5-2) C 
8Da+2C=-C ^ = -^15 

n 4a 



4cc. 



&C. 



Consequently, 



:(?-i) . 



(a + ar)» =a» + -a" x + 



a* ar + 



— m a" ^ + &c, 

2 • 9 
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In this demonstration m and n may obviously be any whole num- 
bers whatever, and m may be either positive or negative. 

(136.) By the aid of the binomial theorem, we may, by a simple 
and elegant process, obtain the development of a* in a series accord- 
i;ig to the ascending powers of x. The quantity a* is called an ex- 
paneniial quantity, and the development of which we speak is called 
the exponential theorem : this theorem we shall now investigate, on 
account of its importance in the theory of logarithms, and in other 
departments of analysis. 

The Exponential Theorem, 

We are here required to exhibit the development of a' according 
to the ascending powers of x. We shall commence by showing 
that the proposed form of development is possible. 

Put a = 1 + 6 .'. a* = (1 + J)*, and, by the binomial theorem, 

(1 + *)'= 1 + .* + ^p^ i* + '-^^(£riH) ft. 

and it is obvious, that if the multiplications indicated by the nume- 
rators in the right hand member of this equation were actually exe- 
cuted, the result would be a series of monomials in a;, in o^, in 2^, 
&c., which we might arrange in a regular ascending order. The 
term in x is ascertainable at once from mere inspection: it is \h — 

¥ 1^ h^ 

•5- + o T + ^'l* J so that we may safely conclude that a* 

may be developed in the form 

u u ^ 

a' = 1 + \h— - + - — — + &c.Jar + Ba:» + (V + &c. 

Having thus seen the possibility of the proposed development, let 
U8 assume 

o» = 1 + A« -f B«* + Ca;* + &c > .^x 

in like manner, a" = 1 + Ay + By* -f Cy* + &c. ) * * " * ^ 

•'. by subtraction, 

(f—df = A(ar— y) + B(««— yO + C(««— y») -f &c- (2). 
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Again, by the origmal assumption (1), 

a^^=l-\- Aix—y) + B(a;— y)« + C(ar — y)« + &c., 

or transposing the 1, and then multiplying each member by a'^ 

a' — a» = a»JA(ar— y)+B(ar— y)«xC(ar— y)'+&c.J . . . (3). 

Hence the second members of (2) and (3) are equol ; tboae we 
may simplify by dividing each by x — y. Perform this division, 
and in the quotients put x= y, then the second member of (2) Mrill 
become A + 2Ba? + 3Ca^ + &c., and that of (3) will be reduced to 
simply A . a^, or, which is the same thing, to A . a"" ; hence, substi* 
tuting for a* the series which we have assumed for its derelopmeDt, 
we have this equation for determining the assumed coefficients, via. 

A-f2Ba:+3Ca:»+4Dx»+<kc.= A(l+Aa:+Ba:»-^C«^+&c.),• 
he^ce, comparing the coefficients of the like powers of a;» we have 

A» ^ A* 



^-" 2''^-2V3' 



D = 



2.3.4 



, &c. 



Hence (1), 



. , . , . AV A V 



AV 



2 ■ 2 . 3 ' 2. 3. 4 
which is the exponential theorem^ and in which 



+ &C, 



&Q« 
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CHAPTER VL 

ON LOGARITHMS AND THEIR APPLICATIONS. 

(137.) LoGabithms are certain numbers invented by Lord Napier 
for the purpose of facilitating arithmetical computations by reducing 
every numerical process to the simple operations of addition and 
subtraction. To understand how this is effected, we must consider 
every positive number as a power, whole or fractional, of some as- 
sumed root fixed upon at pleasure ; from this root all positive num- 
bers are supposed to be generated, by involution or evolution, and it 
is the eacponent of this root which is called the logarithm of the num- 
ber or power generated. A table therefore containing the logarithms 
of the nilmbers 1, 2, 3, 4, &c. is nothing more than a table of the 
several exponents which the assumed root must take to produce the 
numbers 1, 2, 3, 4, &c. Thus, if a be any assumed number, and 
such values be successively given to x that will make a* ^b, a*=^ c, 
af = dy &c., then these different values ofx are the logarithms of (, 
c, dy &c respectively : If a: = 0, then a' = 1, whatever be the 
value of a, (Art. 38, Chap, i.) ; hence the logarithm of 1 is always 0. 

(138.) The assumed root a is called the base of the system of 
logarithms, and from different bases different systems of logarithms 
must evidently arise ; but it has been found to be most convenient to 
assume 10 for the base, and upon this assumption all our modem 
logarithmic tables are constructed. The advantage of the base 10 
over every other base will be seen hereafter. 

(189.) Assuming therefore a = 10, we have 

10" = 1, 10» = 10, 10« = 100, 10» = 1000, &c 

that is, the log. of 1 is 0, the log. of 10 is 1, the log. of 100 is 2, 

the logb of 1000 is 3, &c 

* 

A1so10-' = tV» 1<>-* = t*t> 10-* = TAir> &C. ; 

that isi the log. o( -f^ia — 1, the log. of j^ is — 2, the log. of 



** 
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(140.) Hence, since the log. of 1 is 0, and the log. of 10, 1, it 
fi>llows that the log. of any number between and 10 must lie be- 
tween and 1 ; and in the same manner the log. of any number 
between 10 and 100 must lie between 1 and 2, &c., and therefore 
these logarithms may be either accurately found, or may be approx- 
imated to, to any degree of precision. But before we explain the 
method of obtaining this approximate value of the logarithm of any 
given number, it will be convenient to establish the following char- 
acteristic properties of logarithms. 

(141.) Theorem 1. The sum of the logarithms of any two num- 
bers is equal to the logarithm of their product. 

Let b be any number, and let its logarithm be x ; and let c be any 
other number, whose logarithm is x' ; then a* = ft, and a*' = c ; 
and by multiplying, a*+*' = be ; that is, x + x' is the logarithm 
of be. 

Cor, 1. Hence the sum of the logarithms of any number of num- 
bers is the logarithm of their product. 

Cor, 2. Therefore n times the logarithm of any number is the 
logarithm of its nth power. 

Theorem 2. The difference of the logarithms of any two num- 
bers is equal to the logarithm of their quotient. 

For since a' = ft, and a'' = c, by dividing, 

«* «-^.. ft , . , , ft 

-— = af^' = - that IS, a: — a? = log. -. 
a" c ^ c 

Theorem 3. The nth part of the logarithm of any number is 
equal to the logarithm of its nth root. 

Si X 1 

For if a* = ft, a" = ft**, that is, - = log. ft". 

n 

Theorem 4. If there be any series of quantities in geometrical 
progression, their logarithms will be in arithmetical progression. 

Let the geometrical progression be ft, nft, n'ft, n^ft, &c., and let x 
be the log. of ft, and » the log. of n ; then a* = ft, and a* = «, 
therefore the progression is the same as 

a*, a»+*, a»+**, a*+^, &c., 

where the logarithms x, a^ + Zy x + 2x, x + 3», &c. are in arith- 
metical progression. 
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FSOBUQI* 

(142.) To find the logarithm of any given number. 

Let N be any given number, then it is required to find the yaUie 
of ar in terms of a and n, so that we may have a* = n. For this 
purpose put o = 1 + m, and n = 1 + n ; then (1 + «)' = 1 + n, 
and therefore (1 + m)** = (1 + n)^ whatever be the value of y ; 
hence, by expansion, 

or expunging the 1, and dividing by y, we have 



Suppose now y == 0, and this equation becomes 



n* . n? 



'"-2-+ 3-*^ 
whence» = log.(l+«) = ^_^^^,_^ ; 

or substituting fbr n and m, their respective values n — - 1, and a—- 1, 
we have 

w ■^_ (N-i)-i ( N-iy + i(N-iy-^&c. 

^ (a — 1) — f(a — l)* + i(a — 1/— &C. 

Hence we have the value of log. n in terms of n and a ; but this 
expression for the logarithm of any number is of but little use in 
constructing a table of logarithms : we must therefore investigate a 
method of finding other expressions that may be more suitable fi>r 
this purpose. 

(143.) Since the value of the denominator of the above firadtion 
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depends entirely upon the value of the bsise a, it will accordingly 
differ in different systems of logarithms ; but the numerator being 
wholly independent of the base a, must be the same in every system. 
(144.) The reciprocal of the denominator is called the modtdut 
of the system, and Is usually represented by m ; so that we have 

log. (1 + n) = M (n — i?i* + in^ — in* + &c.) ; 
and supposing n negative, 

log. (1 — n) = m( — n — ii^ — in' — in*— &c.); 

and subtracting this equation from the former, 

log. (1 + n) — log. (1 — n) = log. j-±-^ (theo. 2) = 

2M(n + in» + in* + &c.) 

(145.) Now, since this is true for every value of n, put 

1 



2p+ 1 



= n, then 



t.2p + 2 .^ 2p 1 + np+l 

1 4- n = « and 1 — n = • .*. = ; 

^ 2p+1' 2p + 1' 1— n p ' 

consequently, 

.^log.(P+l)=2M(2-^j + ^^^ij-^ + ^^^+&c.)+log.P. 

Hence, if log. p be given, the log. of the next greater number may 
be found by this series, which converges* very fast, and therefore, 
since the log. 1 is given = 0, we can from this get log. 2, and thence 
the logs, of all the natural numbers in succession. 

A series is said to converge when its value is finite ; its terms dindnish 
in such a way that the more of them we take, setting ont from the fiist, 
the nearer will their sum approach to that of the entire series. The more 
rapid the rate of diminntion is, the greater is the convergency of the 
series, that is, the less will any proposed number of the leading tenns 
differ from the whole sum. (See the new edition of the '' Essay on Loga- 
ritoas.") 
16 



182 > ON IiOOASITHMf. 

f 

$ 

(146.) To construct a Table of Napierian^ or Hyperbolic Loga^ 

rithms. 

Before we can employ the series which we have just given for the 
purpose of forming a table, we must assign some value to m, and as 
this value may be arbitrary, let it be 1, which is the value assumed 
by Napier, the inventor of logarithms ; we shall then have 

•og.(P+l) = 2(^^ +5^^, + ^-^A-^,+ &c.)+log..; 

and making p successively equal to 1, 2, 3, &c., we shall have 

log. 2 = 2(i + l+^, + &c.) = -6931472 

log. 3 = 2(} + gi^, + i5 + &c.)+log.2 . . =1-0986123 

log. 4 = 2 log. 2(theo. 1) = 1-3862944 

log. 5 = 2(^ + ^+^,+ &c.) + log.4 • =1-6094379 

log. 6 = log! 2 + log. 3 = 1-7917595 

log. 7 = 2(tV + 3^3+ 5(^3)5 + &c^^ =1-9459101 

log. . 8 = 3 log. 2 . . = 2-0794415 

log. 9 = 2 log. 3 . . . = 2.1972246 

log. 10 = log. 2 + log. 5 = 2-3025851 

&c. &c. 

By proceeding in this way, the logarithms of all the natural num- 
bers according to this particular system may be obtained ; but tables 
constructed conformably to this system, in which we see the loga- 
rithm of 10 is 2-3025851, are by no means so advantageous for the 
general purposes of computation as those in which the logarithm of 
10 is 1, as has been before observed ; we shall therefore show how 

(147.) To construct a Table of Common Logarithms, 

In the system of common logarithms, the value of m is to be de- 
termined from the supposition 'that the base a is 10, and as the value 
of the logarithms in any system depends entirely on the value of 2M) 
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if this value in one system be r times that in another^ the logarithm 

of any number by the former system must be r times that by the 

latter, and vice versa ; now, in the hyperbolic system, the logarithm 

of 10 is 2.3025851, therefore, in order that the logarithm of 10 may 

be 1, the value of 2m', in the common system, must be the 2*3025851 th 

part of its value in the hyperbolic system ; but in this system 2m=2, 

2 
therefore, in the common system, 2m =r ^ ^^r>„^„, = •86858896: 

•^ 2*3025851 

hence, to construct a table of common logarithms, we have 

log. (P + 1) = .86858896 (g-jLj + 3-^^ + 3^Jj-J5, + 

&c.) + log. p ; 
that is, by making p = 1, 2, 3, &c. successively. 

log. 2 = -86858896 (i + gj + -i-g + &c.) . • = -8010300 

log. 3 = -86858896 Q + -^ + i.+&c.)+ log. 2 = -4771213 

log. 4 = 2 log. 2 = -6020600 

log. 5=-86858896(^+5-^-i----j+&c.)+log.4= -6989700 

log. 6=:log. 2. + log. 3 = -7781613 

log. 7 = -86858896 {fy + ^^ + ^—- + &c.) + log. 6. 

= -8450980 

log. 8 = 8 log. 2 = . •9080900 

log. 9 = 2 log. 3 = -9542426 

log. 10 = log. 2 + log. 5 . . = 1-0000000 

and in this manner may a table of common logarithms be construct* 
ed ; and since the logarithois in the h3rperbolic system are 2-3025851 
times those in the common system, from having a table of the one 
we may form from it a table of the other. . 

(148.) In common logarithmic tables, the decimals only of the 
logarithms 4ue inserted, and the int^ral part, which is called the 
indeXy or characterisHcj is omitted, because thb integral part is 
always known from the number itself, whose logarithm, is sought ; 
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br if this number consist of two integral figures, it must be dther 
10, or some number between 10 and 100, and, consequently , its 
Ic^rithm must be either 1, or some number between 1 and 2, that 
is, the integral part must be 1. In the same manner, if the number 
consist of three integers, the integral part of its logarithm must be 
2, &;c., so that the index, or characteristic, is always equal to the 
number of integral figures in the proposed number, niinus 1. 

(149.) It also follows, that in this system the logarithm 'of any 
number, and that of one 10 times as great, differ only in the index, 
the decimal part being the same ; so that the decimal parts of the 
logarithms of all numbers consisting of the same figures remain 
the same, whether those figures are integers or decimals, or partly 
integral and partly decimal ; thus : 

log. 3526 = 3-54728;23 

log. 352-6 = log. ——- = log. 3526 — 1 = 2-5472823 

352-6 
log. 35.26 = log. —^ = log. 352-6 — 1 = 1-5472823 

log. 3-526 = log. — ^ = log. 35-26 — 1 = -5472823 

3-526 - 

log. -3626 :^ log. -^r^ = log. 3-526 — 1 = 1-5472823 

log. -03526 = log. ' . =: log. •3526 — 1 = 2-5472823 

log. •003526 = log. ■ = log. -03526 — 1 == 3«5472823 

&c * &c. 

Also, 

^-Sm • V =*-3-S47282S 

»«g-3^6 • • =-8'«4'^38»8 

'°«-8^ • • • • =-l-»«28W 
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We may now perceive the superiority of this system above every 
other, since the above property, which belongs only to this part^ular 
system, will evidently greatly facilitate the construction of a tieible, 
it being only necessary to compute the logarithms of the whole 
numbers ; whereas, in every other system, each particular number, 
whether integral or decimal, requires a particular logarithm. 

These advantages jof the present system wefe first suggested by 
Mr. Briggs, soon afler the invention of logarithms, and on this ac- 
count are sometimes called Briggs's logarithms. 

To determine the Napierian Base. 

(150.) We have already remarked, that, in Napier's system, the 
base was that particular value of a which satisfied the condition 

' (a— 1) — i(a — l)» + i(a — 1)» — &c. = 1. 

Let us call this particular value e, then, by the exponential theorem, 
(p. 176), 

- , aj* «• a!* .- 

which for a; = 1, gives for the base e the value 

c=l+l + -.H h — h &c. 

which may be thus calculated : 

^. . \ • SIS a 
= '5 . . . =6 



*» = 


•1666666666 = e 


ic = 


416666666 = d 


id = 


83838333 = e 


*« = 


13888888=/ 


4/ = 


1984127=^ 


*ir = 


248016 = h 


** = 


27557 = t 


tV< = 


2755 = k 


tV*=. 


250:^1 


A« = 


21 r= m 


2-718281828* 



hence the value of the Naperian or hyperbolic ba3e is 2*718281828i( 
16* 
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, What 18 h^re said upon the suhject of logarithms is doubtless suf^ 
iicient to convey to the student a correct notion of their nature and 
properties, as also of the practicability of constructing a table of 
them to any extent. The labour, however, of actually computing 
a whole table of logarithms by means of the series here investigated, 
would be great in the extreme ; they are, however, susceptible of a 
variety of transformations much better adapted to the use of the 
computer. To Explain and exhibit these would 'carry us too far into 
the business of series, and would -occupy too large a portion of this 
treatise. But the inquiring student, wh^ is desirous of ample inform- 
ation upon the most expeditious methods oi calculating a table of 
logarithms, may refer to the second edition of the author's " Essay 
on the Computation of Logarithms ;" and the manner of using a 
table thus constructed is 'fully explained, in the introduction prefixed 
to the « Mathematical Tables." 



APPLICATION OF LOGARITHMS. 

' f 

L06ABITHMICAL ARITHMETIC. 

(151.) From what has been already said on the nature and pro- 
perties of logarithms, the following operations, performed by means 
of a table, will be readily understood without any fiirther explana- 
tion. 

Example 1. Multiply 39*14 by 5062. 

Here the log. of 23*14 m the tables* is ISMS6U 
log. of 6*062 . . . . . -7048221 



2*0686855 = log. of 



117-1347 = the product 



* The tables employed an Young's ''Mathematical Tables," eomputed 
to seren places of decimals. 
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2. Divide -06314 by -007241. 

Here the log. of -06314 is 2-8003046 
log. of '-007241 •'8-8597985 



•9405061 = 1(^. of. 8-719792 ra the 

quotient. 

Required the fourth power of -09163. 

Here the log. of -09163 is 2-9620377 

4 



5-8481508 = log. oi -0000704988. 



Required the tenth root of 2. 
Her. !2il_2 = 2:^ = .030103 = log. lioTlTO. 

Required the value of ■ — j-^ — . 

Here 5 log. 8 + i log. 7 — j log. 6 = 4-51545 + -2816993 — 
•1556302 = 4.6415191 = log. 43794-53. 

Required the value of 



4821 X 6* 



A' 



Ans. 78-64561. 



required the value of ^^J^^V^ 



Ans. 



5-78685 



The few examples here given are sufficient to show the great ad- 
vantage of logajrithms in abridging arithmetical labour, in which 
indeed consists their principal, although not their only value. Thei^' 
are many analytical researches which it would be impossible to carry 
on without their aid, and many others in which the introduction of 
logarithmic formulas greatly facilitates the deductive process,. Jt 
would be easy to propose questions, the solutions of which: might J)e 
comprised in a few lines by logarithms, but which, without their ai^, 
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would occupy many volumes of closely printed pages. The follow- 
ing is a striking example. 

Let there be a series of numl)ers commencing \fith 2, and such 
that each is the square of that which immediately precedes it : it is 
re<{unred to determine the number of figures which the 25th term 
would consist of. 

The series proposed is obviously 

2, 2«, 2\ 2\ 2^ &c. 

the exponent of the nth term being 2"~*, and consequently the expo- 
nent of the 25th term is 2** = 16777216 ; consequently, calling the 
25th term x, we have 

X = 2»*^", whence log. x = 16777216 log. 2 

=; 16777216 X -SOlOa 

= 5050445-33248; 

hence, since the index or characteristic of this logarithm is 5050445, 
the number answering to it must consist of 5050446 figures, so that 
the number a;, if printed, would fill nine volumes of 350 pages eaoh, 
allowing 40 lines to a page, and 40 figures to a line. 

ON EXPONENTIAL EQUATIONS. 

(152.) An exponential equation is an equation in which the un- 
known term is expressed in the form of a power with an unknown 
index ; thus, the following are exponential equations : 

a'^hy af = tty ab'^ c, &c. 

(153.) When the exponential is of the form a*, the value of a? is 
readily found by logarithms ; for of o* = 6, we have 

X log. a = log. bj .: xssz ,-2L_. 

log. a 

Also, if aft»= c, put ^ = y, then a^ = c, whence y log. a = log. e ; 

.•; y r^ ,--^> put this = d, then 6* = c?, .*. x = ,"^^. . 
log.a '^ * ' log. 6 

(154.) But if the equation be of the form x^^a^ then the value 
of X may be obteuned by the following rule of double position. 
Find by trial two numbers as near the true value of a; as possible, 



\ 1 
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and substitute them separately for «, then, as the difl^reace of tho 
results is to the difference of the two assun^ numb(^Qs» so is the 
difference of the true result, ajad either of the foriser, to the di%r- 
ence of the true number and the supposed one belonging to the fesult 
last used ; this diiierence therefore being added tothe supposed num- 
ber, or subtracted from it, acccffdic^ as it is too little or too great, 
will give the true value nearly. 

And if «this near value be substituted lor Xy as also<the nearest of 
the first assumed numbers, uhless. a number still nearer be found, 
and the above operations be repeated, we shall obtain a still nearer 
value of X, and in this way we may continually approximate to the 
true value of a:. 



EXAMPLES. 

1. Given or* = 100, to find an approximate value of x. 

Here ar Jog. x = log. 100 == 2, 
and upon tiial x is found^to lie between 3 and 4 ; 
••. substituting each of these, we have 

8 log. 3 = 1-4313630 
and 4 log. 4 = 2-4082400 



.*. '9768761 = difference. of results. 
.-. 9768761 : 1 : : 4082400 : -418, 
whence 4 — '418 = 3*582 = x nearly. 

Now this value is found, upon trials to be satlier too nwSL ,*. And 
3-6 is found to ^ rather too great ; therefore, substitutmg each of 
these, we have 

3-582 log. 3-582 = 1.9848779 
3-6 log. 3.6 = 2.0026890 



.'. -0178111 = diff. of results. 

.-. 0178111 : -018 : : 002689 : 002717, 

wheoce 3-6— -002717 = 3-597283 r= x very Bearly. 

1^ operaticm of sdvifig the equation c* =7s a may he eondudid 
difierently, by uaing logarithms thfougfaout; thus, in tke jiquatiom 
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X log, X = log. a, call 1<^. x^ x' ; and 1<^. a, a! ; then xx' = a\ .*. 
log. X + 1(^. a;' = log. a', that is, a;' + log* ^' = log- a* ; hence we 
hare to find a number x\ which, when increased by its log., shall 
be equal to log. a\ which may be effected by the rule of position be- 
fore given. 

Thus, taking the same example as before, viz. a^ = 100, we have 
log. 100=2=a', and log. 2=-3010300 ; .-. ar'+log. ar'= •3010300, 
and the neareist value of x' in the tables below the true value is *55597, 

which added to its log. 1*7450514, gives *3010214, and .*. the near- 
est value above the truth is *55598, which added to its log. 1*740592, 
gives '301039% ; hence, by the rule : 

3010392 3010300 

3010214 3010214 
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.-. 178 : 1 :: 86 : 483, 
consequently x*= '55597483 = log, «, .*. a; = 3*597284. 
If a be less than unity this solution faib, since a' is then negative, 

and therefore the log. a! is unassignable. But if we put « = -, imd 

y 

a = V, we shall have, by substitution, th^ equation h" = y, .*. y log. 

6 = log. y ; put log. h = 6', and log. y = y\ then yV = y'^ .% log. 
y + log. V = log. y', or y' + log. V = log. y' ; whence y' tdbj be 
found by the preceding rule. 

2. Oiven of =a 5, to find an approximate value of x. 

Ans. ar = 2*1289. 

8. OiVen «" = 2000, to find an approximate value of x. 

Ans. 07 = 4*8278. 



COMPOUND INTERBST. 

(155.) Intibbst is a certain sum paid for the use of money for 
uiy stated period, and when the interest <^ this money is regidarly 
leoeivod, the m^ney, or principal, is said to be. at simple iitfeiest; 
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bat when, instead of being regularly receivec^ it is allowed to ^ to 
the increase of the principal, then the interest of the whole is calkd 
compound interest. 

(156.) An annuity is a yearly income, or pension. 

(157.) The present value of an annuity is that sum which, if put 
out at compound interest, shall amount to sufficient to pay the an- 
nuity at the time it becomes due. 

(158.) Problem 1. To find the amount of a given sum in any 
number of years at compound interest. 

Let r represent the interest of IZ. for 1 year, and put iL'+r = k= 
the amount in 1 year. . 

Then IZ. : r : : r : r' = the amount in 2 years, 

. IZ. : R : : r' J r' = the amount in 3 years, 

&c. 

Therefore r" is the amount of IZ. in n years, and, consequently, the. 
amount of £p is pR**, .*. calling the amount a, we have log. a = 
log. p-\'n log. R, and log. jp = log. a — n log. r. 

Cor.l.Log.B = '°g-°-^°g-^ ,andn = '°g-^-^°g-y . 

fl log. R 

Therefore any one of the quantities a, jp, r, n, may be found from 
having the others given. 

Cor. 2. If a = mp, then 

__ log. mp- — log. jp __ log. m + log. p — log.'p _ log. m 
"" log. R "~ log. R "" log. R* 

(159.) If the interest, instead of being due yearly, is supposed to 
become due half-ye«irlj, quarterly, or after any other given period, 
then It, of course, instead of representing years, represents some 
number of those periods, r being the interest for one period. 

EXAMPLES. 

1. How much would 300Z. amount to in 4 years, at 4 per cent^ 
per annum compound interest ? • 

Here p= 300, r = 1 + y^^ = 1.04, and n = 4; 

.*. log. a = log. p+n log. R = log. 300+4 log. 1*04 = 2*6452545. 
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the number anawering to which in the tables is 850*0675 ••• the 
amount is 3502. 19s* Hd. 

2. How much money must be placed out at compound interest to 
amount to lOOOZ. in 20 years, the interest being 5 per cent, t 

Here a = 1000, » = 1 + ^^ = 1-05, and « = 20 ; 

.-. log. p=log. a—n log. R=:log. 1000 — 20 log.l*05=2*5762l4, 
the number answering to which is 376.69 : 

.*• the principal is 376Z. 17^.' Oid. 

3. At what intere^ must 300Z. be placed out to amount to 3501. 
19s. 2d, in 4 years ? 

Here p = 300, a = 350*957, and n = 4 ; 

, log. a— log. p log. 350*957 —log. 300 ^, p«.«„„ 

.'. log. R = -5 6^ = _» 5 = •0170333, 

n n 

the number answering to which is 1*04 ; 

.*. r = '04, and *04 X 100 = 4, the rate per cei^ 

4. In how many years will 4007. amount to 540Z. at 4 per cexxt 
compound interest ? 

Herep = 400, a = 540, and r = 1 + ^^ = 1*04: 

log, a — log, p log. 540— log. 400 _ '1303338 
**'** log.R . log. 1*04 ~ •0170883 ~ 

7*65 years. 

5. What will 600Z. amount to ill 6 years at 4i per cent, compound 
interest, supposing the interest to be receivable half-yearly ? 

2*25 
Here p = 600, n = 12, and b = 1 + ^^ = 1*0225 ; 

.•. log. a=log. p+n log. R=log. 600+12 log. 1*0225=2-8941109 ; 
the number answering to which is 783*63 : 

.*. the amount is 783Z. 12s. 7d. 

6. In what time will a sum of money double itself at 5 per cent, 
eompooixd interest? 

Here m = 2, and r = 1*05; 
. _ log.m_ log.2 _ '3010300 _ _ 

••"*"" i5^~5iT06-*0211893 - ^^ ^"^ - ^^ ^^^"^ ''^^y- 
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7. In what time will 500Z. amount to 900L at 6 per cent, com- 
pound interest ? 

Ans. in 12-04 years;. 

8. What would 200). amount to, if placed out for 7 years at 4 

per cent, compound interest? 

Ans. 263Z. Ss. Sid. 

9. At what rate of compound interest must 376/. 17^. dd. be 

placed out to amount to lOOOZ. in 20 years? 

Ans. 5 per cent 

10. In what time will a sum of money double itself at 3^ per 

cent, compound interest? 

Ads. 20*140 years. 

« Problem ii. To find the amount when the principal is increased 
not only by the interest, but also by some other sum at the same 
time. 

The amount of the briginal principal jp in n years is pR", and if 
A be the sum that is continually added, the first a will be at interest 
n — 1 years; the second will be at interest n — 2 years, &c., and 
therefore the sum of their amounts is 

AR**"* + AR*^ + AR*^, or 

a(r'^*+ r'^^- 1). 

Now the terms within the parenthesis form a geometrical progression, 
whose first term is r**"', and ratio r, therefore the sum will be a X 

; .*. the whole amount is im" + a X 1 or, when a=o, 

R — 1 r '^ 

then a = ^ — ^^^ . 

r 

If, however, a is not added the nth year, then we have a = pa,*+ 

ar(r'»-> — 1) , or(r«— 1) 
— ^ -J or when a = p, a = ^— ^ -. 

r r 

Cor. 1. If, insteadof p=A, wehavep= 0, thena = -^ — ''; 

r 

which expresses the amoiuit of an annuity a, at compoMnd interest 

left unpaid for n years. 

17 
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Cor. 2. If p be the present value of the annuity a for n years, p 
must be such, that if it were put out at compound interest for n 
years, it would amount to the same sum as the annuity, that is, we 

. ^ A(B^1) , ^^^~n^ 

must have pb* = — ^ -y whence p = . 

r r 

Cor. 3. If It be infinite, then -- will vanish, in which case we 

shall have p = -. 

. r 

EXAMPLES. 

1. Suppose 3002. be put out at compound interest, and that to the 
stock is yearly added 202., what will be the amount at the expiration 
of 6 years, the interest being 4 per cent. ? 

Here p = 300, a = 20, and r = -04, 

.-. a = jpR» +i?(5!±zi) = 300(l-04)« + 

20 X 1-04 [(1 '04/ — 1] 
^04 ■ 

Now log. 300(l-04)« = log. 300 + 6 log. 1-04 = 2.5793211 

= log. 379-595, 

and log. (1-04)* = 5 log. 1-04 = -0851665 = log. 1-216652 : - 

.-. a = 379-595 + 500 X 1-04 X -216652 = 492.254 = 4922. bs. Id. 

2. How much will an annuity of 502. amount to in 20 years at 
3^ per cent, compound interest 1 

3.5 
100 



Here a = 50, r = r^ = -035, and n = 20, 



__ a(r" — 1) __ 50(1-035 " ° — 1) 
... a - . - - ^g-g ; 

now log. (1-035)" = 20 log. 1-035 = -298806 = log. 1.989784 : 

50 X -989784 ,,,„, ,^ ^, 

•'• « == T^K^ = 14132. 19«. Id. 

.Uoo 

3. Required the present value of an annuity of 502. which is to 
continue 20 years at 3^ per cent, compound interest. 
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By the last question, the amount is 14131. 19^. 7(2., also b = 
1-035, and n = 20 : 

••. pb"= 141398, .-. log. p = log. 1413.98 —n log. R = 2«8516372 

= log. 710-62 = llOL 12«. 4rf. 

4. If the annual rent of a freehold estate he £a, what is its pre- 
sent vcdue at 5 per cent, compound interest ? 

Here, since n is infinite, p = — =: -jrz = 20a ; that is, the pre- 

r -05 '^ 

sent value is 20 years' purchase. 

5. What is the amount of an annuity of SOL forhome 16 years 

at 4i per cent, compound interest 1 

Ans. 6812. 11^. 4id. 

6. In what time will an annuity of 201. amount to 10002. at 4 
per cent, compound interest ? 

Ans. 28 years. 

7. What is the present value of a perpetual annuity of £a, 

allowing 3 per cent, compound interest ? 

Ans. 33iA. 

(160.) We shall conclude this chapter on the application of loga- 
rithms with the following problem. 

8. Suppose the interest of £l for the orth part of a year to he -, 

X 

it is required to determine the amount of £a wh^i x is infinitely 
great. 

Calling the amount a, we have 

A = A(l+r)x 

X 

and taking the Napierian logarithms of each side of this equation, 

log. A = log. a -f a? log. J 1 + - J 



= Iog.a + z|r_^ + ^_&c.| 



106 ON 8ESIE8. 

Let' now z be infinitely great, then the terms having « in the denonn* 
nators vanish, so that 

log. ▲ = log. a -f r. 

Put log. It for r, then 

log. A = log. a + log. ft = log. an* 

•*. ▲ 5= Oft ; 

that is, the amount is equal to a times the number whose Napierian 
logarithm is r. — (See Note B at the end.) 



CHAPTER VBL 



ON SERIES. 

THE DIFFERENTIAL METHOD. 

(161.) The Differential Method iis the method of finding the 
successive diflferences of the terms of a series, and thence any inter- 
mediate term, or the sum of the whole series. 

* 

PROBLEM I. 

(162.) To find the first term of any order of differences. 
. liet a, 6, c, d, e, &c. represent any series; then, if the successive 
diflierences of the terms be taken, these differences will form a new 
aeries, which is called the first order of differences ; in like manner, 
if the successive differences of the terms of this last series be taken, 
a new series, called the second order of differences, will be obtained, 
&c. Thus, 
1st order of differences. 
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h — a c — h d — c 



2d order, e — 2b + a, d — 2q + 6, e — 2d + c, dcCt 

c^-2b + a d — 2c + 6 



dd order d — 8c + Sb — a, e^-Sd + Sc — 6, &c. 

Now, since in the first order the first term in any di^renoe is the 
aame, except the sign, as the second in the succeeding di£^rence, in 
subtracting any diference from the succeeding, the first term in the 
former must be placed under the second term of the latter, and, con- 
sequently, the same must take place in every succeeding order. 

Hence the coefficients of the several terms, composing either of 
the differences belonging to any order, are respectively the same as 
the coefficients of the terms in the expanded binomial, being gene- 
rated exactly in the same way,*" the terms that are subtracted being 
in reality added with contrary signs. 

Therefore, representing the first difilerence of the 1st, 2d, 3d, &c. 
order respectively by a', a*, a', &c. we have for the first difference 
of the nth order, 



• Thus, 

1^-1 = coefficients of the tot order, 
1 — 1 


1 — 1 
-1+1 




1 — 2 -f 1 = coefficients of the second orders 
1 — 1 


1 — 2-1-1 
—1^3—1 




1 3 4-3 1 


••••••••••. third ofder* 


IT 


&c. 



• I 
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When nisan even nw/Ufer^ 
A» = a — iifr+ -^ — ^e ^^ ^^ ^ + &c. 

When n is an odd numhery 
. JL n{n—l) , n(n — l)(ii — 2) , . 

d6 « • U 



EXAMPLES. 

Ke<|uiied the first tenn of the fourth order of differences of the 
series 1, 8, 27, 64, 125, dsc. 

Here a, b, c, (2, e, dz;c. = 1,8, 27, 64, 125, &;c. and n = 4. 
. n nh I ^(^-1) , n(n-l)(n — 2) ^ . 

n(n — l)(n — 2)(n — 8) .x ^ - , ^ 

— o « ; -^e = a — 46 + 6c — 4d + e=l — 32 

+ 162 — 256 + 125 = 0; 

hence the first term of the fourth order is 0. 

2. Required the first term of the fifth order of difibrences of the 
series 1, 3, 3', 3', 3^, &c. 

Here a, 6, c, d, c, &c. = 1, 3, 9, 27, 81, &c. and n =^ 5, 

. nMnh H(n-1) ^ . n(n-l)(n — 2) , 
..._a + nfr e+ ^—^ r-d — 

n(n — l)(n — 2)(n — 3) , , .^ ^ 

-^^ '^^ /^ c + &c. = — a + 56-^10c+ 10c2 — 

^ • o • 4 

6e+/= — 1 + 15 — 90 + 270 — 406 + 243= 3a= the first 
term of the fiflh ordsr of di&rences. 

3. Required the first term of the third order of differences of the 

series 1, 2*, 3*, 4', &c. 

Aais. 6. 

4. Required the first term of the fourth order oftKffeieDoes of the 
aeries 1, 6, 20, 50, 105, dec. 

Ans. 2. 
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PBOBLBM n. 

(163.) To find the nth term of the series a, 6, c, dy e, &c. 

Let A'y A'y A', A^y &C. r^resent the first term in the first, seoondy 
third, fourth, &c. order of dif^rences respectively, then, in the gene- 
ral expressions for the first term of the nth order, we shall have, by 
making n successively equal to 1, 2, 3, &c., and transposing, 

6 = a + A\ 

c = — a-f 26 + a', 
d= a — 36 + 3c — A*, 

e = — a -f 46 — 6c + 4^2 + A*, 

/= a — 56 -f 10c — lOci + 6e + A», 

&C. =r &C 

Or, by substitution, 

6 = a + ^S 

c = a + 2A» + A», 

d = a + 3a» + 3a* -f A», 

e = a -f 4a* + 6a* + 4a' + A*, 

/= a + 6A» + lOA* 4- 10A» + 5A* + A» 

&c. = &c. 

where the coefiicients of a, A*, A*, A', &c. in the n -f 1th term of the 
series a, 6, c, d, &c. are the same as the coefiicients of the terms 
of a luncHnicd raised to the nth power, that is, the n + 1th term is 

and therefore the nth term is 

a+(„_l)A.+ (''-l)(»-2)^,^(n-l)(n-^)(n-3)^,^^ 

EXAHFLBS. 

1. Required the tenth term of the series 1, 4, 8, 13, 19, 6cc 

1, 4, 8, 13, 19, 
8, 4, 5, 6, 

1, 1, 1, 
0. 
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Here the first terms of the differences are 3, 1, and ; 
that is, A> = 3, A« = 1, and A' = 0, also a = 1, and n = lOf 

... a + (» — 1)A» + (n — l)(n — 2) ^,^ 1 + 27 + 36 = 64, 

which is the tenth term required. 

* 2, Required the twelfth term in the series, 1', 2», 3', 4', 5', &c 

^ 1, 8, 27, 64, 125, 

7, 19, 37, 61, 

12, 18, 24, 

6, 6, 

0. 

HereA»=7, A«=12, A8=6, A*=0, also a = l, and n=12; 

X . (w — 1)(» — 2),» (» — l)(n — 2)(n — 3)^, 
a + {n— 1)A» + 5^ ^^ ^A' + ^^ \.z 

= 1 4. 77 4- 660 + 990 = 1728, the twelfth term. 

3. Given th^ logarithms of the numbers 101, 102, 104, and 105, 
to find the logarithm of 103. 

Here, of five consecutive terms, four are given to find the inter- 
mediate one. To accomplish this with perfect accuracy would re- 
quire us to know the value of A*, which is itself not generally deter- 
minable without the term sought. But the four logarithms which 
are here given are themselves not strictly accurate, being indeed 
carried only to a limited number of decimals, usually seven ; and, 
firom the slow increase of the logarithms at the part of the table 
where these occur, we may easily assure ourselves that A* can have 
no significant figure in the first seven places of decimals : it may 
therefore be rejected, without introducing error. Hence, regarding 
A^ as 0, we have, for the determination of the term c sought, the 
equation 

e = — a + 46 — 6c-f 4<J 
4(ft4-<i) — (g+c) 

which expression is thus calculatedi 
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a=lQg. 101=^.0043214 
b = log. 102 = 2.0086002 
d =1 Ipg. 104 = 2.01703^3 
e = log. 105 = 2.0211803 
.\ 4(fr + ci) = 16.1026340 
(a + fi)= 4.0256107 

6 ) 12.0770233 

esrlc^. 103= 2.0128372 

In this maimer may any intermediate term in a series be calcukited, 
provided always that, p being the number of giten terms, the di^r- 
ence A' may be rejected, without committing sensible error. The 
student who wishes for further information upon this subject of inter' 
polatiorij more especially in • inference to its utility in computing lo- 
garithms, may consult Chap. ii. of the Essay on the Computation 
of Logarithms before referred to. 

4. Required the twentieth term of the series 1} 3, 5, 7, &c. 

Ans. 39. 

5. Required the twentieth term of the series 1,'3, 6, It), 15, &c. 

Ans. 210. 

6. Required the fifteenth term of the series 1, 2*, 3', 4', &c. 

Ans. 225. 

7. Given the logarithms of 50, 51, 52, 54, and 55, to find the 

logarithm of 53. 

Ans. log. 68 = 1.7242759. 



PROBLEM III. 

(164.) To find the smn of n terms of a series. 

Let the proposed series be as bdbre a, by c, d, to. ; then^ Iqt 
means of the general expressions in last Problem, we shall be able 
to find the sum of n terms of this series, provided we can devise 
another series, such that either the n + 1th or the nth term may 
always be^equal to n terms of the proposed. Now the series whose 
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It + 1th tenn equals the sum of n terms of the proposed at once 
presents itself; it is the series 

O^a, a-f6, a + ft-fc^a + ^ + c + Jy &c. 
of which the first differences, viz. 

O) by Cy dy &C. 

form the original series, and consequently that which is A' in the new 
series is the first term in the proposed, and that which is a' in the 
former is A^ in the latter, and so on. Hence, referring to the gene- 
ral expression in last Problem, we have for the n + 1th term of the 
new series, that is, for the sum of n terms of the proposed, the 
formula 

S = «. 4- ^?^V + »(»-l)(n-a)^ , +^. 

BXAMFLB8. 

1. Required the sum of n terms of the series 1, 3, 6, 7, ^ce» 

1,8,5,7, 

2, 2, 2,- 

0,0. 

Here a' = 2, and a' = 0, also a = 1 ; 

..:„a + 2(!^)A' = «' = 8umof«tenn8. 

2. Required the sum of n terms of the series 1, 2", 3*, 4', 5^, dec 

1, 4, 9, 16, 26, 

3,5,7,9, 

2, 2, 2, 

0,0. 

HereA*=:3, A" = 2, andA»=; 0, alsoo= 1; 

...na+— g— A+ ^-3 A = ^^ + 

iip_8n« + 2n n(n-f- l)(2n + 1) 

^ ss -V L^ ^^ — suna of fi terms. 

o o 

3. Required the sum of n terms of the series 1, 2, 3, 4, 5, &c 

f Ana. — =— . 



•r 
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4. Required the sum of twelve terms of the series 1, 4, 8, 13, 

19, &c. 

Ans. 43O4 

5. Required the sum of n terms of the series 1, 3, 6, 10, 15, &c. 

Ans. «-(!LhJl(l±i). 

6. Required the sum of n terms of the series 1, 2*, 3^ 4^ dec 

4 

7. Required the sum of n terms of the series, 1, 2^, 3^, 4S dec 

. n^ n^ ^ f? ft 
^•5 +2-+ 3-30- 



ON THE SUMMATION OF INFINITE SERIES. 

(165.) An Infinite Series is a progression of quantities pro- 
ceeding onwards without termination, but usually ac<x>rding to some 
legular law discoverable from a few of the leading terms. 

(166.) A converging series is a series whose successive terms de- 
crease or become less and less, as the series 

X being any whole number. The finite quantity to which we con- 
tinually approach, by summing up more and more of the leading 
terms, is the quantity to which the series converges, and to which it 
actually attains only when taken in all its infinitude of terms. 
Should the series be infinite in value, as well as in extent, it is not 
Y<^arded as convergent, even though its terms successively diminish. 
The series l+i + J + i + &c., for instance, is not considered to 
be convergent, as it does not tend to any limit, its value being infi- 
nite. (See the " Essay on Logarithms.") 

(167.) A diverging series is one whose successive terms increase 
or become greater and greater f such is the series 

1 

:t— r-o = 1—2 + 4 — 8 + 16 — &c 

1 + 3 
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(198.) A neutral series is one whose terms are all equal, but have 
signs alternately + and — y cus the series 

^^^ = l — l + l — l + l — &C. 
1 + 1 

(169.) An ascending series is one in which the powers of the un- 
known quantity ascend, as in the series 

a + hx ^ ca^ -{- dac^ + &c. 

(170.) A descending series is one in which the powers of the un- 
known quantity descend, as in the series 

a + bxr^ -f cor"^ -f dar* + &c 

(171.) The summation of series is the finding a finite expression 
equivalent to the series. 

(172.) As different series are often governed by very difi^rent 
laws, the methods of finding the sum which are applicable to one 
class of series will not apply universally ; a great variety of useful 
series may be summed by help of 'the following considerations : 

(178.) I. Since? J- = -r^., ••• -r^.= 

^ ^ n n + p n(n^pY n(ji + jp); 



pin n-fjpi' 



P 
that is, any fraction of the form -7-^ — : is equal to -th the dififer- 

ence between the two fractions - and — — ; hence, if this dilSerence 

n n + l> 

\m known, the value of -, — r will be known, whether - and — - — 

n(n-f|)) n n + p 

be known or not ; and it therefore follows, that if there be any series 

of fractions, each having the form -j-^ — 1> the sum of the fieiies 

° w(» + py 

will be equal to -th the difference between a series of fractions of the 

form \ and another of the form — 7 — , and, if this difierence can be 

obtained, th« sum of the proposed series may be readily foun#» 
|i^hatever be the values of p, q, and n. 



•r innniTs tnzBs. 



,9W 
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sum. 



1 1 1 

1. Required the «um of the series i-jr + jto + o^ + ^* conti^ 

1«« <««o 3*4 

nued to infinity. 
Here q = li and |» = 1, cdso n = 1, 2, 3, &c. successively ; 
n+ i 4- f + i + &;c. ad inf. > , _ 
•■• < -(i + i + i + &c. ad inf.) J "^ ^ ~ 

2. Required the sum of the above series to n terms. 

. 8. Required the sum of the series r-^ + ?rs + r-= +'&c. ad in- 

.l.o o.o 5.7 

finitum. 
Here jp =s 2, 

<1+ J + i + | + &c.adinf. } l-i_ 

< — (^ + i + | + &c.adinf.)5-^*•*•p-"♦- 



sum• 



4. Required the sum of the above series to n terms ; 



{1+ i + i + + + 
-(* + * + + + 



2«-l Ul i_ 

2n~l"^2ii+r>' 

I of this is ;: r = sum. 



2n , 1 , ^ , . . 

• = s — r^, and -th of this is ^ 

2n + l' jp 2n+l 

6. Required the sum of the series ti + ir^ + k^ + -ts + ^^c. 

1.4 ^ 2.0 9.6 4»7 

to infinity. 
Here j> = 8, 






«nd 'th of this is 44 = sum. 
JP ^ 

18 



l + i + i=lf, 



6. Required the sum of n terms of the above series, 






l+i + i 



+ z — r-7^ = sum. 



4ki^9 ' 6n + 12 ' 9fi + 27 

7. Required the sum of (he series ^-e — c — + — ^ h&c. 

ttere|> = 2, and ^ = 2, 3, 4, 4]^ successively i 

i — i = i» Aiid - of this sum is ^J^ = sum. 

8. Required the sum of the series l + J + ^ + ^4. &c. ad 
infinitum. 

This series is evidently the same as the following, viz. 

and dividing by 2, it becomes 

whose sum is 1 (Ex. 1st) ; .*. the sum of the proposed fleriee is 2. 

9. Required ithe sum of the series ^+Qj2'^fijd'^^'^ 
infinitum. 

This series is the same as i(— + 0-3 + ^ + 4k5.) 

Ill 
"A^a + 2:3 + 3:4 = ^<^0 = (ex. 1)A; 

also the sum to n terms is —— r 

12 (» + 1) 
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10. Required the $um of the series r-^ + ;r-: + 5-= + &c. ad 

l.o «.4 0.0 

infinitum. 

Ans. f . 

11. Required the sum of the series — — ^ "^35 — ^^' *^ 

infinnum. 

Ans. i. 

2 8 4 5 

12* B^uired the aum of the senes — — =— -J- — -^ Tpji + 

&c. ad infinitum. 

Ans. ^. 

13. Required the sum of the last series to n terms. 

Ans. A dz —-r- 5;r, according aji 11 is odd or even. 

^* 4(2ii + 8) 

4 4 4 4 

14. Required th^ sum of the series ,-« + rri + KTh + i"^,"t; 

^ 1.5 5.9 9.13 13.17 

+ &c. ad infinitum. 

Ans. 1. 

(174.) 2. Also, since 

q q _ ^w . ■ 5f 



ii(n+^) (n+p)(n+2j>) fi(n+p)(n+2p)' ' * n(n+J>)(n+^^) 

= 1^_« ? ^ 

2p<n(n + p) (n + |>)(n + 2p)i ' 

hence the sum of any series of fractions, each of which is of the form 

, is equal to jr-, the diflference between one series, 



whose terms aie of the form -j ^ — -, and another, whose terms 

n(n + p) 

are of the form 7 — ■ — ^7 — .-jtv 

(n+jp)(n + 2p) 

SXAMPLSS. 

A f% ({ * 

1. Required the sum of the series =-jr-5 + jr^-. + ^-7-= +&Ci 

I.S.9 2i;,8.^ 9*4*0 

ad infinitum. 
HjBTB J» zR 1, and 9 = 4, 5, 6, successively ; 
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j^ + 2^ + ^ +&C. (art. 13,ex. l) = 2i,and^ofthisi8 U 
=: sum. 

2. Required the suin of 5^ + ^^ + jj^ +&C, ad 

infinitum. 
Here p = 8, 

— f-^ +~^ + &c.) 

^8.11 ^ 11.14 ^ ^ 

3 6 6 ■ 

6.8 ^ 8.11 ^ 11.14 ^ 

5.8 + * < -«(^ -f. ^ + &c.) V 5.8 ^ * *** """ 2p ''^ ™* 
is j>|^ = sum. 

12 3 

3. Required the sum of the series --g-= + oTlj + 5^9 +&c. 

ad infinitum. 

Ans. i. 

4.Requii«dthe8Uinoftheseries ji_ + ^ + g;^ + ^ 

4- &c. ad infinitum. 

Ans. ^. 

5. Required the sum of the series 

a a + b 

n(n + i))(n + 2p) "*■ (n + i>) (» + 2p) (n + 3p) "^ 

* — ■ - . . — T-^-TT — r"T"\ + ^<5* ^ infinitum, 
(n + 2jp)(n + 8p)(n + 4^) 

^- 2/».(« + p) 
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(175.) 3. Likewise,|^ince 



n(n+p)(n + 2p) (n +p)(fi + 2p)Cii + 8p) 

^W_ . g 

n{n + p){n + 2p){n + Sp)' * ' n{n + p){n + 8p)(« + 8p) 

1 \ q g ? . 

3p < n(» + p) (n + 2p) (n+p)(n + 2p)(n + 9p)S ' 
therefore, any series of fractions, of the form 

a 1 

' — ^ ■ V' . « V is equal to rr-, the difference between a 

series of the form — — ; — ~ — t-t-^^ and another of the form 

n(n+p)(n + 2py 



(n^p)(n+2p)(fi + ^y 



EXAMPLES. 



3-i; 



1. Required the sum of the series ^^ + ^^ + ^ + 

&;c. ad infinitum. 
Here p = 1, 

|1.2.8 ^ 2.3.4 ^ 3.4.5 ^ ( i 

••• j^(*) = A = sum. 

2. Required the sum of the series ^+ g±-^+ g^ + 

^sc. ad infinitum* 
Here p = 2, 



• (^ I 2 8 

J 1*3.5 ^ 8.5.7 • 5.7.9 ^ ^^ 



18 ♦ 



trt 
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i:3:5''"8:6?7"''5:7:9'*"^^*' 

8. Requiredthesumoftheseriesg^+g-^g+g^gig^ 

+ ^* ad infinitum. 

Ans. tHt- 

4. Required the sum of the series j^ + 5;;g^ 

6cc. ad infinitum. 

Ans. f|. 

(176.) In a similar manner, it may be shown that the sum of any 
series of firactions of the form 

J 

n{n+p){n + 2p) (n + wp) 

is equal to — the difference between a series of the form 
^ mp 

i 

n{n + p)(n+2p) [« + (m— l)p]* 

and another of the form 

? 

(n + p) (n + 2p) {n + mpY 

(177.) Again, since 
a{a+h){a+2h)....{a+pb) a{a+h){a+2h). ...[a+(p+l)h} 
n{n+b) [n + {p — l)h] n{n+b) {n+pb) 

^ a{n — a — b){a-\-b)(a-\-2b...,(a-\-pib) 
»(n + 6) (n -f 26). . . .{n + pb) ' 

a{a + b) {a-\-2b),...{a + pby _ 
•'' nln + 6) (n + 26). . . .(n -{-pb) " 

1 C a{a'\'h). ...(tt-f p6) 
fi_a— 6 < n(n + 6) . . . . [n +(p— 1)6] 

o(a + ft)» » . > [g + (P + 1)^] } 
n(n + 6),...(n+p6) > * 
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Hence, any series of fractions of the form 

a{a-\'h),^.,.(a+ph ) 
n(ri-i-b), ...(n+pfc) 

is equal to a the difference of a series of the form 

n — a — o 

o (g -f 6) . . . . (g 4- ph) 

n(n + 6)....[n + (p — 1]6) 

and another of the form 

a{a-\-h)....[a + (p-{-l)b] 
n{n'\- h). ...(n-hpft) 

EXAMPLES. 

1. Required the sum of the series - + - — f- h 

^ 2 ^ 2.4 ^ 2.4.6 ^ 2.4.6.8 ^ 

dec. to r terms. 
Here a = 1, 6 = 2, and n = 2, 

\ "*■ 2 ■*■ 2.4 '^••' 2.4.6.... (2r — 2) / 

i _/}±,}^, 1.3.5.7.... (2r-fl) \( 

^ V2 "^ 2.4 ■*■ 2.4.6.... 2r /) 

^ 1.3.5.7.... (2r 4-1) 
2.4.6.... 2r ' 

, 1 ^^,. . 1.3.5.7 (2r+l) , 

and — - — -=- of this is — -— ~ — ^ ^ — 1 = sum of r terms 

w — a — 2.4.6.... 2r 

when r is infinite, this expression is evidently infinite also. 

2. Required the sum of the series 

a , a(a+b) , a(a+h)( a + 2h) . - , , 

Z "«" ^ /^ ■ i.\ + r? — r-tw — r-i^ii + &c. to r terms, 

, a(g4-&) [a-h(r — l)h] 

a(a+h).,,,(a+rb) v 
n(n+6). . . . [n+(r— 1)6]/ 




_ o(a+ft)(g+26) (g+r^) . 

""* n.(ii+6)....[n-H(r— 1)6] * 



219 Oir THE SUXMATIOir 

__ a a(a-|-6)(a4-2i)....(o + r6) 

""n — a — b (n — a — 6)n(»4- 6). ...[n4- (r — 1)6]' 

If r be infiDite, then this expression for the sum will become definite 
only in particular cases. Thus, if n = a + ^^) the second fraction 
in the above expression will be 

a(ja + h) 
b[a(r+l)hy 

which evidently vanishes when r is infinite, in which case the sum 

is — r ; the same fraction would, of course, vanish if n were 

n^-^a — 

greater than a + 2h, So that in these cases we should always have 

for the sum the definite result -. 

n — a — b 

But if n were equal to a + fr, then the said fraction would become 

a(a + b)(a + 2b) ,,,.(a + rb) _ a 
0(a + 6) (a -f 26) . . . . (a + rfr) "" 

and the sum would become - ^ = -, an expression of no definite 

signification in its present form. The sum presents itself under the 
same indefinite form even when r is finite, provided n = a -f 6, as 
will appear by inspecting the general expression. 

« . , , i. ' i. . . 2 2.4 2.4.6 

8. Required the sum of r terms of the senes « + s"? + ^r^-s + 

o o.o 0.0.7 

2.4.6.8 . ■ 

h &C. 

3.5.7.9 ^ 

Ans g'-^'g'8....(2r + 2) 
^'^' 8.5.7.9.... (2r + l)~^' 

2 2 3 2 3 4 

4. Required the sum of the series --^ + — ^ + j 1 ' + &c 

^ O.t) 0.t).7 0.0.7.O 

ad infinitum. 

Ans. ^. 

(178.) As every summable infinite series may be supposed to arise 
from the expansion of some fractional expression, the value of the 
series may often be obtained by first assuming it equal to a firaction 
whose denominator is such, that when the series is multiplied by it. 
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the product may be finite, which product being equal to the numera- 
tor of the assumed fraction, determines its value, as in the examples 
following.* 

BZAMFLES. 

1. Required the sum of the infinite series « + «* + «•+ dec 

z 

Assume the series equal to ; 

^ 1 — X 

then, X -{■ a^ -{- a^ + &c. 

1—x 



« + a* + «* + &c- 
— a^ — «* — dec. 



»^ X 



X 

that 18, a: + «■ 4- «" + &c. = 



l — x 



If a; = i, then i + i + i + &c. = | = 1. 

If ar = i, then i + ^ +^+ <&c. = | = i. 

^c. &c. 

2. Required the sum of the infinite series 

X — of^ + aj* — ar* + &c. 

Assume the series equal to ; 

X "T~ X 

then, X — a^ -\- a^ — a?*4- &c. 

1 + X 



X — x^ -^^ a^ — ar*+ dec. 
ar* — a:»4- a?* — &c. 



Z =i X 



* This method, however, is very limited in its appHeation, on aceount 
of the difficulty of determining a suitable denominator for the assumed 
fraction. But a direct and easy methbd of summfng every infinite series 
of which the generating function is. rational, will be found in the chapter 
on the ** Theory of Equations." • 
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X 



that is, X — a* + «• — a?* + &c. = 



t— • 



1 + « 



If« = i, theni — i + i — A + &c= i^p^ = *. 
If » = 1, th«i I — 1 + 1 — 1 + 1 — &c = j-T-j = i* 

If X = 2, then 2 — 4+8 — 16 + &c-= , . g = f • 

dec. dec dec. 

3. Required the sum of the infinite aeries a? + 2** + 8«* + &o. 

Assume the series = 
then, 



(1 --«)»- i_2«4-«*' 



ar + 20:" + 8a^ + &c. 
1 _ 2« + a:« 

a? + 2a^ + Sx* + &c. 

— 2a^ — 4a:* — <&c 

«* 4- &c. 



« =: a; 



that is, « + 2a^ + 8a:» + &c. = _ ^^ . 
If X = i, then i + f + I + &c. = I = 2. 

If « = i, then i + f + A + &<5- = 7TO = *• 

dec. * dec. dec. 

4. Required the sum of the infinite series af+4a:"+9«*+16«*+dcc 

Assume the sum = . >, ; 

then (1 — ar)» X (« + 4a^ 4- 9aj» -f dec.) = ap + a«; 
. ^ • . a; + «* «(! + «) 

IfaP5;ri, theni + f + f+t# + dwJ.=»6. 
dec. d^. 






. 4» iMwmmm anna. md 

PROimiCITOUS BXAXPLB8. 

1. Required the sum of the series j|^+^+^+&c 

nd mfimtum. 

3.4 5 



3 

2« "^ 8^ ■*" ^'J 



fi:2 + 2:2"« + 3:25 + ^^-) j^_ 5 

8 .1 1 1 

^ O^^ "^ 2« "^ 2^ +&c.)t=}_^^= 1 sflum. 

2. Requiired flie sum of the series — - | ^ j. '^ 

. ^ ^ . ^. 1-2.8.2' ^ 2.3.4.2' ^ 3.4.5.2^ 

+ oz;c. ad ifimitmn. 

Ans. i, 

3. Required the sum of the series a? + 3a:" + e** + 10«* + &c. 
ad infinitum. 



Ans. 



4. Required the sum of o terns of Ihe series 

O~6J0 "^832"^' 

Ans* ' I , , 

16 (1 + n) 12(3 4- 2ny 

5. Required the sum of the series -^ 4- ^ 4. _1 l 

^ 8.18 ^ 10.21 ^ 12.24 ■*■ 

+ &c. ad infimtttm. 



14.27 

Ans. ^« 

10. Required thesuarfthes^riesJ^^:!!^^^ 

, . J . ^ . 2.4.9.12^4.6.12.16^.6.8.14.18 

+ wc ad mnnitum. 

Ans. ^. 
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ON RECURRING SERIES. 

(170.) A recurring series is one, each of whose terms, after a 
certain number, bears a uniform relation to the same nmnber of those 
which immediately precede. 

(180.) It is obvious that a variety of infinite series will arise from 
developing different fractional expressions: those however which 
generate recurring series are always of a particular form. 

(181.) The fraction , . ,, , for instance, is of this kind, for the 
^ . a -{■ ox 

series which arises from the actual division is recurring thus : 

(-- 

\a' 

, ab'x 
a + 



a' + b'x)a 



db'x ah'^a^ , 



,'i 



a 



ab'x 






a' 






ab'x 


ab'*i^ 


a' 


o" 






ab'*3* 






a-* 






ab-a* 


. oft"** 




a-* 


+ a'* 




• 


ab'*a* 






a" 

dec 



where it is obvious that each term, commencing at the second, is 

h'x 

equal to that which immediately precedes multiplied by p, which 

h' 
quantity is called the acaJe of relation of the terms, or — , is the scale 

a 

of relation of the coefficients ; therefore, representing the terms of 

the series by a, b, c, d, &c., we have 



ON SBCITRBING 8SRIS8. 217 

A = -7, whence a'A — a = 0, 
h'x -, , _ 

B= ^A OXA + aB=: 0, 

cs= pB 6xB4-ac = 0, 

D = pC 6a?c+aD= 0, 

a 

&c. &c. 

here we may observe, that the coefficients of a, b ; of b, c ; of c, d, 
&c., are the terms of the denominator of the generating fraction 
taken in reverse order. 

-^^ Ot "4- oX 

(182.) The fraction , . . , — ; — r-. is another of this kind ; for if 

a -\- o X -{- c XT 

this be developed as that above, and similar substitutions be made^ 
there will be found to result 

a 

A = -7 , whence .... a' a — a =0, 

a 

B= — -J — i/A+aB^-b .... =0, 

a 

c'a^A+b'xB , . - , , 

c= ; • •• . carA4- oa;B + ao= U, 

a 

c Vft + b'xo , «^ 

a 

&c. ^. 

where each term, commencing at the third, is equal to the two im- 

c'«" b'x 

mediately preceding multiplied respectively by r , p, which 

is therefore the scale of relation of the terms ; also, the coefficients 
of A, B, c ; of B, c, D, &;c., are the terms of the generating fraction 
taken in reverse order. 

a'\'bx-{-c3^ 
(183.) The fraction -^ — r — . ,o,,, » is also one of the some 
^ a ^o x-\-c xr-f-a X 

kind, as its development will show; the scale of relation of the terms, 

19 
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dV c'«* h'x 
in the resulting series, being — — p, r> r> commencing at 

U C» tt 

the fourth term. And, in general, the development of any rational 
fraction of the form 

a + ^* 4- ^aj* + . . . |Mf* 
0'"+ Vx + c'i»+ . . . 4yV»+»" 

will be a recurring series, in which any term, commencing at the 
m + 2th, will be equal to the m + \ preceding multiplied by 

— - — P-, — ^-T , . . . j-f rf respectively, which is there- 

a a a a 

fore the scale of relation of the terms. 

If a' = 1, then the scale of relation is — ^'a^+S — p'a*", 

— e'a^j — h'x, being the several terms of the denominator taken in 
reverse ordei*, the first term 1 being omitted. 



PROBLEM I. 

To find the sum of an infinite recurring series. 

Let A + B + C + D+ 4-K + L + M + iv represent a re- 
curring series, and let it be supposed such, that each term, com- 
mencing at the fourth, depends upon the three preceding ; then, as in 
Art. (182), we shall have, by supposing the terms in the generating 
firaction to be ]p, 9, r, «, the following equations, viz. 

«A 4- rB 4- ^c + pD = 0, 
aB + ro+5T)4"PB = 0, 

«D + rBH-^-fpG = 0, 



«K 4- rL 4- ^ 4- pN = 0, 

and taking the sum of these equations, we have 

«(a 4-b4-o4-i>4---«k)4- ^(b 4-c4-d4-b4-...l) 
4- q(c 4-d-|-e4-p4-...m)4- p(d 4- b 4- f 4- o 4- . . . n)=:sO; 
which, by putting s for the sum, becomes the same as 

«(8 — L — ai — n) 4- r(8 — A — M — n) 4- ^(s — A — B — n) 

4-p(8 — A-^B — c) = 0; 



f T 
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from which equation we get s = 

P(a4- b4- c)+ g(A-f B -f n)4- r(A-f m -f n)4- ^(l -f m 4- y) 

so that the sum may be determined from having the three first, and 
three last terms, with the scale of relation given ; but if the series 
be infinite, and decreasing, the three last terms will vanish, and the 
sum will be 

P(a+b4-c)+ ^(A4-B)+rA _ A(p+^4-r)-f B(p+^)4-cp 

BZAMFLES. 

1. Required the sum of the infinite recurring series 

1 + 2a: + Sa* + SSa* + lOOaf* + 356a^ + &c. 
Here the scale of relation is 22^, Sx. 
.•. the third term, o = 2a:'A + 3a?B, whence 

— 2ar'A— SoTB + c = 0, 
consequently, « = — 2»*,r = — 3jr, 9= 1, and p = 0« 

_ A(l>-'3a;)4-B _ l—x 
••• «"™- i_3x— 2x* ~ l_3a: — 2««* 

2. Required the sum of the infinite recurring series 

1 + 2a: 4- 3a^ -f Sa* + 8af* + &e. 

the scale of relation being a^, x. 

1 + x 



Ans. 



1— a: — a^* 



3. Required the sum of the infinite recurring series 

1 + 8a? H- 6^ + 7dS*, &a, the scale of lelation being — a:", 2a:. 

Ans. ~ > 

l_2ap + a^ 

4. Required the sum of the infinite recurring series 

3 4- 5a? + 7a:» + 13a:» + 23a:*+ &c. 
the scale of relation being — 2a:', a:*, 2a:. 

3 — a: — Oa:" 
Ans. ^ 3 -. 

1— 2« — a:« + 2a:» 
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* 

PR0BLB9I n. 

To find the sum of any number of terms of a recurring series.* 
This may be ef^ted by means of the expression for s in the pie* 
ceding problem, but more conveniently by subtracting from the 
sum of the series continued to infinity, the sum of all those terms 
which follow the nth ; thus, if the nth term of the recurring series 
A 4- B + c 4- &c. be T, then, putting s for the sum of all the terms 
to infinity, and s' for the sum of those to infinity which follow t, we 
shall have, by last problem, s — s' = 

^{p-{'q+r)+B(p+q)+cp—v{p+q+r)—y(p+q)—vrp 

P+q-hr+s 
^ (a— u)(p4.^-fr)-h(B— v)(p-fg)+(c— w)p 

P+q+r+s 
the sum of n terms. 

EXAMPLES. 

1. Required the sum of n terms of the series 

1 4- 2a; 4- 3a:" 4- . . . naf^K 
Here the scale df relation is — a^,2x; 

.•, c = — a'A 4- 2arB, whence a'A — 2x3 4- c = 0, 

.•• « = a;*, r = — 2ar, ^^ = 1, p= 0, also u = (n 4- 1)«*; 

V = (n 4- 2)x^\ and w = (n 4- 3)a:"+«; 

* The finding the sum of a finite number of terms of a Tecorring series 
supposes that the general term of the series is preyioosly known : to dis- 
cover the general term is, however, by far the most perplexing part of the 
problem, it being often attended with considerable difiicolties. The only 
general way in which it can be discovered is derived from considering tbe 
generating fraction 

g 4- ^ar 4" cx^ 4- * « » p^ 

as the same as 

(o4- 6a?4- car^ 4- . . . psd^) i(^+l/x+ t/x^^ . . . j'afHi)-', . 

which may be expanded, and the genaral term of the resulting series ob 
tained, by the Multinomial Theorem. 
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. (a — u)(l — 2a?)4-B-.v 
jonsequently, sum = ^ ^ ^_ ^x 4- x^ ~ 

[1 — (n -h l)ar"] (1 — 2x) -f 2g — (n + a)a:*H » 

1 — 2a: + a:* " 

l_(n4- Da;** 4- na^H-' 
1 — 2a: + a:* 

2. Required the sum of n terms of the series 

1 + 3a: 4- Sa:* + Ya:* + &c. 

the scale of relation being — a:*, 2x. 

1 + « — (2n -f l)af* + (2ii — l)a!-+* 
Ans* • ■■' , I ■ ' ]> ' ' • 

-'^^ 1 — 2« + a:« 



ON THE METHOD OF INDETERMINATE COEFFICIENTS. 

(184.) The method of indeterminate poe0icients, which is used to 
develop fractional and surd expressions, consists in assuming the 
proposed expression equal to a series with indeterminate, or unknown 
coefficients ; and if this assumed series be multiplied by the denomi- 
nator of its equivalent fraction, or raised to the power necessary to 
free from radicab its equivalent surd, then, by equating the coeffi- 
cients of the homologous terms in the resulting equation, the several 
values of the assumed coefficients will become Jmown. 



1. Required the development of — , ., by the method of iade- 
terminate coeffioieiits. 

Assume - ^ .'*, - = a + b« + oj* -f »«• + iisQ, ; 
a -\- o X 

then multiplying each side by a' + b[xj and transposing, we faavo 

T i.'lx, r/I*"; ,, i«•+&c•=;0: 
19* 
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Aa' — a =0, therefore a = -7 



whence-^ 



Ba' + a6' = . 



ca' H- b6' = . 



Ba' +oh'=zO . 



6' 

ft' 
ft' 



a aft' ^' . ^' ^ , 

a 'f' X a a a a 

the same as was before found from actual division. 

2. Required the development of ^/a^ + a^ by this method* 

Assume ^/a' + as" = a + Bar + ca" + d«* + &c. 
then, by squaring each side, and transposing, we have 
A« + 2ABa: + 2ac \ . „ . « ^ 



a' — a' =0, therefore a = o 
2ab =0 . . . B = 



whence 



2ac — 1 =0 

2ad + 2bo = 

&;c. 



^ = 2S 

D=: 



... Va« + a^ = « + -_g2j + &c 

3. Required the development of _, by the same method 

Here, since the first term of the series must contain a?, 

= Aa? + Ba^ + c«' + D«* + dec 



assume •= : — s 

then we have 



J . > + ^) + B) +^) 
+ 0/ +D/ +B/ 



afi + 6cc.sst0\ 
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'A — 1 =0, therefore a = 1 

A + B =0 . . . B = — 1 

whence ^a + b4-o=0 . . . c= 

B+C+D=0 . . . D= 1 

.c + i>4-J2 = . . . B = — 1; 

X 



• • 



l+arH-a:* 



=zx — a^ + «* — «*4-a:' — &c. 



4. Required the development of ^/ 1 — x by this method. 

Ans. 1—- —^74—2^:4^6 ~2- 4-6-8 ~*^ 

1 4- 2a; 
6. Required the development of -, by this method. 

Ans. I +Sx + A3i^ + lx^+ liar* + &c. 

6. Required the development of- — —3 by the above method. 

Ans. 1 + 2aa: + (4a"— l)a* + (8a» — 4o)a^ + &c. 



ON THE MULTINOMIAL THEOREM. 

(185.) Thb Multinomial Thbobbm is a formula which exhibits 

the#general development of (a4-6x+c«*+(fa:'4-&c)' in a series 
ascending according to the power of x. It may be investigated as 
follows : 

Assume 

(o+6a+ca:«+&c.)« = A+Bar+Ca»+&c. 
Similarly, 

(«+^+cy«+&c.)«=A+By+Cy+&c, . 
Put for abridgment 

(a+hx+ca^+^zcy = X, (a+fty+c^+&c.)« = Y; 
then, 
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i"-! 



X'_j-Y^^ B(x—y) + C(a:' — y') + T)(^ — f/')+ &c. 
X« — Y« fc(« — y) + c{2*—/) + d (ar»-^y»)+ &c. 

^ B + C(g 4- y)4- DK + gy + 2/*) + &c. 

6 + c (a: -f y)+ d (a:* + a:y -f ^) + &c. 

Now when a? = y then X = Y, in which case we know (135) that 
the first side of the equation becomes 

?=^ = f .X»^ = ^(a + ftar + ca^+ &c.) 

and the second side becomes 

B + 2Car + 3Da^ + &c. 
6 -f 2cx 4- 3<ia:* + &c. 

Multiplying, therefore, each of these sides by 

(a + bx + ca^+ &c.) (b + 2car + 3da^ + &c.) 

and we have 

i^a + bx + ca^+ &c) 9 (b + 2cx+ Uof + &c.) 
= (a + 6a? + c«" + &c.) (B + 2Ca? + 8Da« + &c.) 

or substituting for simplicity's sake n for -, and putting the assumed 

series for the second factor in the first member of this equation, we 
have 

n(A + B« + Ca« + &c.) {b + 2car + 8cto» 4- &c.) = 
(« + &p + cai^ + &c.) (B+ 2Ca? + 8Daj«+ &c.) • 

that is, by actually performing the multiplications here indicated, 



mJb -{- Bb 
+ 2ac 



nx + cb 
+ 2bc 



na^ + Db 
+ 2cc 
+ 9Bd 

+ 4Ae 



na^ + &c. 



IS equal to sa + 2oa 

+ Bb 



X -f SlMZ 


a;" + 4iMi 


+ 2c6 


+ 8d6 


+ B^ 


+ 2c<? 




+ Bd 



«•+ &c. 
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2. What is (he square root of the series 1 + x + af + a^ + &c.? 
Here a, 6, c, ^. are each = 1, also a = i* therefore 

a** = 1 = A, 

(n— l)Bft , • 

(n-2)c5+J2n-l)B.^^^^^^^ 

(n — 3)d* + (2» — 2)cc + (3n — l)Bd 

^ ^^ 1^ ^-^^ '— + ^-i?h-^i 

&c. 

8. What is the cube of the series 2a; + 3^ + 4a^ + ^.? 

Ans. 8a:* + 86j?* + 102x» + 231a« + &c. 

4* What is the cube root of the series l+ia?4-ia?+ia:*+ &c? 

Ans. l+Ja: + TVB" + AV«' + ^WV***^c- 



ON THE REVERSION OP SERIEa 

(186.) To revert a series is to express the value of the unknown 
quantity in it by means of another series involving the powers of 
some other quantity. 

1 . Let the series be of the form oa; + fta* + co:* + ^. = y ; then, 
in order to express the value of a; in terms of y, assiune a; = Ay 
+ By" + c^ + &c, and substitute this value for a; in the proposed 
series, which will, in consequence, become, when y is transposed, 

+ ac \ + 25ao 

"tlyt" jy' + SiABW + ftB' V + &c = 0, 
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HA— 1 



=s 0, .-. A= -, 






aB + 6A' •••••• =rO •« B=- 



aQ + 2bAB+CJL* . • • • sO..C= 



W—ae 



aD+26AC+aB'+3cA'B+aa*=0 .. 0=-- 5 > 



consequently, « = ~y — "sSr + ^g y* 



a' 



5 J* — 6a6c + a'd 



a' 



j^ + &C. 



2. If the series be of the form oa? + 6a;' + ca* + &c, where the 
even powers of a; are absent, th^i we shall have, instead of the 
above, 

1 ft . . W—ac . l2V-\-a^d—%ahc , . . * 
^-zV—^Ati'^r — -f— 3^ :no Sf' + &c.* 



a' 



EXAMPLBS. 

1. Given the series a; + a:* + a:* + &c« = jr, to express the value 
of a; in terms of y. 

Here a, ft, c, &c are each 1 ; 

therefore - = 1, 
a 



2ft»— oc 



= 1, 



6ft> — 5ciftc + ay 



tt^ 



&c. 



= -1, 

&c« 



.•. a:=:|^— j^ + ^— y* + &C, 



* When the series is expressed by means of another, as 
005 + 6«« + cac^ + &c. = cy + 0y« -f yy » -f &0. 
the value of jd is to be obtained exactly in the same way, by assuming 
x =s Ay + By' + cy' -f &c., and Substituting this value in the place of a; in 
the first series, as above. 
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2. It is required to revert the series 

Here a = 2, ft = 3, c = 4, &c. 

therefore - = i, 
a 

— — — ^ — JUL 
126* + a«6— 8a5c 

8. Given the series x — i** + i«* — Jar* + ^. = y, to find the 
value g£ xin terms of y. 

Ans. « = y+Jy« + ^ + |y« + djc. 

4, Given the series x—^a^ + i^—^^'' + &c. = y, to find the 
value of or in terms of y. 

Ans. «-y + Jy»+^ + ^y' + &c- 

6. Giventheaerieel+«+^ + g^ + jyJ-^ + dw5-«y, 
to find the value of j; in terms of y. 

Ans. xz=zy—i — iSZ^T ^ (y~^)' ^&c.» 



* We knew, from what has been said of logarilhins, that this vahie of 
X i8= log. y; but if op^logr. y .«, e*= y, consequently, 



«»=l + ar+.^ + ^g-^+&c., 



which is tiie expoi^ential theonm otherwise established at (136). 
20 
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CHAPTER THL 

ON INDETERMINATE EQUATIONS. 

(187.) EauATioirs are said to be indeterminate, or unlimited, when 
they admit of an indefinite, or unlimited number of solutions, which 
they will always do when the number of unknown quantities exceeds 
the number of independent equations. The equation ax — hy=Cy 

for instance, is unlimited, for x = -y where p may be any value 

whatever, therefore x and y admit of an infinite number of vs^Iues 
that will satisfy the equation ax — by=zc; and such must evidently 
always be the case when one of the unknowns Is expressible only 
by means of another unknown, each then admitting of an infinite 
number of values. The number of solutions in integer' numbers 
is, however, often determinable. If, for instance, ax ^by=zCy then 

X = -y and, therefore, to have integer values of x and y, the 

a 

question will be limited to the finding all the integer values ofy that 

will make ^ an integer. The limits of possibility, in equations 

of this kind, will be investigated in the following propositions. The 
symbol <[ signifies leas thariy and ]]> signifies greater than ; thus, 
▲ <[ B, means that ▲ is lea than b, and a ]]> b, means that a is 
greater than b. 

PBorosinoN i* 

If a and h be any two numbers prime to each other, and if each 
of the terms 

by 2by 36, 46, ... . (a — 1)6, 

be divided by a, all the resulting remainders will be di^rent. 

For, if it be supposed that the remainders will not all be different, 
let any two of the above terms, as mb, nby leave the same remainder 
r ,* then, representing the respective quotients by q, q'y we must have 



. Oir IMBXTXBUINATX SaVATIOlTS. 2S1 

qa + r:^ tnhy 
and ^'a + r = n6 ; 

h (nt — fi^ 

therefore, by subtraction, a{q — q') = ft(«— n), ii^hence -^ 

is an integer number ; but neither by nor m — n, is divisible by a, 
the former being prime to it, and the latter less than a, since both 

m and n are less, therefore -^ cannot bean integer, and, con- : 

sequently, the supposition cannot be admitted. 

Cor. 1. Hence, since the remainders are all different, and are 
a — 1 in number, each being necessarily less than a, it follows that 
they include all numbers from 1 to a — 1. 

Cor. 2. Therefore, since some one of the remainders will be 1, it 
follows that some number x less than a may be found that will make 
hx — 1 exactly divisible by a ; or, which is the same thing, the 
equation hx — aj^ = 1 is always possible in integers, if a and b be 
prime to each other. 

If, however, a and b be not prime to each other, the equation will 
be impossible in integers, for a and b having, in this case, a common 
measure, one side of the equation bx — ay =^ 1 would be divisible 
by it, and the other not. 

Cor. 3. Since bx — ay = 1 is always possible, it follows, by 
changing the signs, that ay — bx •= — 1 is also possible ; hence 
ax — % = ih 1 is always possible in integers, if a and b be prime 
to each other. 

PBOPOSITION II. 

If a and b be prime to each other, the equation 

ax ^^ by z=z dtz c 
will admit of an infinite number of solutions in integer numbers. 
For, since the equation cur' — by' = d=:l is possible, the equation 

acx' — bey' = it c 
is possible, which, by putting x for ex', and y for cy', becomes ■ 

ax — by =z it c, 
being the same as the proposed equation. 
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Let now one solution be or =p, and y^q^ then 

ap'^bq=i ax — hyfOr ax^^ap^ by — 4g, 

a(x — p) , ^ ., - * — p b mft 
.•• r? ^^ = 1> "id therefore ^ = - = — , 

or t — pssnUf, and y-^q^ma; 
.-. ar = p -(- m6, and y s= q + ma; 

and since in may be any value whatever, from to infinity, the num- 
ber of values of x and y may be infinite. 

Cor. Since p and q are integers, and since m may be either posi* 
tive or negative, m may be so assumed, that x shall be less than &, 
or that y shall be less than a, for making m equal to 0, — 1, — 2^ 
— 3, ^. successively, we shall have 

X = p, p — 6, p — 2by &c. successively, 
and y = q, q — a, q — 2a, &c. successively, 

where it is obvious that one of the values of x must be lets than &, 
and one of the values of y less than a, whatever be the values of p 
and 9. 

PBOPoainoK m. 

The equation ax -\- by = c is always possible in integers, if a 
and b be prime to each other, and if 

c]Xa6 — a — 6). 

For let c = (db -^a-^b) -{-r^ then the equation becomes 

00: + by = (ab — a — b) + r, 

which is possible if 

ah — a — b — by -^r (jf + i)h—r 

a a 

be an integer ; but, since b — 1 is an integer, the possibility depends 
upon 

(y + l)b—r 



a 



= X 



being an integer, or, putting y + 1 = jf', upon the possibility of the 
equation by' — ax' =zr^ which has been already established (Piopb 



\ 



f 
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2); let then y' be less than a, or y + l<[a(Prop. 2, Cor.)» then, 
in the equation 

(y+l)6 — r , 

x' mnst be less than h — 1, and it therefore f<^ows that 

a 

must be some int^er number; hence the equation oo; + ftjf = c is 
always possible when a and h are prime to each other, and e^(fih 
— a — b). 

ScHOL. The two last propositions will evidently be useful in dis- 
covering the possibility or impossibility of equations of this kind, 
and also in enabling us to propose them with proper restrictions. 



PROBLEM I. 

To find the integer values of x and jf in the equation 

ax — by = e. 

Since x = -^ — must be a whole number, it follows that if the 
a 

division of by -{• e by a be actually perfonned, the remainder 
py + d must be divisible by a, that is, ^ must represent a 

whole number ; also, if from -=- the nearest multiple to it of ^ 

a a 

be taken, the remainder, which may be represented by ^ — -, must 
be a whole number, and q must be less than p ; if again the differ- 
ence of ^ , and the nearest multiple to it of ^ be taken, 

whole number, and r will be less than q ; hence, by p^roce^dmg in 
dus' way, we shall at length arrive at a remainder of the i6rm ^ , 

« 

in which the coefficient of jf is 1. Now the least value that can be 
20* 
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given to y, in order that this expressicm may he a positive trbdle 
numher, will evidently, when k is negative, he equal to the remain- 
der arising from the division of Ar hy a ; but, when k is positive, the 
least value will be equal to a minus this remainder : Hence, since 
the subtraction of fractions does not produce any change on the 
common denominators, the numerators only being operated upon, 
the process will be the same in efl^t by the fdlowing rtiie. 

(167.) Having reduced the given equation to the form arc ^- — , 

perform the division of by -{- c by a, and call the remainder py + d. 
Take the difierence of ay and the nearest multiple to it of py -{• d ; 
then the di^rence of py + d and nearest multiple to it of the re- 
mainder ; then the difference of the preceding remainder and the 
nearest multiple to it of this last ; and so on, till we get a remainder 
of the form y — Ar, or sf + &, when the least value of y will, in the 
former case, be the remainder r, arising from dividing Ir by a, and 
in the latter case it will be a ndntu r.* 



BXAMFLBS. 

1. Given 21x + 17y = 2000, to find all the positive values of ar 
and y in whole numbers. 

9000 — 17y ^^ 17y — 5 . 
Here«= -^ — ^ = 95 ^- — , anda=21, 

21y =5 ay 
17y—5=:py — d 

Ay + 5 

4 



lOy + 20 



y— 2« = y— »; 



* This rale does not differ muoh from thit given by Mr. NicfaolsoB, iyi 
the Mathematical Compahion, for 1819; it appears, however, to be rather 
more simple. 
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now |f givee a remainder = 4 = the least value of jr, which, sub- 

2000 — 68 
stituted in the above expression for ar, gives ^ = 92 = the 

greatest value of Xy and by adding 21, the coeffident of x^ conti- 
nually to the least value of jr, and subtracting 17, the coefficient of 
Pj from the greatest value of «, we shall have all the possible values 
as follow : 



Xr=:92 

y= 4 



75 
25 



58 
46 



41 
67 



24 

88 



7 
109. 



2. Given 19a; = 14;^ — 11, to find x and y in whole numbers. 
Here a; s= — ^-;^^ — ,y= — ^-^j — =a?+ — 77^ — ,anda=:14. 



19 



14 



14 

6x+ 11 
8 

15ar + 33 
14r 

Now f} gives a remainder =s 5, .*. 14 — 5 = 9 = the least valu3 
of or, and, since in thb example the less a; is the less will y be, we 

have, by substitution, — -— — = 13 =: the least value of jr, the 

number of solutions being indefinite. 

8. Exhibit the number of di^rent ways in which it is pomUe 
to pay 201. in half-guineas and half-crowns only. 

Let X represent the half-guineas, and y the half-crowns, then, by 
reducing to sixpences, we have 

21ar + 5^ = 800; 

800 — 5v ^^ 5y — 2 

6y — 2 

4 



20y — 8 
Sly 



jr + 8 



23& 
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.*. B = 8, and 21 — 8 s= 18 := the least value of y ; and .% 85 is 
the greatest value of a;, consequently, if we add 21 continually to 
the least value of y, and subtract 5 from the greatest value of Xy we 
shall have all the possible values ; thus, 



x = 86 


80 


26 


20 


15 


10 


5 


y=18 


34 


56 


76 


97 


118 


189 



or the number of solutions, besides the one first obtained, might 
have been determined without this trouble, for the number of times 
that 6 can be continually subtracted from 36, so that the remainders 
may be all positive, is evidently one less than the quotient of 36 by 
5, viz. 6 : had this division left a remainder, the number ^ solu- 
tions would have been a unit more, that is, the whole quotient. 

4. Given 6a; + lljf = 264, to find all the di^rent values of x 
and y in positive whole numbers. 



Ans. < 



ar=: 9 


20 


81 


42 


y=«19 


14 


9 


4. 



5. Given llx + S5y = 500, to find the least integer value of x. 

Ans. 20. 

6. Given 19x — 117y = 11, to find the least integral values of x 

and y. 

Ans. X = 66, and jf = 9. 

7. Is it possible to pay 501. by means of guineas and three-shilling 

pieces only ? 

Ans. ImpossiUe* 

8. A person bought sheep and lambs for 8 guineas ; the sheep cost 
IZ. 6«. a piece, and the lambs 15s, How many of each did he buy ? 

Ans. 8 sheep and 6 lambs. 

9. Is the equation 7x 4- 183^ = 71 possible or impossible ? 

Ans. Impossible. 



PROBLBX n. 



To determine d priori the number of solutions that tho equation 

• ax+by:^e 
will admit of. 



^^ 
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Let suoh integral values of x' and y' be found, that we may have 
oa:' — 6y' = 1, which we have shown to be always possible (Prop. 
1, Cor. 2) ; 

then, aex' — hey' t= c, .•. aa: + 6y = <icx' — hcy\ 

and, consequently, we must have x s ex' — m&, and y = ma — cy', 
where m may be any number taken at pleasure, that will make these 
values of x and y positive integers ; but, if no such value of m can 
be found, it will be a proof that the proposed equation is impossible 
in positive integers, and, on the contrary, as many suitable values 
of fit as can be found, so many solutions will the equation admit of^ 
and no more. Hence, because we must have ex' ^ mby and cy' <^*ia, 
the whole number of solutions will be expressed by the difEbrenee 
between the integral parts of "" 

ex' cy' 

-=-,and-f-; 
o a 

because, as m must be less than the first of these fractions, and 
greater than the second, the difference of their integral parts will 
evidently express the number of dififerent values of m, except when 

-T- is a complete integer ; in which case, since fit<^-T-, the differ- 

eiiQe of the integial parts would be one more than the number of 

e»' 
different values of m, therefore, when the expression -7- is an inte- 



ger, we must consider t as a fraction, and reject it therefrom ; but 

this must not be done with the other quantity — , because 



N. cy' 

^ a 



1. Required the number of solutions that the equation Oi+lS^fs 
2000 will admit of in positive integers. 

In the equation Oo?' — 13y' = 1, we have 
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therefore, 

2 



Stf + 2 

y' — 2 

.*. p' = 2, and x' = 8, hence the number of solutions is the inte- 

, _ .2000X3 . ., , ^ .2000X2 .... ^^ 
gral part of — r-^ the integral part of , which is 17. 

2. In how many difierent ways is it possible to pay 140Z. by means 
of guineas and three-shilling pieces only ? 

Ans. The pa3rment is impossible. 

3. In how many different ways may lOOOZ. be paid in crowns and 
guineas! 

Ans. 190. 

PBOBLBK ni. 

To find the integer values of x, y, %y in the equation 

€LX -{■ hy -{• cz -sz d. 

Let c be the greatest coefficient in this equati<»i, then, since the 

values of x and y cannot be less than 1, the value of % cannot be 

greater than 

d — a — h 

; 

c 
if, therefore, we ascertain this limit, and then proceed as in Prob. 1, 
we shall at length arrive at a remainder of the form ydzz^zk^ 
where, if 1, 2, 3, &c up to the limit, be successively substituted for 
sij cdl the values of x and y may be exhibited, as in Prob. 1. 

BXAMPLBS. 

1. Given Sx + by + 7% =- 100, to exhibit all the different values 
of ar, y, and «, in Integers.* 

* This example is the same as that given by Mr. Bomiycastle, at page 
333^ vol. 1, of his Algebra, where he finds the number of solutions to be 
7, '* which,*' says he, ** are all the integer values of op, y, z^ that can be 
obtained from the given equation :" from the above, however, it appears 
that 41 b the whole number of solutions. 



Oir nCDBTSBXINATE BaVAXXOKf. 



2«0 



Here » cannot be greater than = 13| ; 



and by proceeding as in Prob. ly 






— 1 



3y 

2y+« — 1 

■■II * 

y — z + 1 



f I 



now, by taking z = l, y becomes = 0, and a? = 31 ; but this an- 
swer is inadmissible, because y = is not an integer, but, by adding 
3, the coefficient of x, to this value of y^ and subtracting 5, the co- 
efficient of y, from the value of a;, we shall obtain another answer, 
and, by repeating this process continually, we shall obtain all the 
possible values of x and y, for this value of % ; and in a similar 
manner are the values of x and y to he found when z = 2,'<Sz;c., 
when all the possible solutions will be found to be 41 in member, 
and to be as follow : 



= 31 61 9|12 
26I21I16III 

11 4| 7 10 
27fe2ll7 12 



,_o$y= 2|5| 

^ ty= 31 6)0 

_ «y=t 11 41 7|10| 
*~^a:=2oll6llol sl 



8111 
131 8 

12 

4 



15 
6 

13 

7 

14 
3 



18 
1 

16 
2 



»= 7 



2= 8 



«= 9 



13 

= 2 
9 



= 2 
16 



5[8|11| 
llld 1 



(x^V2 

5*= 1 

1'.: 



6 

= 2 
2 



It is obvious, from the above, that when the solutions are very 
numerous, the process will become tedious ; but there is seldom any 
necessity to exhibit all the solutions at length, as is done here, since 
the object of inquiry is not so much to find the sdutions themselves, 
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as to determinei d pnarif the number tihat the equation admits of; 
the method of doing which will be pointed out in the next Problem : 
we shall, therefore, merely add ano&er example to this Problem, as 
an exercise ibr the student. 

2. Given 17« + 19y + 2U =: 400, to exhibit all the different 
values of «, y, and «, in integers. 






2 


3 


4 


6 


6 


1112 


13 


14 


9 


7 


6 


3 


1 


8 


6 


4 


2 


11 


12 


13 


14 


15 


1 


2 


3 


4 



mOHLSM IV. 

To determine the number of solutions that the equation 

ax + by + e%=:d 

will admit of, two, at least, of the coefficients a, &, c, being prime to 
each other.* 

By Prob. 2, the number of sdutions that the equation ax+hfts^e 
will admit of, is expressed by the integral parts of 

ex' cy' 
b a 

* When tiiis is not the case, the pn^MMsd equation must be ftransforaied 
to Mother, that shall have two, at least, of its coefficients pnne to each 
other. Thus, if the eqaation be 

Iftr + 15y + 20z = 100001, 
by tnuispoeiag SO^r, and dividing by 3, we have 

4i?+ 5y = 33334— 7«+ ^^ ; 

«— 1 

••. ^ Is an integer, which call u, then j; = 3tf + 1 ; whenec, by snb- 

stitutioa, the proposed equation becomes 

I2x+ 15y + 20 (3u + 1} = 100001, 
which, by transposing tiie 20, becomes divisible by 3, and we then have 

4ir+5^+20u = 33337; 
in which equation, x and y have, of coarse, the same values as in the sue 
proposed, and therefore the number of solutions must be the same ; but in 
ttm last one, value of u may be 0, because 

1? = 3u + 1« 
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«' and y' being detennined from the equation ax' — ijf' = 1 ; there- 
fore, in the equation ax -{-hy =:d — c«, if we make « =s 1, 2, 3, 4, 
^. successively, then the number of solutions 

g ax+5y=£2 — c will be the integ. pts. of ^ — — 

\\ «,+*,=d_2c ...... (*^_(*:^ 

♦•a 

&C. &C. &c. 



.a 



the sum of which will be the whole number of solutions that the 
equation admits of, that is, if we take the sum of the integral parts 
of the arithmetical series 

(d-c)x- (d-2cy {d-9c)x' (d-4e)«' , 
J + 1 + j + g + &c., 

as also of the arithmetiGid series 

{d-cy ^ (d-8c)y' ^ (d-3c) y' ^^^ (<i~4#y ^ ^^ 
..a a n- €L 

the difference of the two will be the whole number of integral solu* 
lions ; now in each of these series the first and last terms, as also 
the number of terms, are known, for the general terms being 

o a 

we shall have the extremes by taking the extreme limits of «, that 

is, « = 1, and »<[ , which last value of « also expresses 

c 

the number of terms in the series. 

If, therefore, we find the sums of the two whole series, and then 
the sum of the fractional parts in each, by deducting these last sums, 
each from the corresponding whole sum, the sum of the integral 
parts of each series will be obtained. 

In summing the fractional parts, there will be no necessity to go 

through the whole series, for, as the denominator in each is con* 
21 



242 ON mDETBRHINATS SaUATIONS. 

staut, these fractions will necessarily recur in periods, and the num- 
ber' in each period can never exceed the denominator ;* it will 
therefore only be necessary to find the sum of the fractions in one 
period, and to multiply this sum by the number of periods, in order 
to get the sum of all the fractions, observing, however, that when 
there is not an exact number of periods, the overplus fractions must 
be summed by themselves, which may be readily done, since they 
will be the isame as the leading terms of the first period; it must 

also be remembered that -r- is to be considered as a fraction in the 

o 

first series, as in Prob. 2. 



SXAXPLBS. 

I. Given the equation 5ar + 7y + 11« = 224^ to find the number 
of solutions which it admits of in integers. 

224 6 7 

Here the greatest limit of z<^ r-r is 19 ; 

also in the equation &af — 7y' = 1, we have x' = 8, and y' = 2, 
also a = 5, and 6^7; 
therefore, the two series, of which the sums are required, beginning 

with the least terms, t — —^ and ^^ ~ will be 

o a 

3.15 3.26 8.37 3.113 

— I I - f- . . . . - , 

2.15 2.26 2.37 . 2.113 

"^^ "6" + "5" + "5~ + 5- ' 

3 . 11 

the common difference in -the first being — ^ — , and in the second 

* This will appear from considering the above series ; for, if in the first 
series d and e be pirime to each other, and neither of them prime to h, each 
term will be wholly integral, that is, the fractions will all be 0. If 6 be 
prime to d, and not to e, the fractions will be all equal. If b be prime to 
«, but not to (2, then the fractions will recur after the first integral term, 
which can never lie beyond the bih term ; and, finally, if a, 6, (;, be all 
prime to each other, the series of fractions will always recur after the bih 
term. Similar observadoiis evidently apply to the second series. 
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^-#. and the number of terms in each 19. 

1 

Now the sum of the first series is 02df , 
and the sum of the second .... 866| ; 
also the first period of fractions, in the first series, is 

and the first period, in the sedond series, is 

^ being considered as a fraction in the first period, bat not } in the 
second. 

Hence the number of terms in each series being 19, we have two 
periods and five terms of the first series = 2 X 4 + the first five 
fractions = lOf , for the sum of all the fractions, and therefore 
928f — lOf = 918 = sum of the integral terms of the first series : 
also in the second we have three periods and four terms =3x2 
+ If = 7f , and therefore 866f — 7f = 859 = sum of the integral 
terms of the second series ; whence 918 — 869 = 69 is the whole 
number of integral solutions. 

In a similar manner may the number of solutions be obtained 
when there are four or more unknown quantities. 

2. It is required to determine the number of integral solutions 
that the equation 8a: + 5y -f ?» = 100 will admit of. 

Ans. 41. 

d. It is required to determine the number of integral solutions 
that the equation 7a: + 9y + 2Sz = 9999 will admit of. 

Ans. 34366. 

PROBLEM V. 

To find the integral values of three unknown quantities in two 
equations. 

When there are two equations and three unknown quantities, one 
of the unknowns may be exterminated as in simple equations (Art. 
15, chap. 2), and the other unknowns may be found as in Prob. 1 
of the present chapter. 
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SXAMPLS8. 

ues of X, 5f, and 2. 

Here multiplying the first equation by 6, and subtracting the 8e< 
cond) there results 22^ + 13^ = 135 ; 

135 — 22y ,^ 9y— 5 

whence «= =-= — - s= 10— y =^-5 — . 

18 



13 
13y 
9,- 


5 


4y + 


5 
2 


8y + 10 


y— 


15 



.*. jf s= 2, and s; = 7, which are the only values of y and «, 

.-. X = 10. 

It should be remarked here that we are not to expect that when 2 
and y admit of several values, each will satisfy the proposed equa- 
tions ; for the corresponding values of x may be fractional. All 
that we can infer is that the integral values of y and «, deduced as 
above, contain among them all those which can subsist Mrith integral 
values of x ; but what values do really so subsist can be ascertained 
only by tr3ring each pair in succession. 

^ ^. <3a?+ 5«+ 7«= 560) ^ ^ „ .^ . 

values of x, 5^, and x. 

^2( = 15 I 30 

Ans. < y = 82 40 

( ar = 16 I 50^ 

FROBLBH VI. 

To find the least whole number, which being divided by given 
numbers, shall leave given remainders. 
Let a, a', a", dec. be the given divisors, and b^ b\ b'\ 6k. the T^ 
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I 



spective remainders ; also, call the required number n, then n =3 aa; 
-{- b=za'y -{- b' = a"» + h" = &c. j therefore ax — a'y^h' — i; 
find then the least values of x and y in this equation, then will ax-^-h^ 
or a'y + ^) be the least whole number that fulfils the two first con- 
ilitions ; call this number c, then it is obvious that this, and every 
other number fulfilling the same conditions, will be contained in the 
expression cui'z' + c,* «' being 0, 1, 2, &c. successively, we have, 
therefore, aa'%' + c = a" « + 6" , to find the least values of %' and 
2, in which case aa'% •\- c -= a" % •{- h" ^ will be the least whole num- 
ber fiilfilling the three first conditions ; call this number c2, then will 
this, and every other number fiilfilling the same conditions, be con- 
tained in the expression aa'a"^ + dy and equating this with the 
fourth expression for the value of n, and deducing thence the least 
value of ^, the expression aAi!a"y' + d will then be the least num- 
ber answering the four first conditions ; and so on to any proposed 
extent. 

EXAMPLES. 

1. Find the least whole number, which being divided by 11, 19, 
and 29, shall leave the remainders 3, 5, and 10 respectively. 

Here n = 11a: + 3 = 19y + 5 = 29« + 10, 
and .'. \^y — * 11a: = — 2, and y = 



cuiu y — — 

liar— 2 
2 


19 


22ar— 4 

19ar 


( 


3ar— 4 

7 




21ar — 28 




ar + 24 





* We are here leaBoning on the supposition that a, a\ &c. are prime to 
each other ; if, however, they have a common fector, it should be expunged 
froni the expression oa V. . 
21* 
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••• g =s 14, imd llx + 8 r= 157 ; hence we have 

11 X 19a?' + 157 = 209a?' + 157 = 29« -h 10, 

. 209ar' + 147 ^ , ^ 6a?' + 2 
and .-. % = gg = 7a? + 5 + — gj— ; 

6a?' + 2 
5 

30a?' + 10 
29a?' 

a?' -f 10 

.% «' = 19, and, consequently, 209a?' + 157 = 4128, the numh^ 
required. 

2. Find the least whole number, which being divided by 17 and 
26, shall leave for remainders 7 and 13 respectively? 

Ans. 143. 

3. !^ind the least whde number, which being divided by 28, 19, 
and 15, shall leave for remainders 19, 15, and 11, respectively? 

Ans. 7691. 

4. Find the least whole number, which being divided by 3, 5, 7, 
and 2, shall leave for remainders 2, 4, 6, and 0, respectively? 

Ans. 104. 

5. Find the least whole number, which b^ng divided by each o£ 
the nine digits, shall leave no remainders ? 

Ans. 2520.* 



* For several particulars in ads chapter the author is indebted to 
Barlow's Theory of Numbers, a work which cannot be too strongly re- 
commended to the notice of the English student There is no part of 
mathematical science that requires such an intimate acquaintance with the 
properties of numbers as the indeterminate analjrsis, and the work just 
mentioned is the only productioa on that interesting subject in the English 
language, with the exception of M^cdm's Arithmetic 
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CHAPTER IX. 

ON THE DIOPHANTINE ANALYSIS. 

(168.) DioPHANTiWB Algebra* is that part of analysis which re- 
lates to the finding particular rational values for general expression 
under a surd form ; the principal methods of effecting which are 
comprehended in the following problems. 

PROBLEM I. 

To find such values of ar as will render rational the expression 



v^oar* -{- bx -\- c. 

Before we can give any direct investigation of this problem, it 
will be necessary to consider the nature of the known quantities a, 
b, c, because there are several cases in which the thing here propo- 
sed to be done becomes impossible, and that solely on account of 
these kno^ni quantities. 

Case 1. When a=0, or when the expression is oftheform^bx+c. 

Put Vftar-f-c = j>, or 6a: 4- c =jj^, then x =^-t — > consequently, 

whatever value be given to j>, there must necessarily result a cor- 
responding value of X that will render the proposed expression ra- 
tiooal, and equal to p. 



1. Find a number such, that if it be multiplied by 5, and the pro- 
duct increased by 2, the result shdll be a square. 

* So called from Diophantus, a Greek mathematician, who lived about 
300 years after Christ, and who appears to have been the first writer on 
this branch of Algebra. 
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Put 5a? + 2 = p', then x = ^-—- — ; if we assume p = 2, then x 

5 "* 

=: f ; and hy assuming other values for j>, difl^rent values of a; may 

be (Stained. f 

2. Find two numbers, whose difierence shall be equal to a given 
,' number a, and the difierence of whose squares shall be also a square. 

I Let X be one number, then a + a; is the other» and we have to 

i make (a -j- xf — ar*, or a' -j- 2jaxy a square. 

p? a« 

Put a* -f 2aar = p^, then x = *--- — , where the value of p may 

2a 

be any number assumed at pleasure. 

3. Find a number such, that if it be multiplied by 9, and the pro- 
duct diminished by 7, the result shall be a square. 

4. Find a number such, that if it be increased by J of its own 
value, and 11 be taken from the sum, the remainder shall be a square. 

Case 2. When c = 0, or when the expression is of the form 

^/ax^ 4* bx. 
Put i/oa:*-!- bx = pxy or aa^-i- bx = f^a^, then <ix + b ^ ]fx ; 

whence x = -= , and whatever value be given to j> in this ex- 

p -i—a 

pression, there will result a value of x that will make the proposed 

expression rational. 

EXAMPLES. 

Find a number such, that if its half be added to double its square, 
the result shall be a square. 

Let X be the number, then we must have 2a:' -(. ^a; = a square; 
which denote by j^a^, then 2a; + i =P^Xi or 2a: — j^x = — i ; 



.% X = a Q , p being any number whatever. If p be taken =^ 2, 
then a? = i. 

2, Find two numbers, whose sum shall be equal to a given num^ 
ber a, and whose product shall be a square. 
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« 

Let X be one number, then a — a; is the other, and we have to 
make ax — «" a square. Put ax — x* = p'a;*, then a — x = jfXj 

whence x = ^ , p being any number whatever. 

3. Find a number such, that if its square be multiplied by 7, ana 
the number itself by 8, the sum of the products shall be a square. 

4. Find a number such, that if its square be divided by 10, and 
the number itself by 3, the difi^rence of the quotients shall be a 
square. 

Case 3. When cisa square^ or when the expre$gion it of the form 

*J (M^ -^ hx •\' <r. 

Put Vax'4- hx-\-(?-=px-\' c, then aa^ + bx + i^ = f^a^ + 2cpx 
-f c*, or aa* + ^a: = j^a^ + 2cpx, .•. ax + b= ^x + 2cp, whence 
2cp — 6 
a — |r 

EXAMPLES. 

Find two numbers, whose sum shall be 16, and such, that the sum 
of their squares shall be a square. 

Let X be one number, then 16 — x is the other, and we have to 
make «* -f (16 — ar)', or 2q? — 32ar + 256, a square, which denote 
\sf (jwr — 16)' 3= f7^ — 32px -f 256, and we then have 2«* — 32ar 
= fiV — 3%M?, or 

2a; — 32 ^|i^ar — 32p, whence a? = f~^ > 

If we take p = 3, we shall have a? = 0|, .*. the two numbers ai^ 
94, and 6|. 

2. Find two numbers, whose difierence shall be equal to a given 
number e, and the sum of whose squares shall be a square. 

Case 4. When aisa square, or when the expression is of the form 

^aV + bx + c. 

Put y/aV -^ bx + €:= aX + py OT 

aV + 6ar + c = a V + 2poa: + |j^, 
then bx + c^ 2pa9 + p* .-. ar = 5 ^-^ 
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BXAMPLB8. 

1. Find a number such, that if it be increased by 2 and 5 sepa- 
rately, the product of the sums shall be a square. 

Let X be the number, then we have to make 

{x+2) (a: +5), or a:* -f 7a: -j- 10, a square, which denote by (x — p)*, 
then ar^H-Tar-flO = a^—2px-{-f, or 7a:+10 = — 2px+p', .% x = 
p^ — 10 
7-f2p* 

If we take p = 4, we shall have a? = f. 

2. Find two numbers, whose difference shall be 14, and such, that 
if the first be increased by 3, and the second by 4, the product of 
the sums shall be a square. 

3. Find two numbers, whose difference shall be 3, such, that if 
twice the first increased by 3, be multiplied by twice the second 
diminished by 3, the product shall be a square. 

Case 5. When neither a nor c are squares^ Intt when ¥ — 4ac 

U a square. 

In this case it will first be necessary to show that the expression 

ox* -{-hx-^- c will always be resolvable into two possible factors. 

h c 
For if we put a:* + - a? -}- - = 0, and solve the equation, or find the 

a a 

two values of a; in it, as ar s= A;, and x =r h\ then x — A;, and x — k\ 

h c 

will obviously be the two factors of a^ + -ar + - ; and therefore 

a a 

a{x — ifc) (a: -»- k') will be equal to the proposed expressicm. 

Now the values of x in the above equation are ' 



b . y/l^ — /kLc J b ^l^ — iae 

X := 1 — . ana x = -^ . 

2a ^ 2a ' 2a 2a 

or putting V — 4a<? = <P, the values of x are 

-^ — , and 5 — , and, consequently. 
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we see therefore that the proposed expression under these conditioDs 
is. always resolvable into two factors. 

Let there be then 



y/ax' + bx + c^ yfijx + g) (^ + jfc), 
which put equal to f{fx + g), then 

(Jx + g){hx + k)^f{fx^gY\ 
ot{hx-\-k) = f(JxJtg)\ 

whence x = f^ ,^ . 

BXAKPLBS. 

1. Find such a value of a; as will render the expression 6«'+ \^x 
+ 6 a square. 

Here a = 6, & =s IS, and c = 6, and, as this expression evidently 
does not belong to any of the preceding cases, it will be pn^r to 
try whether ft* — 4ac is a square, which it is found to be, viz. 25: 
we are certain, therefore, that the expression may be represented by 
two factors, which are readily found to be 2a: + 3, and 3a: + 2. 

Put therefore 6**+ 13ar+ 6, or (2ar + 3) (3ar + 2) = [p(2i + 3)]*, 
and it follows that 3ar + 2 = p^(2ar + 3), 

Sii* — 2 
^^"^'=3^32^- 

If we take pal, then a; = 1, and the expression becomes equal 
to 26. 

2. Find such a value of a; as will make 2a:' + 10a; + 12 a square. 

3. Find such a value of x as will render rational the expression 

V'8«'H-6a: — 2. 

Case 6. When the proposed expremon can he divided into two 
parts, one of which is a square, and the other the product of two 
factors. 

This is the last case in which any general method of proceeding 
can be pointed out, and may oflen be serviceable when the expression 
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does not come under either of the preceding cases. It is, however, 
sometimes troublesome, to find whether the proposed expression can 
b9 decomposed as this case requires, or not ; but if it be ascertained 

that it can, the expression Vox' -\' bx •}• c may be put under the 
form ^{dx + e/ + (Jx + g) (Ax + Ar), and if we equate this with 
{dx + e) + pifa + g)i there will result 

{dx + ey^(Jx-]-g){kx+k) 

= {dx + ey+ 2p{dx + e) (/x + ^) + f(fx + g)\ 

or kx + »= 2p(d<r + e) + f{fit + g); 

SXAMPLSS. 

Find a value of x such, that 2x' + 8x + 7 shall be a square* 

This expression, after a few trials, is found to be equival^t to (x + 2)* 
-f (x + 1) ,(x + 3), which being equated with 

[(« + 2) — p(« + !)]« = (x + 2)«— 2p(« + 2) (X + 1)+ f{x + if, 

there results x + 8 = — 2p(x + 2) + f{x + 1); 

p* — 4p — 3 
^^^^^== l + 2p-p> ' 

If we take p =& 3, we shall have x = 3, and 

2x« + 8x + 7 = 4«. 

3. Find a value of x such, that 12x*+17x+6 may be a sqiuare. 

(190.) We have now given all the cases in which general methods 

have been discovered to render the expression V o^ + &x -f c rational ; 
but as it may have rational values in other cases, it is of importance 
to be able to determine them. 

Now this can only be done when one satisfactory value is already 
known, which value must therefore be found by trial ; this being ob- 
tained, other values may be readily deduced. -^ 

(169.) Suppose the expression i/ox'+frx+c is found to become 
rational when x = r, and that the value of the expression in this 
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case is « ; then ar^ -{■ br + c = ^. Put x=z y -{- r^ and we have, 
by substitution, 

aa^ + &J? + c = a(y + r)' + 6 (y + r) -f c 
= ay* + {^or + b)y + at^ -^ br + c; 
= ay« + (2ar+6)y + «», 

and, as this form comes under Case 8y the value of y, in order that 
this last expi-ession may be a square, can be found, and thence that 
of ar = 3f + r. 



1. Find such values of a tiiat will"^ render die expr^ession 



V 10 -h 8a: — 2a^ rational. 

This expression is found to become rational when a? = 3. 

Put thereft»fe :» =3 3 + y, and we haire, by substitudott, 10 -h Sx 
— 2a:' =r 16 — 4y — 2^*, which must be a squure; denote it by 
(4 — pffY =16 — Spy H- ]^f^y and we shall have 

16_4y — 2y«=16 — 8i»y + |j^y«, 

* or— 4 — 2jf = — 8j^-h|j^y; 

whence tf = K . ^ : 

if we take j> = 2, then y = 2, and ••• x = 5, and the value of the 
proposed expression is 0. 



2. Find such values of d;as willrender theexpression V5?+12^rf8 
rational. 

3. Find a number such, that if three times itself be taken from 
three times its square, the remainder increased by 3 shall be a square* 

FKOBLBX n. 

To find such values of x as'wUl render rational the expression 

^aa^ + ba^ -^ ex -^ d. 

There are but two cases in which a disect solution can ba given 

to this problem. These are the fdlowing : 
22 
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9 

Case 1. When the two hut terms are absent j or when the ex- 
pression is of the form 

Put >/a?"+"6? =par, or oaj" + 6«* = jp^«", then ox + i =/>^; 

whence x = ^^ . 

a 

EXAMPLES. 

1. Find a number such, that if three times its cube be added to 
twice its square, the sum shall be a square. 

Here we must make dx* + 2^:^ a square ; let f^o:* be the square* 

then 3a: + 2 = jr, .•. ar = ^—r — . 

If we takep = 3, we have a; = 3, the number required. 

2. Find a number such, that if five times its square be taken from 
three times its cube, the remainder shall be a squcure. 

Case 2. When the hist term is a square^ or when the expression 

is <f the form 

*Jaa? + ft*" + ex + d*. 



Put Va«» + 6a:» + ca: + <i* = ^x + d* ; 

then a«* + i«" + ca? + cP = --^7? + cop + d", 

or a«* + 6«* = T^«*; 

4cr 

c» — 4M* 

whence a; = — ; — =r— • 

4<ur 



* The expression is assumed equal to i^x-^-i^ in order that the two last 

terms in its square may be the same as the corresponding terms in the pro-; 
posed expression* 
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This solution gives only one value of x^ but from this, other 
values, when possible, may be obtained by the method next following 

When the second and third terms are absent, this method evi 
dently &ils. 

BXAHPLBS. 

1. Fmd such a value of a; as will make the expoession 8a^ -— Oo^ 
+ 6ap + 4 a square. 

Put da^ — ba* + 6a: + 4 = (fa: + 2)^ = fa;* + 6« + 4, 
then Sa:* — 5«* = J*", or 3a: — 5 = f; 

whence a? = ff , 
which value being substituted in the proposed expression, makes it 
equal to (Y)'« 

2. Find such a value of x as will make a:" — a:'+2a;4-l a 

square. 

Ans. a: = 2. 

8. Find a value of x that will make the expression -— Oa:* + 6a^ 

— 4a; + 1 a square. 

Ans. 0? = -— 1. 

To these two cases may be added, as in the last Problem, a third, 
by which pther values may be had from one being previously known. 

(170.) Suppose it is already known that the expression 

^aa:^ + bs^ -i- ex + d 

becomes rational when x z^r^ and that the value of the expression 
then becomes = $; that is, let 

ar» + fcf^ + cr + d = i?; 

then, as in Art. (191), put a; = y + r, and we have 

ay* + Sary* + 3ar*y + ar* = aa^ 

V + 26ry +br*=ba^ 

cy -\- cr =z ex 
d = d 



ay» + fry + c'y + j' = D*, 



* This symbol is used to signify the words, a tquare* 
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ft', c't an4 i^i f^reeepting the sums of the quantities under which 
they ajfe ie^»eetively placed, therefore the value of y may be deter- 
mined by J^t 0f^. 



EXAMPLES. 



The expraerioa V^-^-a^ + 2a; + 1 is found to become x«ti<Hial 
when X = 2 : it is required to find another yalue of x that will 
answer. 

Put ar = y + 2, then T^ — tx^ + 2a? + 1 = ^ + V + % + ^» 
assume this last expression equal to 

(ijf + 8)S or yy» + 8y + 9; 

then y» + 3y« = yy«, or y + 3 = V 5 

whence y = — V> *^<^ •*• a? = 2 + y = J. 



2. Find a value of a; in the expression Va;* + 8 = O, besides the 
case X = 1. 

3, Find A velue of x in the expression >/3«*+ 1 = D, besides 

the case a; ;= 1. 

Ans. afsB— T*F. 

scHOLnnc. 

There are many cases in the preceding Problem in which the un« 
known quantity admits of only one rational value, and many more 
in which the expression is impossible. If any expression can be 
divided into factors, one of which is a square, this square may be 
rejected, and the remaining factors only used. Thus, if the expres- 
sion 03? 4- hs?, or a? (ax + ^), is to be made a square, it will only 
be necessary to make aa? -|- ft a square ; also, in the expression 
3»—3^—x + 1, which is equal to (1 — ar)«(l + ar), it will be only 
necessary to make 1 + « a square, in order that the whole expres- 
sion may be a square. 
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PBOBLEM III. 

To find such values of x as will render rational the expression 

s/aa^ -\' ho? •\- CO? •{- dx •\' e. 

In this Problem there are three cases in idiich a direct soluticm 
can be obtained. 

Casb 1. Wh^n both the first and IcM terms are complete squarei^ 
or when the expression is of the form 

Va*ar* + 6x* -^ca^ -i- dx + ^. 
Put aV+ft«»+ca:«+dar+e» = (aa:»+ma: + e)' = oV + 3am«* + 

then, in order that the three first terms in each side of this equation 
may destroy each other, we must make 

b = 2am, or m = r-, 

2a' 

and there will result 

ca^ •{- dx=: (m? + 2ae) «* + 2mex ; 

. d — 2me 

whence x = —zi , 

<+2ae — c' 

or, substituting for m its equal ^, we have 

^a 

__ 4a(ad — be) 

or, since e is found in the proposed expression only in its second 
power, it may be taken either positively or negatively ; hence we 
get another value of a?, viz. 

_ 4a (ad + be) 
*">_4a«(2a€ + c)' 

Or this case of the problem may be solved differently by making d 

— , instead of — ^^i 
2«' "*'"^*" "* 2a' 



^ 2me, when m will be equal to r^ , instead of ;;-, and we shall 

^ 2e 2a 

have 

bafi + oa^= 2ama^ + (m' + 2ae)«"; 

22* 
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whence f = 



6 — 2am 



<g' + 4e'(2ae — c) ^ 
*^ 4c(6c — <ui) ' 

or «= — r-rr-^ 1^\ 

Ae{he-\'ad) 

this last value being obtained from supposing e negative, as before* 

Hence, by employing these two methods, four solutions may be 
obtained : it must be observed, however, that they all &il when h 
and d are both 0. 

BXAMPLSS. 

1. It is required to find such a value of x^ that the expression o^ 
— O** + 4«' — 24a + 16 may be a square. 

Put, according to the first of the above methods, 

a**_6a:« + 4a:« — 24a: + 16 = (a?« — 3ar — 4)» 

= «* — 6a:» + «■ + 24a? + 16, 
and there results 

4x» _ 24a? = «■ + 24ar, 

or 4ar —24 = a? +24; 

whence a: = y = 16. 

If, according to the second method, we put the expression equal to 

(a:«+3a? — 4)« = a?* + 6a:» + a:« — 24a?+ 16, 

we have 6a!* + a:" rr — 6a!* + 4a:' ; 

whence a? = i. 

By taking 4 (= e) positive, each of these solutions gives a: = 0. 

2. It is required to find suoh values of a? as will make a^ — 20!* 

+ 2a:'+ 2a: + 1 a square. 

Ans. a? = 4, or — J. 

3. It is required to find such values of x as will make 4«* + Zx 

+ 1 a square. 

Alls. « x= f fl, or Hf. 
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Cass 2. When the first term only is a »qmrei or when the 

erpresnon is of the form 

VaV + ba^ + ca? -^ dx + e. 

Put 0^0?* + 5«' + c«* + i^ + e = (o«" -^mx-i-ny^: 

a«* + 2ama^ + (m* + 2an)«*+ 2mnx + nP; 

then, in order that the first three terms in this equation may destroy 
each other, we must make 

6= 2am > ^ \^ 2a 

e = m' + 2an\ ^^^^ K _ ^ - «" _ 4aV-y 

V** 2ir •" 8a» * 

we have therefore dx -^ e = 2mnx + n' ; 



whence x = 



ci — 2mn' 

or, substituting for m and n their values as deduced above, we have 

_ (4a'c— .yy— 64a'g 
*"" 8a« [Sa*d — b (4a«c — 6^)] ' 

When b and <2 are both 0, this formula fails, the same as in the 
last case. 

BXAXFLBS. 

1. Required a value of x such, that the jBxpression 

4«* + 4«' + 4** 4- 2aj — 6 may become a squaie. 

Here m = 1, and n = i, therefore 
put 4ap*+4a^+4a^ + 2ar— 6 = (2a» + «+ |)» = 

4a:* + 4a!» + 4a« + iaj + TV, 
and we have 2x — 6=z ^x + ^; 

whence x =: »f • = 18^. 

2. Required such a value of «, that the expression o^ — Bx + 2 

may become a square. 

Anp. X = i. 

3. Required such a value of ar, that the expression o^ — 22* -i- 

4«* — 2a: + 2 may be a square. 

Ans. X =s i. 
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Case 3. When the last term only is a square^ or when the 

expression is of the form 



*Jax^ + ftx* + ex* -f dx + e" 

Put ax* + ftar* + ex* + dx + e* = (mx* + nx + e)* = 

mPx* + 2ifmx* + («» + 2me)x' + 2iiex + e* ; 

then, in order that the three last terms on each side of this equation 
may destroy eeich other, we must make 

C =- 

c=n«+2»ie5'^^®^^ i e — n^ 4c^ — cP 

and we shall then have 

ax* + ftx* = wi'x* + 2miix') 

or ax 4- 6 = m'x + 2fim ; 

, 2mn — 6 
whence « = =- ; 

or, substituting for m and n, their values as deduced above, we have 

_ 8e'[d(4ce'-- d*) — 86c*] 
*" 64ae* — (4cc — (?)« ' 

which formula fidls under the same circumstances as those of the 
preceding cases. 

The first case of this Problem is evidently included in each of the 
two last cases, and therefore either of the two formula last deduced 
is also applicable to the first case. 

BXAMPLBS. 

1. Find such a value of x as will make the expression 
5x* — ix* + 3x" — 2x + 1 a square. 
Here m = 1, and n = — 1, therefore 

put5x* — 4x»+ 3x" — 2x + 1 = (x« — x+ Xf — 
a:*_2x» + 3x*— 2x+ 1, 
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and we have &a?* •— 4«* = «* — 2**, 

or 6a — 4 =t X — 2 ; 

whence ar = f = i. 

2. Find a value of op such, that we may have 2a* — Sx+1 = □ . 

Ans. x=z \y. 

3. Find such a value of x that we may have 22a* — 40a*— 

40a* + 64a+ 16= D. 

Ans. a =7 f • 

When the proposed expression does not come under either of tbe 
above cases, then, as in the preceding Problems, one satisfactory 
value of the unknown quantity must be discovered by trial, n&er 
wrhich, other values, when possible, may be obtained ; but in tlis» 
as well as in the preceding Problems, there are many expressiom in 
which the unknown quantity admits of only one value, and, in a 
great many instances, the value is impossible.* We now proceed 
to show how to &id other values from having one value already 
given. 

(171.) Suppose it is already known that the expression 

^a^ 4- 60* + CO* + da + e i 

becomes rational when x = ry and that we have 

ar* + 6r» + cr* + (Zr + f = j'. 
^ Assume y + r = x, and we have 

ajf* + 4ary* + 6ar*^ -f Aat^y -{• ar^ = aa^ 

hf + Zhry^ + Ui^y + ftr* = fta* 

cy* + 2cry + m^ -=1 ca^ 

dy -{• dr = dx 

e = e 

ay* + by + cY + d'y + g'^ D; 

the terms in the last line representing the sums of the quantities 
under which they are respectively placed. 

* It would be impractieable to give la this work a view of all the im- 
possible forms of the expression here treated of: the reader is theieft>iB 
referred to the wcvk meatioaed at the conclusion of last chapter. 
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Hence the expression is reduced to a form in which the preceding 
case will apply, and therefore the value of ^, and thence that of Xy 
may be determined. 

EXAMPLBS. 

1. Find such values of x^ that the expression 

3ar* -f 2x* — 5a^ -f 7a? — 3 may be a square. 

It appears, upon trial, that if 1 be substituted for Xj the expression 
^vrill become a square, viz. 4. 
Put therefore x= y+l^ and we have 
3x*+ 2x* — 5a^ + Tar — 3 = 3y* + 14/+ 19y"+ 16y + 4, 

wUch must be made a square ; therefore, according to the last case, 
denote this square by 

{iif + Yy + 2)' = f my* + SWy* + "s* + i^y + 4, 

and we shall then have 

3j^ + 14»'= HHy*+ SWy*. 

or 3y + 14 = HHy + SW 5 
whence y = \ftW» 
and, consequently, x = ViW • 



2. Find a value of. x that will make Va?* — 2ar" + 2 rational, 

besidei the case x = !• 

Ans. a; = |. 

3* Find a value of x such, that the expression 

22a:* — 128a:' + 212a:«— 64ar— 26 
may be a square, the case a; = 1 being already known. 

Ans. «= y.* 

PSOBLBH IT. 

' To ind such values of a; as will render rational the expression 

^ aa^ -i- ba^ + ex + d. 

^» » ■■■■* -.1 ■■■■I—. I. ■ ■■■■■■^■■- I ■■■ ■■■ ■IMII.I — ■■ ■ ■■ IM^^M^Mi II ■■ ■■ I I I ■ B^— — M^— 1^— — M— — i— ^— 

* No methods have yet been discovered for rendering expressions of the 
^oye kind rational squares, if the unknown quantity exceed the fourth 
power; ntt even when a satisfactory case has been obtained by trial. 
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In this Problem there are likewise only three cases in which ^ 
direct solution can be obtained. These are as follow. 



Casb 1. When both first and last terms are cubes^ or when ihe 

expression is of the form 

Put aV+ ft«* + ca? + d»= (oar + d)' = aV+3a»ia^+3ad"«+iP, 
and we have 

ba^ + cx=: Sa^da^ + SacPx, 

orbx -{- c = Sa^dx + dad^ ; 

4 

3(u? — c 



whence x = 



b — 3ay • 



EXAMPLES. 

1. Find a value of x such, that the expression 

a:* + Qa:" + 4ar 4- 8 may be a cube. 

Put a^ + 9a:* + 4a: + 8 = (X + 2)» = a:» + 6a:« + 12a? + 8, ! 

and we shall then have 

9a:« + 4ar = 6a:» + 12a: 
whence a: = | = 2t. 

2. Find a value of x such, that the expression — 126a:' + 89af*+ 

28« + 8 may be a cube. 

Ans. x= If. 

3. Find a value of a; such, that the expression 8a:' + 42a:' — 8a; + 

27 may be a cube. 

Ans. X = lOi. 

Case 2. When ihe ftst term only is a cti&e, or when the expression 

is of the form 

VaV -{• ba^ + ex -i- d. 

Put a^a^+ba^+cx+d = (ax+ mf =: a^a? ^-Sa^ma^+danfx+nff 

and make 

b 
3criNi =bfOsm=z --j, 
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Assume y + r=iX^ and we have 



oy* + *y + c'jf + / = a cube. 
The expression is therefore reduced to a form which is resolTabfe 
hylastcase* ^ 



1. It is required to find such values for x^ that die expression 2«* 
— 42* + 6a; + 4 may be a cube. 

It appears, upon trial, that « =1 is a satisfoctory value ; put then 
x=iy+lf and the eiqpression becomes 

which put equal to 

(iy + 2)* = A/ + ISf* + 4y + 8, 
and there results 

2/+«f' = A/ + V» 
or 2y +2 = ^y +t; 
whence y = — 1| ; 
and, consequently, « = |}. 

2. Find a value of x that will make a^ + x + I a cube, besides 
the case x=: -—1. 

Ans. 0? = — 19. 

3. Find such a value of or, that the expression 2a:* — 1 may 
be a cube, besides the case x = 1. 

Ans. Impossible. 




OH BOVBU AMP TBIPLK BaVAUTOS* , 817 



ON DOUBLE AND TRIPLE EQUALITIES. 

(173.) In the preceding Problems, the object of our investigations 
has been to find rational values for expressions under a surd form ; 
and our inquiries have been directed to each expression separately. 
Questions, however, oft^ occur in the diophantine analysis, that 
require us to find values for the unknown quantity, or quantities, 
that shall not only render a single expression a square, cube, &c., 
but that shall also, at the same time, fulfil similar conditions in one 
or more other expressions, oantaining the same unknown quantity 
or quantities. In the case where two expressions are concerned, it 
is called a double equality, and where there are three expressions, a 
triple equality, &c. The following methods of resotving these 
equalities will be of service to the student in ordinary cases ; but in 
those instances where the methods here given are found to be insuf- 
ficient, he must be guided by his own penetration and ingenuity, 
since no general method of proceeding, that shall be suitable to every 
case that may occur, can be given. 



ntonupc I. 

To resolve the double equality 

lUB -f 6 sx a, 

* 

00 4- <2 zs a. 

Put ax+b=zjf, and cx-^d^^^ then, equating tfaetwovdues 
of a;, which these equations furnish, we have 

"- = ^^ , or cf — cb=: a(f — ad\ 

tt c 

therefore c*p^ = cajf — cad -|- c^ft, 

and, consequently, q must be such a value that the oxpre^^ioa 

ca^ — cad + tfh 

may become a square, which value may be ascertained by one or 
other of the preceding methods, and thence the value of x may be 
determined. 



2M oir DOjmLM Ain> trifls movautob. 



rsoBLSK n. 



To resolye the double equality 

a«* + bx= Oy 
ca^ + dx = a . 

Put jT = -, then, if each equality be multiplied by jf*, there wiH 

result the double equality 

a + hs/= a, 
c + dy=z Q^ 

which belongs to the preceding Problem. 
Or put aa^ -f- 6x = f^a^, then ax + 6 = j^x, and, ponsequently, 

or, multiplying by the square {]f — a)% it becomes 

eV — abd-^hdjfsz: a; 
whence p may be determined, and thence x, 

pmoBLEM m. 
To resolve the double equality 

da^ -\- ex +/ie D. 
Here it will be necessary first to resolve the equality 

by Problem 1, and to substitute the value of x so deduced in the 
second equality 

da^+ ex +/=s= a, 

which will, m consequence, rise to the fourth power, and therefore 
its solution will belong to Prob. xn«, p. ^1. 
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PROBLEM IV. 

To resolve the triple equality 

ex '{• djf = D, 

f Put ' 

ax + by =zf^ 

ex -^ dy =^t^^ 

then, by expunging y from the two first equations, we have 

df—M 
""-ad—bc' 

and, by expunging x from the same equations, we have 

at^^^ef 
y - ad— be ' 

therefore, by substituting for x and y, in the third equaticm, their 
respective values here exhibited, we shall have 

ad — he ad — be 

or putting u = <«, and dividing the expression by the square ^, there 
arises the equality 

ad — he ad — he 
from which the values of z may be determined. 

Having then found the values of 2, we shall have, fit>m the above 
values of x and y, observing to write t% for v, the following results, 
viz. 

wliere t may be any valud whatever* 

(174.) The above are the most general methods hitherto disco* 
vered for the resolution of double and triple equalities ; we may 
therefore proceed to show the practical application of the foregoing 
23* 
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parts of the present chapter to the solution of diophantine questions : 
but, as has been already said, the student must be expected to meet 
with cases in which the mode of proceeding must be left, in a great 
measure, for his own penetration and judgment to suggest. Indeed, 
the subject on which we are now treating has exercised the inge- 
nuity of some of the most eminent mathematicians of Europe ; but 
Euler and Lagrange have been the most successful in combating the 
difficulties with which it is attended. The performances of tho 
former are contained in the second volume of his Algebra, which, 
with th<e additions of Lagrange, forms the most complete body of 
information on the diophantine analysis extant; and it is to this 
work chiefly that the attention of the student is directed.* In the 
following solutions it will frequently be observed that much depends 
upon the nature and relation of the assumptions made at the com- 
mencement, as a little artifice and ingenuity here will often enable 
us readily to satisfy one or two conditions of the question, when 
those that remain may be fulfilled by one or other of the known 
methods already given. 



MISCELLANEOUS DIOPHANTINE QUESTIONS. 

atFEsnoN I. 

It is required to find a number such, that if it be either increased 
or diminished by a given number a, a^d the result be multiplied by 
the number sought, the product shall, in either case, be a square. 

f^t X be the number required, then we have to make 

«« + ax= D, 

«■ — aaj= D. 
1 
Put or = -, then these expressions become 



*The reader is also referred to Barlow's Theory of Nunb^s; to Le^ 
bourn's Mathematical Repository; to the masterly papers of Mr. Cmiliffe« 
in different volumes of the Gentleman's Mathematical Companion; and t% 
a paper, by the late Professor Leslie, in Vol. u. of the Edinburgh Philo- 
sophical Transactions. 



1 
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1 . a 

f y 

and, multiplyiog each by j^, we shall have to make 

1 + ay, and 1 — ay, squares ; in order to which, put 1 + «y = p^> 

f>^— 1 

and we get y = , and therefore by substitution} 

1— ay=l— |J^+ 1 = 2— |j^ = D. 

Now in this last expression we must first find a satisfactory value 
of p by tnal, which is readily ef^ted, since p = 1 succeeds : as- 
sume, therefore, p = 1 — ^, and then 

2—f=:l +25[ — 3"== D, 

which denote by 

and we get 

2— 5[ = r*^— 2r, 

2r 4- 2 
and, consequently, q = , ; 

whence « = - = -g — ^ =7^7^ — i^; 
y ^—H 4r(l — r) 

where r may be any number whatever ; and, should any of the 
resulting values of a; be negative, they may, with equal truth, be 
taken positively, as the proposed conditions will evidently obtain in 
either case. 

Suppose r = 2, and a = 1, then a: = — ii^ot -{-^i^ If a = 2, 
then a; = fl ; and so on for other values. 

The former part of the above sohition might have been conducted 
differently; thus. 

Put «* + a« = |j^a*, then « + a = jj^op, or 

X = , ; whence, by substitution, 
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or, multiplying by (p' — 1)', we have 

and dividing by a^ there results 2 — |j^ = D , as before. 



aVESTION II. 

It is required to find three numbers in arithmetical progression 
such, that the sum of every two of them may be a square. 
Let «, « +' y, and « + 2y represent the three numbers, and put 

2x -{- y = f, 
2x + 2y:= t^, 
2x + 3y = j^; 
then, exterminating x from the two first of these equations, we obtain 

2 "" 2 ' 
from which we get y = «« — <« = j^ — u», and thence 2i^—f=^^ 
Put now u = t»y and this last equation becomes 

2f%^^f = ^, 

therefore 2«* — 1 = ^; hence, 22;«— 1 must be a square, which 

we find to be the case when » = 1, therefore, putting « = 1 — p, we 

have 

2«« — 1 = 1— 4p + 2p^:=a, 

which denote by 

(l_rp)«=l— 2rp + fy, 

and we have 

— . 4j, + 22J^ = — 2rp + ry, 

2r — 4 
fromwfaidiweget|»= jjCTg"* 



ii^ 



r* — 2r + 2 
and thence » = 1 — p = - ^ g — 5 

where r may be any number whatever ; and, after having determined 
«, we shall obtain the values of x and y from the equations 

x^i{f-y)--i{^-^K 

andy= u» -f =(^-l)<', 






» - 
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t also being any assumed number. In order that x and y may be 
positive, it is evident that x must lie between 1 and V2. 
By taking r = f, we shall have 

241 720 

and making ^ =: 2 X 31, we have x = 482, and y = 2680 ; there- 
fore 482, 3362, and 6242, are the numbers required. 



atTESTiox in. 

Find two numbers such, that if to each, as also to their sum, a 
given square, aS be added, the three sums shall all be squares. 

Let the two numbers he represented by a^ — aS and ^ — a", and 
then the two first conditions will be satisfied, and therefore it remains 
only to make 

oj* + y" — 2a' + o', or «* + y* — a', a square, 

which denote by m', then 

a^ — a' = irf — y", or («+ a){x — a) f= (m + y){m — y). 

Put a^ + a » p (m -<"- y), then o; — a= ^ — ^^ 

whence a? = p(«i— y) — o= *— 2 4. a, 

, , frfU — ^op — Hi 
and, consequently, y = , '^ . 

Suppote a = 1, p =3 2, apd m = 8, then y = 4, and « = 7. 



QUBSnON IV. 

Fiild three squares, whose sum shall be a square* 
Let the three squares be a^^ y", and x* ; then 

y* 

Put y* = 2xxy or or 3= ~-^ and the expression becomes 

«x 

«■ + 2xx + »■, 

which is obviously a square, y and » being uiy assumed numben. 



374 moaUiANEovs diopbantine QVMvnoon* 

If W6 take y = 4, and arss= 8, then « = 1, and 

1 + 16 + 64=81. 

Otherwise, assume 

a^ + f^ + ^ = {X'}-py = a? + 2px + f, 

and we shall then have 

X = jr • 

If we take y = 4, « = 8, and d= 8, we shall have a?= 1, as before. 
If we take y = 4, » = 12, and p = 10, then a? = 3, &c. 

aUESTION V. 

Find three square numbers, whose sum shall be equal to a given 
square number a'. 

Here we have 

a^ + y« + «• = a«. 

Put y" = 2x%j and we have 

a"+ 2a:» +«*s=a*; 
therefore x+ z^a^ or « = a — 2; imd by suhstitutimi, 

y« = 2o» — 2»», 

Which denote by p^»S and wp obtain 

2a 
2a — 2« =F p^», whence » = , . _ ; 

P^+ 2 

2a 
therefore « = a — . . . . 

P^ + 2 

If we take a = 9, and p = 4, then 2 = 1, a; as 8, and y s 4. 

Heace the three squares are 1, 16, and 64 : and 

1 + 16 + 64 = 9«. 



jf 



aiTBSTION VI. 



If 

Find four numbers such, that if their sum be multiplied by any 
one increased by unity, the products shall all be squares. 

Let 10* — 1, 2* — 1, y" — 1, and s* — 1, be the four numbers; 
then all the oonditiona will be fulfilled, if we make 
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to^4-aJ* + y' + «* — 4=0; 

in order to which, pat «^ =: 4, tken there only remains to make i* 
-{-j^ + ifssDy which has been ahresady done. Quest* 4» and x, 
y, and %y may be 3, 4, and 12, respectively : hence the required 
numbers are 3, 8, 15, and 143. 

auESTioN vn. 

It is required to divide a number that is equal to the sum of twa 
known squares, oF and 5*, into two other square numbers. 

Let a* and j^ represent the required squares ; then 

a« + ft^ = a:» + y», 

or a* — y" = «* — y ; 

that is, (tt + y){a — y) = (x + h) (x — b). 

Put a + g:ssp{x — t), then a — y= , whence 

P 

X 4- h 
y s=p(a?«^2^) — a = a , from which we get 

_ hf + 2ap — b 

* TTi • 

Suppose a = 2, aad 6=9, and assume p = 2, then we have 

« = 7, andy =p(« — 6) — a = — 6, 
so that in this case the two required squares are 49 and 36^ 

aUBSTION VIII. 

Find three square numbers in arithmetical progression. 
Let «*, y", and s*, represent the three required squares, 

then «•+»* = 2y', and 
2aj«4-2«« = 4y«= D. 
Put xrsm + n^ and » = m — n, and we have 

4m' + 4n' = 4y', Ojr «' + n* = y" : 
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now this last conditicm is fulfilled by making 

m =s f^ — j", and n = 2pq ;* 

therefore, substituting these values of tn and n in the above expressions 
for X and x, we have 

x=:f'-^f+2pqy 

z=:f—^ — 2pqy 

^.and q being any numbers whatever* 

If we take p = 2, and ^ s= 1, we shall have 

0? = 7, y = 5, and » = 1 ; 
that is, the three squares will be 7^ 5^ and 1*. 

QUESTION IX. 

Find four numbers such, that their sum shall be a square ; also, 
if their sum be multiplied by any one of them, and the product be 
increased by unity, the results shall be all squares. 

Let a; — 1, « + 1, a;— y, and a; + y, represent the four numbers; 
then we have to make 

4a? = D, 

4a;* — 4x + 1= a, 

4**+ 4ar +1=0, 

4a:' + 4a:y + 1 = D , 

4«* + 4a:y + 1=0: 

now the second and third of these expressions are already squares. 
It only remains, therefore, to make the other three squares. As- 
sume a; = 4, then the first expression becomes a square, and the 
fourth and fifth become 65 — 16^, and 65 + 16y ; put the first of 
these = nf^ and we get 

I -^ -- ■ ■ - ■ - ■ ■ ■ . — — — ■ — — ^ . — — — 

♦ It is obvious that (p« — 5«)« + (Sjpy)' == (|>* + ?')S also 
ip' + q'y- (^y = ip' -?*)», or 

iP' + 9'y-{p'-q'y=(fh>qy; 

hence two square numbers may always be readily found such, that their 
sum or their diflference shall be a sqaare. 
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y = — r^ — ; put the second = n", and we get 

«« — 65 



y = 



16 ' 

whence 65 — ffiP = nf — 65, or 

f^ = 130 — mP, which evidently obtains when nt = 3, whan we have 
9 = 11; therefore y = 3^, and, consequently, the three aumbert 
are 3, 5, i, and 7^. 

auBsnoN X. 

Find three cube numbers, whose sum shall be a cube. 

Let 0^, ^, and a^, represent the three cubes, and put their sum 
= (« + »/ = a^ -I- Sa^x -h 3a?«* + «*, and there results 

y» = Sa^x + 3ar«». 

Put now z = px, and then 

f^^x^+Zpx*, 

whence 3p^ + 3p = a cube ; 

therefore we have to find, by trial, a satis&ctory value of p, which 
presents itself in the case p=h consequently, if we make » = 8, 
we get X = |Ke == 1 ; whence y = 6, and the three cubes are 1', 6% 
and 8*, whose sum is 9^ : and by making x = any multiple of 8, 
we may obtain as many integral solutions as we please. 

ai7B8nON XI. 

Find three numbers in arithmetical progression such, that the sum 
of their cubes may be a cube. 

Let a — X, a, and a + x^ represent the three required numbers ; 
then the sum of their cubes is 3a' + 602*, which must be a cube ; 

or putting ar = -, we have 3a* + 6 -= = a cube, therefore 3 -f -5 = 

P F V 

a cube ; and if we now put p' = Sn*, this last expression will become 

3fi* 4- 3 

— -5 — ; whence 3n' + 3 = a cube, 
w 

24 
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therefore it remains to satisfy the following conditions, yiz. 

dn^ + 3 = a cube ; 

the first is readily efiected by assuming p = 2nqy or 2fiP = 4iiP^, 
which gives n = S^^ ; and, by substitution, the second becomes 

24^ + 3 = a cube, 

in 'vi^ch a satisfkctory value of q immediately presents itself, viz. 
^ = 1, which value gives n '= 2, and p = 4 ; ^erefbre) assuming 
a = 4, we have x =zl, and the three required numbers are 3, 4, 
and 6, which give 3» + 4» + 5» = 6». 

If we take a = 8, then x = 2, and the numbers are 6, 8, and IO9 

which give 6*+8*+iOJ*= 12l', and taking a any other multiple of 4, 
we may obtain as many integral solutions as we pleases 

atrssTioN XII. 

Find three square numbers in arithmetical progression such, that 
if the root of each be increased by 2, the three sums may be all 
squares,, of which the sum of the first and third shall be also a 
square. 

By Question 8, the general expressions for the roots of three 
squares in arithmetical progression are 

f+2pq-^, 
f + f 

at hy taking fst 1, these expressions become 

p»_2p — 1; 
and adding 2 to each of these, according to the question, we have 

f + 2p+i== a, 
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idflo, adding the first and third of these expressiops tog^her, 

therefore^ since the first and third expressions are already squares, 
it only remains to make 

J^ + 3= D, 

2jj? + 2= D, 

which they will evidently he whep p = 1 ; put then p sx m+l, and 
we have to make 

irf + 2m4- 4= D, 

2ii^ + 4m + 4= D. 

In Older to e&ct this, assume the second expressi<m 

= (imi + 2)« = iiW + 4imi + 4, 

and there results 

2nif + 4m = rfnf + 4ftfii, 

from wWch we obtain «== Hi=f> ; and by substituting this valae 
of m in the first expression, we shall have 

or multiplying by ^ ~ ^ ^ and adding together the like terms, wq 

have • 

n*— 2ii* + 2ii* — 4n + 4 = D ; 

assume this expression 

= (rf— n + i)" = n* — 2rf + 2ii« — » + i, 

and we shall then have 

— 4ii + 4 = — II + i, .-. II = f, 

consequently, 

therefore the three required squares are ( VV)'> (W)'> ^^^ (W)*» 
which are in arithmetical progression, the common difiference being 

309120 
—--^ ; and if we increase the root of each by 2, we shdl have 

4*r 
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the three squares (V)** (V)'» *^^ ( V)'» ®^ which the sum of the 
first and third is the square (V)^ 

13. Find two numbers x and y such, that their sum and difierenoe 

shall both be squares. 

Ans. 4 and 5. 

14. Find two square numbers such, that if each be increased by 
the root of the other, the sums shall both be squares. 

Ans. 3»ff and j^j. 

15. Find two numbers such, that if the square of each be added 

to their product, the sums shall both be squares. 

Ans. 9 and 16. 

16. Find two fractions such, that if either of them be added 

to the square of the other, the sums may be equal, and that the sum 

of their squares may be a square number. 

Ans. ^ and f . 

17. Find two numbers such, that if their product bo added to the 

sum of their squares, the result may be a square. 

Ans. 3 and 5. 

18. Find three numbers such, that if to the square of each the 
product of the other two be added, the results shall all be squares. 

Ans. 9, 73, and 328. 

19. Find two numbers such, that their sum, the sum of their 
squares, and the sum of their cubes, may all be squares. 

Ans. 184 and 34^. 

20. Find three numbers such, that their product increased by 

unity shall be a square, also the product of any two increased by 

unity shall be a square. 

Ans. Is 3, and 8. 

21. Find three numbers, whose sum shall be a square, such, that 
if the square of the first be added to the second, the square of the 
second to the third, and the square of the third to the first, the sums 
shall be all squares. 

Ans. If, ,V» w^ A* 
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22. Find three numbers in arithmetical progression such, that the 

Bum of every two may be a square. 

Ans. 120i, 840i, and 1560^. 

23. Find three numbers m geometrical progression such, that the 
di^rence of every two may be a square. 

Ans. 567, 1008, and 1702. 

24. Find three square numbers such, that the sum of every two 
may be a square* 

Ans. 44iS TT7I«, and 240i^. 

25. Find three square numbers such, that the dififereooe of every 
two may be a square. 

Ans. i53i«, i85[«, and 6071'. 

26. Find three square numbelrs in geometrical progression such, 

that if any one of them be increased by its root, the sum shall be a 

square. 

Ans. (^^)«, (VWy, and (my. 

27« Hnd three square numbers that shall be in harmonieal pro- 
portion. 

Ans. 1225, 40, and 25. 

28. Find two numbers such, that their siun shall be equal to the 
sum of their cubes. 

Ans. f and f 

20. Find three cubes such, that if unity be subtracted from eaeht 
the sum of the remainders shall be a square. 

Ans. (H)*, (HA and 2*. 

80. Find two numbers such, that their sum shall be. a sqjuare, 
their difference a cube, and the sum of their squares a cube. 

Ans. 28058 ^d 84606. 

81. Find four numbers such, that the product of any three 
increased by unity shall be a square. 

Ans. i, 2, 8, and >|||«. 
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262 NOTK. 

Note B — {Page 190.) 

The amount of £l for one year, increasing at compound mferest, 
due at every xth part of a year, is, as in the text, 

A=a(H-^r, 

which is calculable, even when x is infinitely great, as we have 
already shown. It may be inquired, however, whether A in these 
circumstances be the greatest possible or not. This may be ascer* 
tained as follows. 
By the binomial theorem, 

and since, for any finite value of a?, x(x — 1) is less than «■; 
x{x — I) (x — 2) less than «*, &c. it follows that 

a(H-^)-<aJl+r + ^ + ^ + ^^ + &ct. 

But when x is infinite, then the proposed series becomes 

a(l+I.r = aJl+r + ^ + ^+^^+&c.|. 

Hence « =qo makes A a maximum, and equal to this last series, 
which is the development of a X ef" (see page 172) ; hence, as in 
the text, 

log. A = log. a + r. 
The series just given is remarkable, showing that 

(1 + — )*= e = 2-718281828 (see page 181.) 
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CHAPTER L 

ON THE GENERATION AND PROPERTIES OF EQUATIONS 

IN GENERAL. 

(1.) The root of an equation is any number, or quantity, which, 
when substituted for the unknown in that equation, satisfies all its 
conditions. If, for example, in the general equation, 

«^ =t pa:**"* it aa:*^ . . . . =tTa?=tu = 0*, 

two, three, four, &c. numbers, or quantities can be found, which, 
when substituted in the place of x, will make the left-hand side = 0, 
then the equation is said to have two, three, four, &c. roots. 

PBOFosrrioN i. 

If any two niimbers be raised to the same power, the diflerence 
of those powers is divisible by the difference of the two numbers. 

Let X and y be any two numbers, then will of — y* be divisible 
by a: — y. 

* In investigating the properties df equations in the present chapter, to 
avoid confusion, the doable sign =i= has not been preserved : but the gene- 
rality of the several conclusions is not at all affected by our taking the 
several terms of the equation with the single sign +> sinoo any oi the 
coefficients may be taken negatively, as q = — jf, &c. 

(288) 
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For put a? — y = * ; then a: = « + y, and 

.% «« — y** = (» + y)"— sT ; 
and expanding (» + y)", we have (« + y)** — y" = 

g" + »g"-'y + ^(^~ ^) g»>-y + . . . .iwy-' + jT— 3r = 

y(y*"* + ny^ + . . . . n^% 
which is evidently divisible by y, .*. «" — y" is divisible by or — y. 

Cor. If the division of «^ — y* by a: — y be actually performed, 
the quotient will be 

ar-' + ai^y + af^f + af^ + . . . . «y*^ + y»-', 

FB0F08ITI0N U. 

If the root of any equation, as 

«" + pa^* + a«^'. . . . +Ta? + iF=:0 

be represented by a, then the first side of this equation is divisible 
by the binomial x — a. 

For, since a is a root of the equation, if it be substituted in tne 
place of a;, all the conditions will be satisfied ; that is, we shall have 

o" + pa**"* + aa**^ ....+Ta+u = 0; 
and, consequently 

u = — a" — pa""' — aa"^ , . . > — xa, 
so that the proposed equation is the same ds 

«" + pa:"-* + aaf^ ....+!«> 

« «_i „-a > = 0, or 

— a" — pa""* — fta""* . . . • — Ta > 

a:* — a" + p(«"-* — a""*) + a(«"-* — a"-») + T(a: — a) = 0: 

Now the quantities a:" — a", a:""* — a""', «"^ — a"~^, x — a> 

are each divisible by a; — a {prop. 1) ; therefore, the first side of the 
proposed equation is divisible by ar — a. 

PROPOSITION ni. 

Every equation baa as many roots as there are units in the num 
ber denoting its degree ; that is, an equation of the nth degree has n 
roots. 
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Let there be 

«" + px*~' 4- a«*^ .... + Tx + 1; = ; 

then, if a be one root of this equation^ it is the same as 

a*— a* + p(a?^»— o**-*) + a(a?^ — a— ") +T{x — a)=0; 

and dividing each term by x — a, we have 

+ p«"~* + vc^af^ .... -I- pa**^ 

+ <Mf^ . . . . + aa*^ > = 0, or 



+ T 



«^* + p'«^ 4- a'x*^ t' = 0, 

p', a', .... t' being put for the sums of the coefficients, or known 
quantities, under which they are respectively placed. 

Now this equation, which is of a degree a unit lower than the pro- 
posed equation, must have a root ; this is, x must have some value ; 
let then h represent that value, and the equation will be divisible by 
z — 6, and the quotient will be of the form ar"^-f-p' af*""^- . . . . t"; 
hence we have another equation of a degree s^ill lower by a unit, 
and as x must here also have some value, as c, this equation must 
be divisible by x — c, and if the division be performed, we shall 
have an equation of a degree still lower by a unit, and, consequently, 
by proceeding in this manner, we shall at length arrive, after it divt 
sions, to an equation whose degree is = ; therefore, the equation 
proposed is composed of n factors, viz. x — a^x — ft, a? — c, &c. ; 
that is {x — o) {x — h) {x — c) . . . (a? — Z) = 0, which equation 
is verified by making either of the n factors equal to \ that is to 
say, by making either x = a, or x = ft, or x = c, &c., so that there 
are n quantities, which, when substituted for Xy will satisfy the con« 
ditions of the equation, or, in other words, the equation has fi roots, 
a, ft, c, dy dec. 

SCHOLIUM. 

It does not follow from this that all the roots must be diflerent ; 
lor any number, or, indeed, all of them may be equal, but still their 
number is n, since the equation is oomposed of n factors, and each 
fiictor contains a root. 
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PBOPOSITION IV. 

No equation has a greater number of roots than there are unitt 
ID the number denoting its degree. 

For, if it be possible, let the equation 

besides the n roots a, 6, c, d, &c. have another root a, not identical 
with either of the roots a, 6, c, &c. ; then, since the first side of the 
equation is divisible by x — a (prop. 2), we have 

«» + pa:*-' + &c. = (« — a) (a:—* + p'«»-« + &c.), 

(«— a) («— 6) (ar — c) (x — J) = (x — a) (a*-» + p'«*^ + 

&c.): 

and since a is a value of a?, we have, by substitution, 

(a--a)(a— *)(a— <?) (a — l) = (a— a)(af^'+p'«^+tou 

Now the second side of this equation is = 0, because (a — a) 
= ; but the other side cannot be 0, since a is not equal to any of 
the quantities a, 6, c, &;c. ; hence the supposition is absurd. 

Cor. 1. Hence every equation is composed of as many simple 
equations as there are units in the numb^ denoting its degree, and 
no more. 

Cor. 2. And if one root of an equation be found, and the equa- 
tion be divided by the simple equation containing that root, the quo- 
tient will be an equation containing the other roots *, or if any num- 
ber of roots be found, and the equation be divided by the product 
of the simple equations containing those roots, the quotient will be 
an equation containing the remaining roots. 

BXAXPLBS. 

1. One root of the cubic equation a* — 7«" + 86 = is found to 
be 3 ; required the other two roots. 

Since 3 is pne of the roots, the equation is divisible by a?-- 3=: 0; 
thus. 



a._3)a^_7a^ + 36(a^_4ar — 12 
«•— 3a? 



— 4a? + 36 

— 4fl?+12a: 



— 12ar+ 36 

— 12ar+36 



therefore the quadratic a? — Ax — 12 = 0, contains the other two 
roots of the proposed e<^tion, and this quadratic being solved, its 
roots are found to be 6 and — 2, hence the three roots of the cubic 
are 3, 6, and — 2. 

2. Given one root of the cubic equation a? + a?— 16ar + 20 = 0, 

equal to — 5 ; r^uired the other two roots. 

Ans. 2 and 2. 

3. Two roots of the biquadratic equation 

a?_3a? — 14a? + 48« — 82 = 0, 

are 1 and 2 ; required the other two roots, c 

Ans. 4 and — 4. 

Car. di Since the signs in ^ product (^+a) (x+h) (a;-f c), &cr. 
are all positive, it follows that if all the roots in any equation be ne^ 
gative, then every term in the equation must be positive, and since 
in Uie product (X'^a)(x'^b)(x'^c)j &c. the terms are alter- 
nately positive and negative ; it follows that if all the roots of any 
equation be positive, the terms of the equation must be altemat^y 
positive and negative ; and therefbre, if the terms in any equation 
are neither all positive, nor yet alternately positive and negative, 
that equation must contain both positive and negative roots.* 

* It is also equally trae, that every equation whose roots are possible, 
has as many changes of signs from + to -— , or from -— to +9 as there are 
positive roots, and as many continuations of the same sign from + to 4*) 
or from — to — ., as there are negative roots. In the simple equation x+a 
£=0, there is one continuation, and one negative root, viz. «=:<— a; and 
in the simple equation x — 6 = 0, there is one change, and onepositivia 
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psopotinoK V. 

The co^cient df the second tenn in any equation is equal to the 
sum of the roots with their signs changed ; the coefficient of the 
third term is equal to the sum of the products of every two roots 
with their signs changed ; the coefficient of the fourth term b equal 
to the sum of the products of every three roots with their signs 
changed, &c. ; and the last term is equal to the product of aU the 
roots with their signs changed. 

Let 

(x •— a) (x — b) (x — c), &c. 

= a^ + pa:*-* + aar-«+ aa:^ + &c- = 0; 
then^ 

= (x—a) (a^* + T'ar^ + fx'aT^ -f B'a*-^-f &c-) 

= «* -f p'ar*-» -f a'ar^ + n'aT^ + ^^ ^ _ a . 
— oa:*"' — ap'«"^— aa'a^ — &c > "" * 

.'. (Art 2, chap. 4), p = p' — a, a — a' — ap', bs=b' — aa'>&c. 
Tll^refore, by introducing the new root a into the equation 

a*-" H- p'«*^ + a'ar*^ + b'«*-* + &c = 0, 

which may be any equation whatever, the coefficient of the second 
term becomes increased by — a, consequently, if the new root h be 
introduced into the sin^)le equation x — a, the coefficient of the 
second term in the resulting equation will be — a — h; and if c be 

root, viz. ap= 6 ; also, if these two simple equations be multiplied toge- 
ther, the lesolting quadratic x^ + aljp— 06= 0, will have its second temi 

positive or negative, according as a is greater or less than b ; but, in either 
case, there will evidently be one continuation, and one change of signs, 
since the equation will be either of the form x^-\-px — 9 = 0, or «' — px 
— ^ = 0, and if into each of these forms either a positive or a negative 
root be introduced, the resulting equations will be found to have, in like 
manner, as many changes of signs as positive roots, and as many continu* 
ations as negative roots ; and if this process be continued, we shall find 
the rule to hold good in every succeeding equation. This rule is called 
the rule of Des Cartes. 



introduced into thit equation, the coefficient of the second term will 
|)e — a — » 6 — Cy &c. ; al«o^ the coeffici^iit of the third term in the 
first case will he + ab^ since q' = ; the coefficient of the third 
term m the succeeding equation will he •{• db-^c( — a^^b) =i ah 
-^ ac + be, &c. ; likewise the coefficient of the fourth term in this 
equation wilt he t) — abc, &c. ; so that in the proposed equation it 
appears that f = — a — b — c — &c. ; a^ab + ac + bc^ &c. ; 
K s= — abc — dsc., and so on as announced ahove. 

Cor. 1. Hence, if the coefficient of the second term in any equa- 
tion be ; that is. If the term be absent^.the sum Of the roots will be 
= 0, and therefore the sum of the positive roots must be equal to the 
sum of the negative roots when they are possible. 

Car* 2. Every root of ah equation is a divisor of die last term. 

FBOPosrrioN vi. 

If the signs of the alternate terms, commencing at the second, be 
changed, the signs of aU the roots will be changed. 

Pojr, if the signs of the alternate terms in the equation o^ -f p«^' 
-f ci«*^ + &C. = be changed, the equation will be «" — rap*"' 4- 
Qjf^ — &c. = 0, where, if n be even, x must be negative, since the 
signs of the odd powers are negative ; and if n be odd, let the sides 
of the equation be transposed, then = — «" + p«^'— a«"^,+ 
d^., where the odd powers of x are negative as before ; therefore 
the values of «, in thb and in the preceding equation, are the same 
as those in the original equation, but with the signs changed. 

PROPOSITION VII. 

In any equation, whose second term is negative, and all the other 
terms positive, the coefficient of the second term taken positively, is 
greater than the greatest root of the equation. 

In the general equation x^ + pa:*"* + q«*-* + &c. « 0, let p s 
— p; then, since «" — jMt*"* =; (x — />)«**"', the equation may bo 
written thus, {x — p) a*~* + <m^ + &o. = 0; and if p be suhsti* 
tuted lor or, the first term {X'^p)a^^ vanishes, and the other terms 
being positive, the result is positive ; also, if any other quantity 
gteater than^ be substituted, the first term, as well as alt the others, 
will be positive* 
26 
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YBOFOSITIOH vm. 

The greatest negatiTe coefficieiit of any equation ineieaaed by 
unity is greater than the greatest root of the equation. 

Let a be the greatest negative coefficient = -^fy and suppose aU 
the coefficients are made negative, and equal to q ; then our general 
equation will be 

«* — g«^*— g«"^ — q^if^"* — ^. = 0, or 

and substituting 9 + 1 fgr z^ 

(,+!)•-, ^ <«±^!i:l I = (, + ly- (,+ !).+ 1 =^1, a 

positive quantity : If we substitute for a* a quantity greater than 

y» 1 

9 + ly a8«, then y — q{ ) is greater than 1 ; for y— (y — 1) 

y» 1 

isps I9 andy* — 1 is greater than 9 ( -) firom the supposition; 

o JL 

hence q+lia such a quantity, that when it, or any quantity greater 
than it, is substituted in the equation, the result will always be 
positive, and therefore q + 1 exceed the greatest positive root of the 
equation. 

FSOPOSinON XX. 

If a, 5, c, &e. be the roots of an equation, of which a is greater 
than by b greater than c, &c. ; and if a quantity ^ greater than a be 
substituted for «, the result will be positive ; and if a quantity y less 
than a, but greater than &, be substituted, the result will be negative; 
if a quantity B less than 6, but greater than c, be substituted, the re* 
suk will be positive, &c. 
For by making these substitutions in the equation 
(x — a) (x — b) (af — c) &c. = t), we have successively, 
Qi-^a) {P — b) {P-^c) &c. =s a positive quantity, because aU 
the ftetors ar^ positive, whether a, 6, c, &c. be positive or not; 

(y^^-*«) (y^— ft) (7 — e) ^. = a negative quantity, becatise the 
first &ctor is negative and the others positive ; 
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(^"p— a) (^ — b) (d — c) &<% = a positiTe quantity, becaiiie die 
two first factors are negative, and the others positive, &c. &c. 

Car. 1. Hence, if two quantities bc^ successively suhstitutecl for x 
in. any equation, and give results affected with d\fer€nt signs, then 
thene lie between those quantities one, th^^ee, five, &o«, or some odd, 
numbers of rootsp 

Cclr. 2. And if the two quantities, substituted for «, ^ve results 
a£^ted with the mme sign, then there lie between those quantities 
two, four, six, &c., or some even nuipbers of roots, or else none 
at all. 

Cor. 3. If any two i^ucoessive numbers in the arithmetical scale, 
0, 1, 2, 8, &c. ; or 0, — 1, — 2, — 3, &c. : or 0, -1, '2, -3, &c. 
&c. be separately substituted for x, and give results affected with 
different signs, then one root, at least, must lie between those num- 
ber3, and therefore the least of the two numbers* substituted must 
be the first figure ^f the root ; but if the results have the same 
signs, whatever substitution be made, then an even number of roots 
must lie between those two numbers, the substitution of which pro- 
duces results nearest to 0, and, consequently, the least of these two 
numbers must be the first figure of each of the roots that lie be- 
tween them, provided the root be possible. ' 



V BXAIIPLXS. 

1. Find the first figure in one of the roots of the equation 

«» + l-6«» + -Sx— 46 = 0. 

It is here obvious that x must be less than 4, for otherwise, c* 
alone would be 64, and therefore the result would be positive, as also 
for every value greater than 4 ; let us then try 3, and there is found 
to result a negative quantity, viz. —2.6, therefore one root must lie 
between 3 and 4, and the first figure thereof is 3. 



* That is, abstracting from the signs of the two nnmbers substituted. 
If the root lie between two negative numbers, as between — |) and — QH- 1), 
Hmu .^|i most be the first figoie of the root, whiph, abstnotinf Uooi the 
ttgns, is less thaa ^(jp+ !)• 
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tL Find the first ilgMre of one of the roots of tl^ equation 

af* + 3a:» + 2«» + 6ar ±= 148. 

Here we have to find two consecutive numbers, the first of which 
wh^ substituted fi>r ar, shall make the first side less than 148, and 
the second, when substituted, shall make it greater than 148. 

If we put 2 for x, there results 60, and if we put S, there tesulte 
198, .*. the first .figure of the root is 2. 

3. Find the first figure of one of the roots of the equation 

aj* — 17a:«+54x = 360. 

Here the two consecutive numbers between which a root lies are 
10 and 20, .% the first figure of the root is 1 in the tens' place. 

t. 

PSOPOSITIOIC X. 

Every equation has an even number of impossible roots, or else 
none at all. 



For, let the equation contain one impossible root, as a + V — /3, 
then, if the equation be divided by all the simple equations of which 
it is composed, except two, the result will be a quadratic; let 

a + >/ — be one root of this quadratic, then will a — >/ — ^ be the 
other (Art. 27, Ch. 3), so that if one root be imaginary, another 
must be imaginary also ; and, in a similar way, it may be shown 
that if three, or any odd number, be imaginary, there must also be 
another. 

Cor, 1. An equation of an even degree may have all its roots im- 
possible ; but if they are not all impossible, two of them at least are 
possible. 

Car. 2, If all the roots of an equation be impossible, then what- 
ever numbers be substituted for x in that equation, the results will 
always be affected with the same sign ; for if the results ever gave 
different signs, a root would lie between two possible numbers (Prop. 
9, Cor. 1), and therefore might be approximated to, and could noC 
be impossible. 

C(fr. 8. Since, in ^very pair of impomible roots, the Mga of thft 
one is +, and of the other — , their product wiU always bci + (Ait. 
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15, Ch. 8) : therefore, if an equaiion hare all its VQOtl i^ipoi^iU^ 
f&e last term most always be positive. 

Cor. 4. Hence every equation of an odd degree has at least one 
real root of a contrary sign to thi^ of the last term; and every 
equation of jsn even degree, whose last term is negativot has at least 
two real roots with contrary signs. 

SCXOLIVIC. 

To determine the number of impossible roots in any equation is a 
problem of great difficulty, the solution of which has not yet been 
satis&etorily accomplished. There are, howf^ver, several m^hods 
by which impossible roots may be detected in any equation, but they 
are all too diAcult and laboridas to be admitted into a treatise like 
the present.* 



ON RECURRING EQUATIONS. 

(2.) Recurring equations are those, the terms of which, when 
taken in a direct order, have the same coefficients as the respective 
terms taken in an inverted order. 

FSf^osmoir i. 

« 

In a recurring equation, one-half the whole number of its roots 
will be the reciprocals of the other half. 
For, in the general recurring equation, 

a^ -h P«^' + a«*^ + • • • • + a«* + pa? + 1« put a: ?= -, 
and it will become ^ 

p + iP + p5+-..- + p + J + i-o. 

•Some of the least diffioolt of these methods faiay be seso ia Mr. 
Bridge's OampsBdioiis Treatise sa the Theory of Eqoatioas^ lately pab- 
lished. 

26* 
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and muhipl3riiig each side by y", we have 

an equation the same as the one pioposed, except having jr in tfie 
place of Xy tod, consequently, the values of a; in the one must be 
the same as the values of j^ in the other : let then the vidues ofx\» 

a, 6, Cy &c. ; then the values of y are a, &, c, ^. : but or = -» 

If 

therefore the values of d? are also -9 t% -» dsc 

d c 

-) 

PROPOSITION II. 

In a recurring equation of an odd degree^ one root will always be 
— 1, provided the equal coeffidents have the same sign, and one 
root will always be + 1» i^ the equal coefficients have difibrwit 
signs. 

For, in the recurring equation «*H-» d= pa^ dfc q*^* di . . . . 
ao^ d= pa; di 1 = 0, siilce the coefficient of an odd power of z cor- 
responds to that of an even power throughout all the terms, if the 
corresponding coefiicients have the same si^, and — 1 be substi- 
tuted for Xy these coefficients will then have contrary signs, and will 
therefore destroy each other : and if the corresponding coefficients 
have different signs, and + 1 be substituted for x, they will in like 
manner destroy each other, so that in each case the result will be 0, 

Car. Hence, since — 1, or -f 1, is always one root of a recur- 
ring equation of an odd degree, the equation is always divisible by 
either x + 1= 0, or x-->- 1 = 0, and the quotient must always be a 
recurring equation* of a degree a unit lower. 

PROPOSITION ni. 

A lecurring equation of an even degree may always be reduced 
to an equation of half diat degree. 
Let the recumog equation be 

a^ + pa*^' + aa*^-h , . . +a«*-f-pa?-|- 1 =0, 

*FoT the roots of te equation arising from the division of the oiigfaial 
equation by ap + 1=:0, or x-^ 1=0, mast be the ond^alf of tiiem reci- 
procals of the OtfaeiB. 
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which, hy divk&ig hy ^, beootnes 



or hy hriDging the tenns with equal coeffiGiittit& together, it is 

*" + ^ + '(*^' + ;^) + ^(«^ + ;^ + ^- = 0; 

suppose DOW 2ii to be successively 2, 4, 6, d^.; then putting 

• 1 
« + - = s, we have the equations 

x-i hp =i% + T =0; 

X 

(a* + ^-^9(x + l.) + <i..=if — 2 + ^ + <x^0; 

.... =(»•— 3«) + p(»* — 2) + a« + B = 0; 

&c. &c. 

where the exponent of the highest power of z is successively 1, 2, 
3, dzK% 

Cor. Hence, a recurring equation of the 2n + 1th degree may be 
reduced to an equation of the nth degree, since, by the corollary to 
last proposition, any recurring equation of an odd degree may be 
depressed a degree lower. 

Suppose' it were required to find the five roots of the equation 
a:* -^ llaf* + I?** -h n«» — 11« + I = 0. 

Dividing this equation by ;r — 1 =0, there results 

«* — 12a^ + 29a;« — 12a?+ 1 = 0, 

where p ar -'^12, and a » 29, 

.% «* + p« + a — 3 = »• — l«ii + 27 = 0, 

and, by solving this quadratic, we find the values of s to be 9, and 
3 ; taking the first of those values, we have « + -ss 9, or af — 9ix 

X 

=s ->— 1, firbm which equation we get ar=f dbi%/77; and taking 
the sec(»id value, we have «*— ^Sor = — 1, firom which x=s |:bi%/6. 
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Therefore the five roots of the pfopoted equatioB AM 
, i + VTT 9—y/n 3 + V6 .3—^/5 

or if the numerttor and denmnioator of the aeoond of these firactioDa 
he each multiplied hy 9 + %/77, and the numerator and demMninator 
of the last fraction he multiplied by 3 + ^/6, the roota wiB assume 
the following form, viz. 

y , 9 + V77 2 3 + V5 _^ 2 



— 1» — ;: — > K". — 7;^* — z — 9 ^^^ 



'9 + VT7* S '3 + 75* 



ON BINOMIAL EQUATIONS 

(3.) Binomial equations aie those of the form y" db a* = ; in 
which, if OOP be substituted for y, the form is a*a^db a* ss 0, or divi* 
ding by a% it is a:* :i: 1 = 0, in which form we shall here consider 
them. 

(4.) The following properties of these equations are evident, viz. 

1. If fi be even, the equation a:" + l = 0, <»«" = — 1, hasno 

real root, for ^ — 1 is then impossible, therefore its roots are all 
imaginary. 

2. If n be odd, the equation o^ + 1 = 0, or a^ = — 1, has one 

real root, and no more, for then ^ — 1 = — 1 ; in this case, there- 
fore, the equation has ii — 1 imaginary roots. 

3. If fi be even, the equation a^ — 1 = 0, or o^ = 1, has two 
real roots, and no more, for ^l = + 1, or — 1 ; therefore it has 
n — 2 imaginary roots. 

4. If ft be odd, the eqoatioB 2* — 1 = 0, or s* =r 1, has (mly one 
real root, for thai ^1 = + l only; tliarefoie» in tkk ease, tka 
equation has m — 1 ioMtginary roots. 

PBorosmoir i. 

If a be one of the imagkiary roots of the equation o^ — 1 =0; 
or of the equatioa or =s 1, then any poww of « will be also aa ioaa- 
gpnary root 
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For, since a is one root of the equation a^ — 1 = 0, a* -= 1, there- 
fore o^ = 1, 0^ = 1, a** = 1, &c. ; hence, since a, a*, a*, a*, &c. 
satisfy the equation, when severally substituted for op, these quantities 
are roots of the equation. 

Cor. It henoeappears that the r6ots of «" — 1=0, may be repre- 
sented under an infinite variety of forms, each term in the following 
series being a root, viz. 

1, a, a*, a\... a-^ a", a*+», a»+«, . • . a«-, a*H^', af+*, &c* 

FBOPOSmOM u. 

When n is a prime numberf , the roots of the equation a^— 1 ss 
are aU contained in the expressions 

1, a, a*, a*, . . . a*^, or a", a"+', a"+* • . • a"*"*, or 

a**, a**+*, a**+* . . . a*^S &c. ; 

for 10 each of these series of roots, all the n terms will be diflferent^ 

It has been shown in the last prc^xMition, that each <^ the quanti- 
ties 1, a, a', a^, . . . a*'^ dec is a root of the equation, if a is a root ; 
i^ therefore, no two d* the s» quantities announced in this proposition 
be identical, that is, if no two be the same values under dififerent 
forms, these quantities will represent the whole n roots of the equa- 
tion ; now if we suppose any two to be eqtial, as a = a\ then 1 = o^, 
whioh Ais> absurd, since a* is imaginary (Art. 4); also, if a*s= o^, 
tl^re would be the absurdity, 1 = a', &c. ; theieifore, if n bea prime 
number, the n roots of the equation o:"-^! = will be 

1,'a, a% a* • . . . a^, ' 

a", a*+», a*+* o*^', 

&C. d^. 

* It also follows, that since. the sum of the roots of any equation is equal 
to the ooefficient of its second term taken with a contrary sign, and their 
product equal to its last terai tdcen with a coatrary sign, the sum of the 
roots in the equation o^-— > 1 is = j^ and their product is + 1, theref(Mre the 
stun of the roots, as also their product, is always the same for every value 

of fl. 

f A prime number Is that which has no oIlMr divisors but itself and 
oaity ; that is, it cannol be produoed by the maltipliealioa ef inlagial 6e- 
tofs. Other numbers are ciJled oprapesite numbers,. 
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Fsoposinoir m. 

When fi is not a prkne number, the roots of the equation aie nol 
all contained in the series 

1, a» a'y a^ . • • . a*"' ; or a% a*+*, a*+* • » • • e"*"' ; 

or a**, i^*+'t tt'"+* • • • • a**^| dec* 

fi>r some of these will be the same roots under di^rent forms. 

Since n is a composite number, let it be ifbrmed ftom die two 
primes />, f , of which 9 is the greater, then each term in the seriea 
1, a, a', a* . . » . a***S or which is the same thing, each term in the 
series 

1, a, a', a*, . . . . a', oH-*, a'+' . . . . a«, ««+* . • . . a**"'! 
is a root of the equation (Prop. 1). 

Now, since a^=l, a'= ^1 = 1; also, a« = ^1 = 1; there- 
fore the terms 1, o^, and a\ are each equal to 1, and, consequently, 
each must be the same root under a different form (Art. 4)t the 
above it quantities, therefore, do not contain all the roots of Uie equa- 
tion, and the same may be shown of the other series of it quantitiee. 
If II be composed of more than two prime fiustors, than it is obvioiis 
that there will be more identical terms. 

FROPOSITIOM ZY. 

To find the roots of the equation o^ — 1 == 0, when 11 it the 
•quare of a prime number p. 

Put«»=:3f; theny's*!, or jT — 1 = 0. 

Let the roots of this last equation be 1, p, j9^, jl*, • . • ff^ ; then 
by substitution, 

(9^ — 1 «0. 

dse. dE6« 

hence, the pp values of a; in these p equations, will evidently be all 
difierent, and will be the roots of the equation 9^ — ,1 =s 0. 

To determine these roots, put x s s ^^, d»n 
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thMQBfiure the loota of ^ — = 0, «re equal totfae.ioots of s^-^1 
= multiplied by V^ > 

thatis, «'^,^y^■,^"y^,&c. 

in the same manner we find the roots of af — P'bs 0» s^^-^s Oi^cc 
therefore the roots of 

«*— 1 =0arel,^,|9^,p• • jS*-* ^ s= thenrooto 

af— /I =0 i- .vC^ll^ft^y/^. . |i^ yp > of «»— 1 

&C. dec iSec* 

In asimilar manner it may be shown that the roots of theequatim 
9^ -i- 1 = 0, dec ure those oipp^ dsc. equations of thepth degree* 

ntopostnoN ▼• 

To find the roots of the equation «" — 1 = 0, when m is the prc^ 
duct of two primes p and q. 

Put 0^ = y ; then y«—l = 0. 
Let the roots of this last equation be 

1, a, rf, a*, . . . . a«"-', 

or 1, a', a% a* . . a«^*' (Prop, i) : 



nowaf— ir^ 




dsc dec* 

And if the yalues of « in the equation af — 1 = 0, be denoted by 1, 
ft, ft* . . • ft'^, then the values of a: in the equation af — a' = 0, will 
be a, oft, aV . . .^ft^' ; the values of x in the equation af'^a^ 
?= Oy will be a% a^ft» a^ft' * • * a'ft^* ; and so on* Hence all tho 
foots of the given equation a^ — 1 s 0, wiU be 

1, ft, ft^, ft^ ft^, 

a, oft, aft", aft* ab^\ 

a*, a*ft, a*ft*, a*ft* a*ft^', 

a*, a*ft, a*6*, a*ft* a*ft^S 

dec* dec dec 
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Thun, to find die fifteen rootsof the equation «^-^ Is O/w^ — 

1 = 0: 

here p s 8, and 9 = 5;* 

whepice the roots will be 

a*, o^*, «F4^, ^roots or yahiee of 9, 

where the values of h and ft', are contained in the ezpresrion, — \ 
^ i V — 8 ; and the values of a, o^, a*, and tf*, iti the ex^teoAo^^ 

If fi be the product of three primes /ijr, put^gsifcy and then find 
the roots of the equation, «f* — «• 1 s=£ ; and so we may proceed fiMr 
any number of terms. 

Cor.— *From the above proposition and the preceding one, it fel- 
lows that the binomial equation a:" — r 1 = 0, may be solved by 
means of equations not higher than quadratics, when n is of the 

form 2* X 8^ X 5^ ; and by means of equations not higher than a 

cubic, when n is of the form 2* X 8^ X 6^ X t'; since, if n = 5, 
the equation a:*— 1 = being divided by d? — 1 = 0, becomes 

a^ + «« + a5« + « + l = 0; 

and if 11= 7, the equation divided by x — 1 = 0, beomnes 

«• + «» + «* + a»+V + « + 1=0; 

and both of these being recurring equations, may be solved by equa^ 

tions of half their din^^ensions, (Art. 2, Prop* iii. Cor.)* 

- • 
* The solution of binomial equations has been shown by If. Gauss, 
Professor of Mathematics at Gottingen, to be applicable to die geomebriad 
iMvision of te circle into any prime nnmber of eqnal parts of tae fom 
S^ 1 ; a problem, that till the commencement of the present ee&tnry, was 
supposed to be impossible. An ingenioos chapter relating to Cranss's eel 
ebfi^ theorem may be seen in Barlow's Theory of Nomben. 
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CHAFIER It 

ON THE SOLimON OF CUBIC EQUATIONS, AND THE 
EXTRACTION OF THE CUBE ROOT. 



ON CUBIC EQUATIONS. 

(1^ Let 2^ + ca^ -f BO? = N be any cubic equation, and suppose 
that two consecutive numbers in either of the series 1, 2, 3, &c. , 
or 10, 20, 30, &c. ; or "l, '2, «3, dz;o. &c. are found suclk> that by 
substituting the first for x in the above equation, the result shall be 
less than n, and by substituting the second, the result shall be greater 
than N ; then the first of these numbers will be the first figure of one 
of the roots of the equation (Ch. 5, Prop. 9). Let this first figure 
be represented by r, and the other succeeding figures of the same 
root by «, t^ m, &c. respectively, then if iv be divided by r* + cr + 
B, the quotient must evidently be r ; let the remaining figures of the 
root «, t, ti, &c be called y^ and then a;=r+ Sf* or y -\-r ss x; 
whence, 

jr* + 3ry» H- 3r»y + r» = «», 



y* + cy + B'y + A = N, 

the terms ui the last line being the sums of those under which they 
are respectively placed^ c', b', a, and iv, being known numbers. 
Now, by transposing a, we have 

y* + cy + B'y :±= N — A, or putting n* for w — a, 
^ + c V "^ ^'y = ^'> ^^ equation similar to the first ; and since s 
is the first figure of the root y of this equation, if v' be divided by 
«* 4- c'« -|- B*, the qudtiettt must evidently be s; suppose the value 
of s found, and let the remaining figures <, u, &c. be called z, then 
jf = «+«, or « + j=fy; whence, 

26 
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o's^ + 2c'« + c V = cy, 

»' + 3«B« + 3j?« + «* = y», 



«• + c' V + b"z + a' = n' ; 

therefore, by transposiag a', and putting if" fi>r h'^-a', we have 
z' + c"«* -f b"» = n", an equation also similar to the first, in which 
c", b", and n", are known numbers. We may now proceed to find 
the first figure <, in the root x, of this equation, the value of which 
must be such, that if n" be divided hy f + c"t ■}• b" , the quotient 
will be t; and by cmitinuing this process we may find, one by one, 
all the figures of the root x of the proposed equation. 

(2.) Now, fVom observing the formation of the coefficients c', b', 
in the second equation, and recollecting that r, being the first figure 
in the root, must be greater than «, it will appear obvious that b' must 
form a great part of the divisor j^ + c'« + b'; and if r be already 
known, the value of b' will become known, which may therefore be 
used as a trial divisor for determining the next figure of the root ; 
the same may be observed of the next and the succeeding divisors ; 
but in these the trial divisors b", b'", &c. will continually approach 
nearer to the true divisors. 

(3.) If now the first figure r of the root be found by trial, and 
r + c be multiplied by it, and the product added to b, we shall have 
the first divisor : thus, 

B 

f*-l- cr 



r* -f or + B the first divisor ; . 

and if underneath the first divisor we place r*, and add it to the two 
expressions immediately above, we shall get b' : thus, 

B 

r^ + cr 



r" -f or -f B = Ist diviaor 
8r» + 2cr + B = b' ; 



1 
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therefore b' being obtained, we have a trial divisor of if' that will 
enable us to detenmne, more readily, the next figure s of the root, 
which, when found, the second divisor may be completed by adding 
to b', s times (« -f 8r + c), or j^ + c'«, which will give «* + c'«-|- b' ; 
and in a similar manner may the succeecling diviscnrs be formed ; but 
the conciseness of the operation will depend, in a great measure, 
upon the arrangement of the several terms. The process by the 
following rule will be found to be very «mple* 

(4.) Put down B, the coefficient of dr, and a little to the right place 
the absolute number, which is to be considered as a dividend, the 
figures of the root formiog the quotient. 

Place the first figure of the root, found by trial, in the quotient, 
above which write the coefficient of x", observing that its units' place 
be over the units' place of the quotient. 

Multiply the value of the quotient figure, taking in those above by 
that value ; add the product to b, and the sum is the first divisor. 

Write the square of the quotient figure just found under the first 
divisor, add it to the two sums immediately above, and the result 
will be the trial diVisor for finding the next figure. 

Find now the next figure of the root, and to its value, (including 
those above it,) prefix three times the preceding, taking in the value 
of the figure above it, multiply the result by the last found figure, 
add the product to the trial divisor, and we shall have the true divi- 
sor ; and in the same manner are the succeeding divisors to be 
obtained. 

JDXAMPIJU. 

1. Extract the root of the equation «" + S** + 6* = 75-9. 

Here we find the first figure of the root to be 3, theiefore the ope* 
ration will be as follows : 



304 ON CUBIC EQUATIOirS. 



B = 6 

r + c = 10 . . . 20 

f» + or + B =26 
r»= 4 


N 8 = c 
75-9(2-425 the root 

52 

23-9 (n') 
22*304 


8r» + 2cr + B =5 50 

14-4... 5-76 


1-596(n") 
1-239688 


55-76 
-16 


•356312 
•311827625 


61-68 
15-22 . . . -3044 


44484375 


61-9844 

4 


- 


62.2892 
15-265 . . . 76325 


62-365525 



In the foregoing operation, which has been performed exactly ac- 
cording to the rule, it will be perceived, that after the first decimal 
place in the root has been found, more decimals have been used in 
the succeeding parts of the work than were absolutely necessary for 
the extent to which the root has been carried ; for, if after having 
obtained so many as three places of decimals in the last column of 
the work, we had ceased to admit any more, and had rejected all the 
other places to the right, we should still have had the root equally 
correct to three places of decimals. Now, in order that tbfe number 
of decimals in the last column may not exceed three, it is obvioi^ 
that the divisor corresponding to the first decimal in the root must 
contain but two decimals ; the divisor corresponding to the next deci^ 
mal of the root must contain but one ; and the one corresponding to 
the next succeeding root figure must not contain any ; and that for 
every succeediBg decimal in the root the right hand digit in the oon 
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req^ooding divisor must be struck off** In the same manner, after 
one decimal in the root is obtained, the numbers in the first column 
are to be diminished, in order that the decimals in the second column 
may not exceed the necessary number : It therefore follows that the 
operation of annexing each new figure of the root to thrice the pre- 
ceding, as also that of placing the square of each new figure under 
the preceding divisor^ become quite unnecessary after the first deci* 
mal in the root has been found. Hence the work of the precysding 
example may be rendered more concise, and will stand as follows : 

8 
6 75-9 (3-4257 the root 

10... 20 52 





» 


23-9 




4 
50 


22-804 




1-596 


14-4. 


. . 5-76 


1-240 




56-76 


•856 




•16 


812 




61-68 


44 


115-12. 


.. -30 


48 




61-98 
1 


i 




62-8 






1 






62-4 






II 





* It mast be observed, however, that althei9|^ a ^gore is thus cat ofi* 
each time, yet, in the multiplicatioii, the product that would have arisen 
from this figure is to be ascertained ; and althopgh nothing is to be pat 
down, yet, what would have been carried, jln ^^ ^ be carried for the 
increase of the next figure, and, indeed, if the figure ^at would have been 
put down, .][)e 5, or upwards, then one unit more is to be carried to the next 
figure, exactly ^e same as in etmit&ded, muiUpUcaiioH. Itbas^ ahhongh in 
the operation in the text the figure 8 is struck off firom the divisci BhfM) 
yet, sisce the product of the 8 by 9 is 16, 9 i« cmieA finr ^ ivcrwie of 
the next figure. 
26* 
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Here the two last figures of the root are obtained by plain divisioii, 
the figures in the first column having all been struck off. 

2. Extract the root of the equation a* + «" = 500, to about 9 
places of figures. 
Here the first figure of the root is 7. 

1 
500(7»61727975 the root 

8 • • • 56 392 





56 
49 

161 
. 13.56 


108 
104.736 


22.6. 


3.264 

1.887181 




174.56 
36 


1.376819 
1.323862 


28.81 


188.48 
... 2381 


52957 
37859 




188.7181 
1 


15098 
13251 


2|8.8|87 


188.9563 
... 1669 


1847 
1704 




189.12312 


143 
183 




189.290 
5 


10 

9 




1|8|9.|2|9|5 





I 

8. Extract the root of the equation «• + H« = *> ^ ^ pl^ces of 

figliUDM. 

Putting the equation under the form «• + •6875* = -75, we find 
the first figure of the root to be *6. 
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1.186 



•6875 
•86 



•75(-664d7 the root 
•62850 


1.0475 
•36 


•12150 
•11275 


1.7675 
•••1116 


875 
800 


1.87911 

4 


75 
60 


1.994 

7 


15 
14 



2.|0|0|1 

4. Extract the root of the equation oe* — 170:* + 54« =s 850 to 

about ten places of figures. 

Here the first denomination of the root is 10. 

— 17 



— 7.., 


54 
— 70 


850(14.9540 
— 160 




— 16 


510 






100 


828 






14 


182 




17. 


.. 68 


170.879 




82 


11.621 




16 


10.740875 




166 


. 


880125 


25.9. 


. . 28.81 


•1 


S65276 




189.81 


14849 




.81 




12986 




218.48 


1868 


27.76 • 


. . 1.8875 




1781 




214.8175 


182 




25 




180 




216.2075 


2 


27.85. 

1 1 1 


. . .1114 




3 




216.8189 

1 


— 




216.480 
1 1 11 
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5. Extract the root of the equation o? + 24*842* — 67*dldar = 
8761*2758 to about ten places of figures. 
Here the highest denomination of the root is 10. 

24.84 
— 67.618 3761.2768(11.19738877 the root 

84.84 . . . 848.4 2807.87 





280.787 


968.405 




100 


786.027 




729.187 


168.8788 


55.84 . . 


. 55.84 


84.7661 




785.027 


88.6127 




1 


77.288618 




841.867 


6.829187 


57.94 . . 


. . 6.794 


6.050644 




847.661 


•278648 




1 


•269487 




858.465 


29206 


58.28. 


. . 5.2407 


25944 




858.7057 


8262 




81 


2594 




868.9545 


668 


58.41 . 


. . -4089 


605 


1 1 1 








864.8684 


68 




^ 1 


60 




864.772 


^.^ 




17 


8 




864.789 

, 1 






864.81 

IIM 
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6. Extract the root of the equation a^ + 2a^+Sxrs 18089080. 
Here the highest deDomination of the root is 200. 



303. 


..40400 




40408 
4 


682.. 


120808 
. 1896 




189768 
9 


697.. 


159628 
. 8465 


. 


168108 



18089030(235 the root 
80806 



500848 
419269 

815540 
815540 



7. Extract the root of the equation 05* — 7x = — 7. 

In this equation, whatever term in the series 0, 1, 2, 8, dsc. is sub- 
stituted for 0?, the result is always greater than — 7, therefore, if its 
roots are possible, two of them must lie between that pair of numbers 
in the above series, the substitution of which produces results the 
nearest to — 7 (Pipp. 9, Cor. 3, Ch. 5), which are found to be the 
numbers 1 and 2 ; therefore 1 must be the first figure of a root. 
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_ 7 ^ 7(1.356895 the root 

1 —6 

— "e — T 

1 ^-903 



_ 4 — -097 

3.8 • . . '99 — 86OT5 



— 3.01 —10376 

9 —9949 



— 1.93 — 1326 

3.95... -1976 —1185 



— 1.7316 —141 

25 — 133 



— 1.6326 —8 

4.05 ... 243 ~7 



I 



— 1.6082 — 1 

— 1.484 
3 



— 1.481 

I I 1 



8. Extract the root of the equation of — «*-*2af + 1 = 0. 
Here the value of x will he found to he hetween 1 and 2. 

— 1 
—2 —1(1.8019377 the roof 

—2 

— T T 

1 -992 



— 1 8 

2.8 .. . 2.24 4124 



1.24 8876 

64 3720 



4.12 156 

4.4 44 124 



I I 



4.12414 32 

29 

4.129 

4 3 

8 



4.133 
MM 



Oil ovaic SaVaiVlOlM* 



311 



9. Extract liie loot of the equation ^^ 1^ z ^ ~39^« 
H^re the vakieof x kbetween 2 aind 8. 

— 18.088 — 29.49074 (2.83388388 the root in- 

4 —28.16 dicating 2i or J 



— 14.083 


— 1,^2407 


4 


— 1,2679 


—6.083 


— 6607407 


6.3 . . 1.89 


— 601629 


—4.193 


— 591107 


9 


— 582695 


— 2.Sil3 


— 68412 


6.93 . . .2079 


^62577 


^2.00648 


— 6886 


9 


— 6261 


— 1.79663 


— 684 


6.199|3... 2098 


— 625 


— 1.77566 


— 59 


— 1.75467 


— 58 


210 


— 6 


— 1.752617 


— 5 


—.1.7605 




2 




— 1.7603 




1 f 1 J 




80H0LI1TM. 



(6.) The preceding method of solving mihic equations, the author 
conceives to he more simple and concise than any other that has yet 
been made public. It will have been perceived that in the preceding 
method, the whole of the operations requisite to be performed are 
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actually eidiilnt^, and that' no portion of tbe work has been eflaced 
for the purpose of merely reducing the spacet instead of the labour, 
that the operation might require. The i^hortest method of extracting 
the roots of equations, which the author has yet seen, is that investi- 
gated by Mr. Homer in the Philosophical Transactions for 1819, 
part 2 ; but for cubic equations, this is not so concise as the method 
here given, and is by no means equal to it as it respects the ease 
and facility with which the several figures of the root are succes- 
sively obtained. 

(6.) Although in the preceding solutions only one root of each 
equation has been obtained, yet the others may be had wijth equal 
fiicility by finding the first figure in one of them, and operating as 
before ; but the best and shortest way of proceeding to determine the 
other roots will be this : 

Subtract the root found, taking it with a contrary sign firom the 
coefiUcient of the seccmd term in the proposed equation, and call the 
remainder a : divide the absolute numb^, or second side of the pro- 
posed equation, by the root found ;* and call the quotient 6, then 
will the quadratic «■ + oa: -f- 6 = 0, contain the other two roots of 
the equation (Prop. 5, Ch. 5) ; that is, if r denote the root of the 
equation a^ + ^^ + ^ = 0, then the quadratic will be 

«" + (a + r)ar— ^=0. 



ON THE EXTRACTION OP THE CUBE ROOT. 

(7.) From the preceding method of extracting the roots of cubic 
equations may be derived a new method of extracting the cube root 
of numbers, which will be much more easy and concise than the 
method usually given. 

Suppose, for example, it were required to extract the cube root of 
the number 12826891, or, which is the same thing, to extract the 
toot. of the culnc equation 

OS* >= 12826891. 

* If each root be required to more than three or four places of figures, 
this division will be most readily performed by logarithms. 
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By prooeeding according to the method itt article 4, the operation 
will be as follows : ^ 

12826391(231 

4 8 





4 
4 

12 
.. 189 


4326 
4167 


68. 


159391 
159391 




1389 
9 








691. 


1587 
691 






159391 





From inspecting the above operation, it will be obvious that some 
of the work is superfloous ; thus, the first trial divisor 12 might have 
easily been found at once by multiplying the square of the root figure 
2 by 3 ; also, since the numbers that are placed imder the trial divi- 
sors to be added thereto always have two figures to the right, when 
the addition is performed they are written down again ; but this repe- 
tition would be avoided if these two numbers were placed at JSrtt a 
line lower down, and only the other figures placed immediately under 
the trial divisor, but then, in afterwards adding the square of the new 
figure, these two figures must be repeated twice in the addition, so 
that We have the following 

iVetr method to extract the cube root of any given number. 

(8.) Divide the given number into periods of three figures eacn, 
as in the common method, and find the nearest cube to the first pe- 
riod, subtract it therefrom, and put the root in the quotient ; then 
thrice the square of this root will be the trial divisor for finding the 
next figure. 
27 
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Draw a line a little below the trilJ divisor, multiply the new figure 
with thrice the preceding prefixed by the new figure, and place the 
first two figures of the product below this line, and to the right of the 
trial divisor, and the others iibove the line ; add them to the trial 
divisor, and the sum will be the true divisor. 

Under this divisor write the square of the last root figure, which 
add to the two sumA above, repeating the two first figures of the 
divisor twice, and the result is the next trial divisor; the true divisor 
is found as before, &c. 

Note. After the first or second decimal place in the root is found, 
the square of the root figure used- in forming the trial divisor may be 
omitted, as also those two figures that would fidl below the line in 
forming the true divisor, as the value of these figures will be too 
small for their omission to a£^t the truth of the result But if the 
number of decimals in the root is required to be very great, these 
omissions must not be made till after the third or fourth decimal in 
the root is found.* 



J 

12 
1 

68... 

1889 
9 


12320391(231 

8 

4326 
4167 




1587 
6 

A01 — 


159891 
159891 




159391 




( 











* At whatever divisor these contnictioiis take place, as many more deci- 
mals of the root will be obtained as there are figures in this divisor mtfiuf 
one, although the last decimal thus obtained, if the root has been extended , 
to fourteen or fifteen places, is not always to oe depended upon. 



n 



* t 
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2 fiztnet the cube root of 8 to three plaees of decimah* 

8 8(1.442 

1 1 

8.4 • • • — — — 



4.86 2 

.16 1.744 



5.88 .256 

.17 .242 



4.2 •• • 



605 14 

— I 12 

62 — 

1 1 

9* BztnK3t the cobe KWt of 8 to six places of dedmols. 

8 8(1.442249 

1 1 

8.4 • . • ■ — 

4.86 2 

.16 1.744 



5.88 .256 

.16 .241984 



4.24 



6.0496 14016 

16 12459 



6.2208 1557 

86 1248 



4»82.. 



6.2294 809 

1 250 

6.238 



1 59 

56 

6.289 _ 

— I 8 
624 «. 

II 



816 



OK THJB CUBE SOOT. 



4. Extreurt the eube root of to about fourteen or fifteMiplftoeso^ 
decimals. 

12 9(2.080083823051904 

8 

12.4864 1 

64 .998912 



12.9792 

4 

6.24008 . . . 



1088 
1038875936512 



6.84024 

I I i 



12.9796992064 49624063468 
64 38940651420 



12.9801984192 
187207 

12.9802171399 

1 

12.980235861 

4992 
12.980240853 



12.98024585 
12 

12.98024597 



I 



I 



129802461 

Mini 



10683412068 
10384192682 

299219380 
259604919 



89614467 
38940738 

673729 
649012 

«4717 
12980 



11737 
11682 



55 
52 



8 
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CHAPTER IIL 

ON THE SOLUTION OF EQUATIONS OF THE HIGHER 

ORDERS. 



PRBLIMINABT AJITICLE ON BINOMIAL COLUMNS. 

(9.) It has been alieady shown, that in the expansion of a bino- 
mial, the coefficient of the last term is always 1, whatever may be 
the index ; the coefficient of the nth term, when the index is n, is n 
also ; the coefficient of the nth term, when the index h n + 1, is 
n(n + 1) 



dec. ; that is, 



n — 1 is 



the coefficient of the nth 
term, when the index is "^ 



n + 1 



n + 2. 



n + 3 

dcCt 



• • n 

n{n + 1) 
• 2~' 

n(n+l)(n+8) 

2.3 
n(n+l)(n+2)(n+,3) 

2.3.4 
dec. 



Therefore, if the exponent n — 1 of a binomial be continually 
increased by 1, and the first, second, third, &c terms in the suc- 
cessive expansions be placed respectively under each other, the 
above expressions will represent the coefficients in the nth vertical 
column, which may be called the nth binomial column : Now let the 
value of n be successively 1, 2, 8, 4, &c. and we shall then have 
the coefficients in the first, second, third, fourths ^* column 
^Uow : 

Binomial CQlutnns* 



1st 


2nd 


drd 


4th 


5th 


6th 


dec. 




1 


1 


1 


1 


1 


&c 




2 


3 


4 


5 


6 






3 


6 


10 


15 


21 






4 


10 


20 


35 


56 


• 




5 


15 


35 


70 


126 






6 


21 


56 


126 


252 


•• 


6ec. 


^. 


&c« 


&c. 


&c. 


&c. 


&c« 
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Trom having the nth.eolunm, the sacoeeding, or n + 1th, may be 
obtained by substituting » + 1 Tor n ; so thut the n + 1th oblumn is 

1 

n + 1, 
(n+l)(n + 2) 

2 ' 

(n+l)(n + 2)(n+'8) 

2.3 * 

(it + l)(n + 2)(n + 8)(n + 4) 

2.3.4 • 



THBOSEM 



• 



The «th term in any column is equal to the «— 1th term in the 
same column^ + the mth term in the preceding. 

FoTi in (he above general expressions, it is obvious from the kw 
of the terms, that the mth term in the nth column is 

n(« + 1) (n +.2) . . . (n + m—2) 
2.3 , m — l) 

and the «— 1th in the n + 1th column is 

(n + l)(n + 2) . . . (n + m— 2) 
2.3 (m—2)* 

and the sum of these two is 

(tt -f 1) (n + 2) (n + 8) . . . (» + m — 1) 

2.3 («— 1)* 

which is evidently the mth term in the n + 1th column. 

CoroUafy f . Hence the second term in any column is equal to 
the first term in that column + the seopnd term in the preceding 
column ; but the first term in every column is the same, being 1 ; 
therefore, the second term in any column is equal to the sum of the 
two first in the preceding, the third is equal to the sum of the three 
first in the preceding, and the mth equal to the sq^ of the m first in 
the preceding. 

Cor, 2. Hence also in any column if the two first terms be writ- 
ten down hofizontally, and if underneath the second term the first 
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be placed, and the operation of addition p^onned, the result ^M. 
be the tm> first terms in the succeeding column ; and if in like man- 
ner Uiia result be placed under the three,first numbers in the former 
column, the first term under the second, as before, and the addition 
performed, the result will be the three first terms in the succeeding 
column, &c« ; therefore, from having the numbers in the first column, 
those in the second may be obtained by performing these several 
additions, and from these last, those of the third column may be 
obtained in a similar manner, and thence, those of the fourth, &c. 
Thus, 

1st 2nd 1st drd 2nd 1st 4th Srd 2nd 1st 
111 111 1 1 1 1 &c nos. of the 1st col.* 
1 2 1 3 2 1 

• • • 2d col. . 



3d col. 



4 1 . 10 4 1 20 10 4 1 dec . . . 4th coL 
6cc. iic. 6cc» dec &c. 

Cat. 3. Hence, in any series of the form b, s + <%» b + ^ + ^9 
B + ^ + P + o, &c. ; if the first term be added to the second, ihe 
sum to the third, this last sum to the fourth, dec. the coefficients of 
R, a ; of R, a, F ; of r, a, p, o, dec. ; in these sums will be the num- 
bers of the second binpmial column ; and if similar operations be 
performed on the same first term and these sums, the resulting coeffi- 
cients in the second sums will be the numbers of the third binomial 
column ; and so on, as is obvious firom the last C(»r., the t:oefficients 
of the terms of the ^ries hefe proposed being respectively 1,11, 
1 1 1, 1 1 1 1, &c. 

* In this series of units, the right hand unit in each term is taken as the 
bret number in the first column, and for that reason the numbeiji in the sue- 
^^sive columns are produced in a reverse order ; if the sesits of units had 
been considered as written in a direct order, the other numbers would have 
been produced in direct order, as is evident; but the former way has been 
adopted, because we shall have to refep to them in this form hereafter. 



2 


1 


3 


2 


1 


4 


3 


2 


IdEC. 


1 




8 


1 




6 


3 


1 




3 


1 


6 


3 


1 


10 


6 


3 


1 <S^ 


1 


4 


4 


1 




10 


4 


1 


9 
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'Ccr* 4. Iq the same manner, if the series be of the form s, bt + 
a, >r' + ar + p, Kr* + ar'H-pr+o, &c. and the first term be mul- 
tiplied by r and added to the secondy and the susq multiplied by r 
and added to the third, &c. the numeral coefficients produced will 
be the numbers of the second binomial colunm ; and if to the first 
of these sums r times the first term be again added, and the result 
be in like manner multiplied by r and added to the second sum, ^* 
the resulting coefficients will be the numbers of the third binomial 
column, dec. 

HIOHBS SaVATIOIVS bbsolveh* 

(10.) Let K2" + • • . . bo;* + d^b" + 0ji^ + Ba;=:Nbean equation 
of any degree whatever, and let r be such a number in either of the 
series 0, 1, 2, 3, &c. ; or 10, 20, 30, &c. ; or dec. ; that when it and 
the next succeeding number are separately substituted for x in the 
equation, the results shall be the one less, and the other greater than 
K ; then r will be the first figure of one of the roots of the equation ; 
and if N be divided by Br^* + .... sr* + nr* + cr + b the quo- 
tient must be r. Suppose such a value of r is found, and let f 
represent the succeeding figures of the root ; then jf + r = ar, and 

therefore 

Bjf + BT = Bar, 

cy* -f 2crjf + cr* = c«*, 

Djf* + 3Dr3^ -f 3Dr'y + nr* = nar*, 

Ejf* + 4Biy + eEi^y* + 481^3^ + Br* = Bar*,. 



• • • • 



By"+ ... .By + ny + cy + b'^ + a = w; 
and by transposition, 

Bjf^ + . . . . E y* + ny + cy + B'y = N — A = n', 
an equation similar to the one proposed, the first figure «, in the root 
y of which must be such, that if n' be divided by b«*~* + . . . • b V 
+ D V + c's + b', the quotient will be « ; if, therefore, we suppose s 
to be found, and if 2; be put for the remaining figures of the root, we 
shall, by proceeding as before, get another equation bx** + • . . e'V 
+ d"«* + c"«' + b"« = n" ; also similar to the first; and if we' 
continue this process, we may obtain, one by one, all the figures of 
the root ar, and it is evident that each divisor will be similarly formed 
from the coefficients of the corresponding equation, and the new 
figure of the root 
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Now it 18 obvious that B'y is the nth term in the equation sy" 4* 
.... bV + D'y" + cy +.B'y = n', or that the column represented 
by b' is the nth column from the lefl, and that it consists of n terms ; 
the column represented by c' is the n — 1th, and consists of n — 1 
terms, &c. ; also each of these columns, omitting the numeral parts> 
is equal to the preceding multiplied by r, plu9 the corresponding 
coefficient in the proposed equation ; consequently^ since the first 
column b simply B| if th« second, third, &c. coefficients of the pro- 
posed equation be Q, p, &c. respectively, then the first, second, third, 
^EC columns, without the numeral coefficients, will be b, xr + <)) 
Bf* + <^ + P» ^* ; but it has been shown (see the preceding article 
1, cor. 4), that if the first term in this series be multiplied by r, and 
the product added to the second, and the resirit be multiplied by r, 
and the product added to the third, &c. &c that the proper numeral 
coefficients will be obtained, because the above columns of numeral 
coefficients are the same as the several binomial colunms, except 
that the above are written in a reverse order, ^t is, firom right to 
left, and in this reverse order they will be produced by adding the 
above series as directed. Hence is derived the- following 

(11.) GxifBBAL RuLB. Arrange the coefficients of the giv^ 
equation in a row, commencing with that of the first term. 

Add the product of the first root figure, found by trial, and the 
first coefficient to the second coefficient ; the product of the sum and 
same figure to the third coefficient, and so on to the last coefficient ; 
and the last sum will be the divisor. 

Repeat this process with the first coefficient and these sums, and 
the number under the last sum will be the trial divisor for the next 
figure. 

Perfi)rm a similar process with the first coefficient and these second 
iUBis, stopping under the n**-^ 1th coefficient. 

Perform again a similar process with the same first coefficient 
and these last sums, stopping here under the 'preceding, or n— 2th 
coefficient, and so on till the last sum falls under the second coeffi- 
cient. 

Find now from the trial divisor the next figure of the root, and 
proceed wiA the last set of sums and this new figure exactly the 
same as with the original coeffici^ts ftnd ths firit tfpvtt in finding 
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the preceding divisor, and the next divisor will be obtained ; and in 
a similar manner are the other divisors to be determined. 

NoTB. After the first or second decimal of the root is obtained^ 
the work of each column may be contracted, as in cubic equations.* 



1. Extract the root of the biquadratic equation a^ — 8«^ + 7te 
: 10000. 

He«t the first figure of the root b 9. 

100Q0(O'8eo root T«y bmt. 




9 


-3 

81 


79 

708 


9 
9 


Is 

168 


777 
8160 


9 


MO 
8«3 


8937 
410 


9 


89 


33417 
43 


310 


5118 
3 


378 

4 



3107 
9678 



5|4 



31818. 



The $ame equation solved by bringing down one period qfdeciwuie. 



I 




9 


— 3 
81 


75 
708 


100QO(9«8000S7. 
0008 




9 


78 
168 


777 
8100 


3007 
8677*5616 




9 


810 
8«3 


8937 
409*088 


389*4384 

30616M 


• 


If 
9 

30*8 
•8 


4ii 

89*44 


3316*958 
434*016 

' 3780-968 
46*110 


88*8788 
83*8610 




518*44 
30-08 


106 
78 


' 


37*6 


548-59 
30-78 


3887*0718 
46-30 


88 
87 




36*4 

•8 

3|9*t8 


573*84 
3*14 

576*3|8 
31 


8873-44 
3*50 






9876*914 
3*5 


• 


■ 


* 


579*15 
3 


3|8|80-4 






51813. 


■ 



* In biqnadratlc, and higher equations, these contiaettons maj alwaya 
ke made aA»rt}ie tot decimal & the root is found. * 
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Thus, we have fousd the ipoot to eight places of figures, hy hring- 
isg down only one period of decimals^ if another period ha^ heen 
brought down, we should have found the root to be 9'8Q600270094, 
true to twelve places of figures. 

2. Extract the root of the equadon «* + 6ar* — lOa:*— 112«»— 
207*= 110.* 
Here the first figure of the root is 4. 



6 

4 

1 

14 

4 

J8 

4 


— 10 
40 

"ao 

56 

86 
78 

158 
88 

846 
JO-56 

856-56 
10-78 


— 118 
180 

8 
344 

353 
638 

984 
108-684 


-807 
38 

— 175 
1408 

1833 
434-6496 

1667-6496 
477-4144 


110(4-46410161 
-700 

810 
66705984 

148-94016 
4^46305 

9-47681 
9-24080 


IB 
4 


1086-634 
106-918 


8145-0640 
79-3358 


23538 
83158 


86-4 
•4 


1193-536 
111-864 


2334-39913 
80-389 

2304-786 
5-434 


- ^ 374 
833 


96# 


967-28 
10-88 


1304-800 
17-453 

1338-8513 
17^ 


148 

139 


97-8 
•4 


878-16 
11-04 


8310-2313 
5-44 


3 

8 


Sr-6 
•4 


880-80 
1-68 

890-8|e 


1339-811 
17-6 


8315-66 
14 

2315810 

1 




818-tO 


1357-4 
1-8 

1358-16 

1 






898-16 
1 


2i3|li5-ft 


* 


* 


I«l»|4 


1|3|6|0. 


• 
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Although only one root of the equation has been obtained in each 
of the above examples, yet either of the other possible roots may be 
had by a similar process ; or the equation may be depressed a de- 

* The ponitve root is here meant, as there are three negative roots to 
this equation, which are whole numbers, viz. — 5, — 3, and — 1. 

In the tract on the solution of equations by Mr. Holdred the discoverer 
of the above me^od, may be seen the solution to an equation as high as ' 
the fifteenth degree, to which the reader is referred^ as ^ breadth of ^ 
page here will not admit of the insertion of the work requisite for an equa- 
tion above the fifth degree. * * 
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Bj die method here poioted oat, all the operatioiia are the following .- 

30 

— II— (— 1— 3) = — 7 = o: =— i = 10 = 6, .', the quadratic ig «» 

7x + 10 = 0, which might loadil; bsTe been aMertained mentallj. 

If only ou root of a biqnBdratic eqaatioo be giren, then the equtiai 
nd^t be depTMMd to ■ eabic by perfonning the aettial diTiaion i but lU« 
cubic ma; be depreaaed by the ahoiter method ip Ait. (6.) 
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